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Abstract
A complete understanding of the physical mechanisms responsible for the solar magnetic
field is yet to be attained. The origin of the Sun’s magnetic field, with its spatio-temporal
coherence, is attributed to a dynamo mechanism operating within its convection zone.
This dynamo operates in a turbulent regime, which makes it difficult to model it via numerical simulations, and analytical treatment is intractable without making simplifying
assumptions. A step forward is by providing observational constraints for theoretical predictions, and this path is adopted in this thesis. The theory of turbulent dynamos predicts
the presence of an ↵ e↵ect as an important ingredient of the solar dynamo. The ↵ e↵ect
generates magnetic helicity of opposite signs on small and large scales, that is a bihelical field, accompanied by a further sign change upon crossing the equator. Providing
evidence for such a dependence of magnetic helicity on spatial scale and position, lends
indirect confirmation for the role of the ↵ e↵ect in generating and maintaining the Sun’s
magnetic field. However, inferring magnetic helicity from observations is a challenge.
In this thesis, we propose some methods to capture the distribution of magnetic helicity with scale, in a gauge-invariant manner, to answer questions about the bihelical nature
of the solar magnetic field. In Section 4.1, we begin with a method proposed by Brandenburg et al. (2017), using the Cartesian two-point correlation function, made applicable to
weakly inhomogeneous systems using a two-scale approach. We apply this on solar synoptic maps from di↵erent instruments, and retrieve a bihelical helicity spectrum for the
Sun, which is robust against instrument e↵ects. By means of applying masks on synoptic
maps, we are able to demonstrate that small- and large-scale magnetic helicity on the Sun
is intimately related via the total helicity conservation.
The Cartesian two-point correlation function limits its applicability to synoptic maps
of the Sun and prevents a direct comparison to state-of-the-art magneto-convection models which are available in spherical geometry. In Section 4.2, we extend the Cartesian
formalism to spherical domains. Using spherical harmonics, and a two-scale approach
for spherical geometry, we can infer a magnetic helicity spectrum using only the knowledge of magnetic field distributed on a spherical surface. This formalism is suitable for
weakly inhomogeneous systems, and with possible applications to both solar and stellar
data.
Photospheric magnetic field is commonly obtained using the Zeeman e↵ect as a diagnostic. This is accompanied by an ambiguity associated with the transverse, perpendicular
to line-of-sight, component of the inferred magnetic field. There exist methods to resolve
the ambiguity corresponding to the orientation of the transverse component, but their applicability to regions with weak field strengths is questionable. In order to be able to
infer magnetic helicity, which is independent of this ambiguity resolution, we test a helicity proxy based directly on polarisation measurements in Section 4.3. Borrowing from
7
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a framework developed in cosmology, we decompose the linear polarisation into parityeven, E, and parity-odd, B, polarisations. We show that by correlating the parity-odd B
with any parity-even quantity like E or temperature, it is possible to infer the helicity of
solar active regions directly using polarisation measurements.
To overcome the constraint imposed by conservation of magnetic helicity on the saturation time and strength of the large-scale magnetic field, fluxes of small-scale helicity
via boundaries have been proposed in literature. The open flux at the Sun’s poles is a
promising candidate for such a flux of helicity. To analyse the rate of change of helicity
at the poles, high cadence, reliable, magnetic field data of the polar regions is required.
An alternative, phenomenological, approach to model the solar dynamo is based on the
ideas of Babcock and Leighton. In this paradigm, the surface polar field holds a place
of importance by acting as a source term for the toroidal field of the next cycle. Both
these lines of investigation require a reliable knowledge of the Sun’s polar environment.
However, in observing the poles from the Earth’s ecliptic plane, one encounters hurdles
such as the steep intensity gradient at the solar limb, and foreshortening e↵ects which are
non-trivial to circumvent. In a last part of this thesis, we present a study of the Sun’s poles
using high-resolution spectropolarimetric observations, and put forth an improvement of
the existing inversion procedure to retrieve magnetic fields at the poles.
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1 Introduction
A scientific investigation of the Sun would be remiss without alluding to its magnetic
field. The imprint of this field is conspicuous if one observes the Sun at almost any wavelength in the electromagnetic spectrum with modern day instrumentation. Going outwards
from the deepest visible surface of the Sun (photosphere, Figure 1.1a) to the corona (Figure 1.1c), it plays an increasingly dominant role in the solar atmosphere, both dynamically
and energetically. It is responsible for variations of the Sun’s bolometric luminosity. Concentrations of magnetic field on the solar surface are associated with eruptive phenomena
such as solar flares or coronal mass ejections, resulting in the injection of significant
amounts of energy and particles into interplanetary space. The proximity of such solar
activity to Earth implies an influence on the Earth’s magnetosphere, which manifests in
the form of increased auroral activity and occurrence of geomagnetic substorms. Thus the
solar magnetic field not only drives a variety of phenomena on the Sun, but also extends
its influence on Earth. Questions naturally arise about the origin of this field, and its sustenance against Ohmic dissipation for roughly 4.6 billion years. Seeking answers to these
questions helps us to advance our understanding of the underlying fundamental physical
processes, but in addition it also sheds light on magnetic field generation mechanisms in
other stars. The Sun is one amongst numerous other magnetically active cool stars, however its proximity allows us to observe it in much greater detail. This, in turn, provides
important constraints for theoretical models of magnetic field generation. Before we address a few such models proposed in literature, we begin by examining in some detail the
features of solar magnetism.

1.1

Solar magnetism

Sun’s magnetic field displays remarkable large-scale coherence, both in space and time. A
longstanding form of this coherence is seen in the sunspot cycle (Figure 1.2) which was
discovered by Schawbe in 1843. Sunspots are cold, dark, spot-like features (⇠ 35Mm
in size) visible on the photosphere and are associated with strong magnetic fields (3 ⇥
103 Gauss = 3 kG). In comparison the Earth’s magnetic field is of the order of 0.45 G. The
number of occurrences of the sunspots over time shows a marked periodicity of roughly
11 years. In each hemisphere at the beginning of the cycle, these spots emerge at ⇠ ±30
in latitude. They usually occur in pairs of opposite polarity aligned in the East-West (E-W)
direction (Figure 1.1a). Over the course of the cycle, as the number of spots appearing on
the solar disk increases, their emergence proceeds at progressively lower latitudes. This
spatio-temporal distribution of sunspots reflected across the equator bears a resemblance
to the wings of a butterfly. This butterfly diagram can be clearly seen in Figure 1.3, which
9
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Figure 1.1: Panel a: The LOS magnetic field of AR 11967 from Feb. 7, 2014 at 16:09,
made available by the the Helioseismic and Magnetic Imager (HMI, Schou et al. 2012)
aboard Solar dynamics observatory (SDO). Panel b: The AR imaged in the Calcium II H
line taken by the Solar Optical Telescope (SOT, Tsuneta et al. 2008) aboard Hinode on
Feb. 7, 2014 at 16:09 UT. Panel c: A wider view of of the same AR in the 171 Å channel
captured by the Atmospheric Imaging Assembly (AIA, Lemen et al. 2012) aboard SDO
on Feb. 12, 2014, at 01:35 UT. Credits: (Panel a) NASA/ESA/JAXA, created using the
ESA and NASA funded Helioviewer Project. (Panel b,c) NASA/JAXA/Lockheed Martin
shows the azimuthally averaged radial magnetic field of the Sun. The magnetic field
reveals far more interesting phenomena. A large-scale dipolar component, its size being
comparable to the solar radius, undergoing cyclic reversals is evident, with a period of
roughly 22 years (constituting the magnetic cycle) and an average field strength of 10G
at the poles. A phase shift of the dipolar component with respect to the butterfly pattern
can also be seen. The polarity of this pattern is anti-symmetric across the equator. In
comparison to the solar radius, active regions (ARs) are typically viewed as smaller scale
magnetic structures. However, there are deviations to this norm in that ARs can be large
enough to influence the Sun’s large-scale magnetic field. A specific example of this is AR
12192 which emerged in October 2014, and its impact on the large-scale polar field was
studied by McMaken and Petrie (2017).
Traversing from larger scales to smaller, a wide variety of magnetic features is apparent. These features constitute the magnetic network and internetwork fields in the photosphere, which are smaller in spatial size and field strength compared to sunspots and
evolve on shorter time scales (on the order of minutes to hours). Figure 1.1 is a composite image of an AR, a concentration of magnetic flux in the photosphere often including
sunspots. This composite shows three layers of the solar atmosphere. Figure 1.1a shows
the line-of-sight (LOS) magnetic field at the photosphere, with black and white denoting the opposite magnetic polarities. It shows the strong magnetic fields within sunspots
surrounded by the magnetic network and internetwork fields. Figure 1.1b shows the chromosphere, a layer just above the photosphere where the Calcium II H line transitions from
10
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Figure 1.2: Monthly mean of the international sunspot number, S n , as a function of time
from 1749-present. Data source: WDC-SILSO, Royal Observatory of Belgium, Brussels

Figure 1.3: Azimuthally averaged radial component of the solar surface magnetic field
shown as a function of time and latitude covering four solar cycles. Credits: David Hathaway, http://www.solarcyclescience.com/solarcycle.html
optically thick to thin. It shows pairs of dark sunspots, but in addition a lot of bright smallscale features are evident. These bright features are the chromospheric counterpart of the
magnetic network and internetwork in the photosphere. Figure 1.1c shows the magnetic
fields from these spots and other features forming striking arches, the field lines made
visible by the emission from very hot (on the order of 106 K) highly ionised plasma. This
particular AR was a source of several flares in early 2014. Flares are a phenomenon associated with an explosive release of energy and a rapid temporal evolution of magnetic
field topology. This is in contrast with the time scales associated with the evolution of the
large-scale component of the magnetic field, nicely highlighting a wide range of spatial
and temporal scales spanned by the Sun’s magnetic field. Before proceeding further we
would like to point out reviews by Solanki (1993), Solanki et al. (2006), de Wijn et al.
(2009) for an extensive discussion about the observational facets of solar magnetism.
Now, coming back to the question posed in the beginning about the origin of this
11
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field, any suitable mechanism will have the mammoth task to explain these diverse observational features! Ideas about the present day solar field being of primordial origin were
the early candidates for such a mechanism (see Mo↵att 1978, for details). The essence of
such ideas is that the Sun’s magnetic field was generated via compression by a collapsing
molecular cloud, parent to the forming protostar. Such molecular clouds are known to
have weak magnetic fields (⇠ 10 6 G). However these ideas fall short in explaining the
cyclic behaviour of the field and the associated sunspot pattern. This is where the idea
of a self-sustaining dynamo mechanism, operating on the principles of electromagnetic
induction, provides a promising approach. First proposed by Larmor in 1919 to explain
the then newly discovered magnetism in sunspots, the idea of an electrically conducting
fluid, amplifying weak seed magnetic field and maintaining it against ohmic dissipation,
constitutes dynamo theory. A few possibilities of such dynamo models for the Sun shall
be discussed in the next section.

1.2

Dynamo models of the Sun

The solar core is characterised by nuclear fusion, wherein hydrogen nuclei combine to
form helium ones mainly via the proton-proton chain reaction. This energy is carried
radially outwards via radiation, till the solar plasma becomes relatively cooler and increasingly opaque. This increased opacity pushes the temperature gradient beyond the
adiabatic gradient, thus making the outer envelope of the Sun (about 30% in radius) convectively unstable. Convection takes over as the dominant form of energy transport. This
convection zone (CZ) of the Sun is known to be highly turbulent and the turbulent convective motions are expected to play a significant role in the dynamo mechanism. Further
details of the solar interior are an extensive topic, and we refer to standard textbooks (for
eg. Stix 2002) for a complete overview. Here we focus on the dynamo.
From an energetics point of view, it is the radiative energy from the nuclear fusion that
heats up the CZ giving rise to bulk motions, and it is this kinetic energy of the flow that the
dynamo mechanism feeds on. To discuss the details of the dynamo it is useful to talk about
the toroidal and poloidal components of the solar magnetic field. We will look at the exact
definitions of these components on a sphere in Chapter 3. The Sun’s field can be assumed
to be axisymmetric, that is, independent of the azimuth, to a reasonable degree. Therefore,
for the present purpose, we can presume that the North-South (N-S) component of the
magnetic field in Figure 1.4 is the poloidal component and the E-W component makes
up the toroidal component. The dynamo mechanism operating in the Sun can then be
thought of as a process generating the toroidal field from a poloidal component; to make
this mechanism self-sustaining the poloidal field in turn can be generated from the toroidal
component. To achieve the former, Sun’s latitudinal shear can be invoked.
The solar angular velocity of rotation is highest at the equator and decreases towards
the poles, with the equator rotating about 30% faster than the poles. This di↵erential
rotation was first noted by observing the movement of sunspots in 1630 by Scheiner (Stix
1989) and later on by measurements of the Doppler e↵ect (Babcock 1961, and references
therein). The idea of large-scale shear winding the poloidal field to give a stronger toroidal
field is called the ⌦ e↵ect (Figure 1.4), already noted in Cowling (1953). The ⌦ e↵ect
results in a linear growth of the toroidal field. A difficulty now arises in generating the
12
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poloidal field from the toroidal field due to Cowling’s anti-dynamo theorem (Cowling
1933). This theorem implies an impossibility of axisymmetric dynamo action. Since
we have assumed the solar field to be axisymmetric, and the latitudinal shear is a purely
toroidal motion, a non-axisymmetric, three-dimensional (3D) mechanism is needed to
generate a poloidal field.
A distinction can be made based on the approach to model the solar dynamo, specifically the toroidal to poloidal generation mechanisms. The first class of dynamo models
has its basis in mean-field electrodynamics, based on identifying fundamental principles
for magnetic induction and eventual saturation. Another class of dynamo models derives
its properties for the dominant turbulent e↵ects on the basis of matching observational
features and solar cycle characteristics.

1.2.1

Dynamo models based on mean-field electrodynamics

To circumvent Cowling’s theorem and make possible the generation of poloidal field from
toroidal field, an elegant proposal was made by Parker (1955): in the solar CZ the Coriolis
force breaks reflectional symmetry across the equator and the combined e↵ects of stratification and rotation lead to small-scale cyclonic motions. These motions, in a statistical
sense, can give rise to a toroidal current and thus a poloidal field. The ideas of Parker were
provided a firm mathematical footing by the seminal work of Steenbeck et al. (1966) in
the framework of mean-field electrodynamics. They established the possibility of largescale magnetic field generation in a turbulent flow lacking reflectional symmetry. This
inductive e↵ect of cyclonic turbulence is now commonly known as the ↵ e↵ect based on
their calculations. They showed ↵ to be equivalent to the kinetic helicity of the flow under
homogeneous and isotropic conditions. Kinetic helicity, a pseudoscalar, is a measure of a
lack of reflectional symmetry of a velocity field (Mo↵att 1978). The large-scale magnetic
field generation in the case of the Sun can then be explained with the ↵ and ⌦ e↵ects, that
is the ↵⌦ dynamo. The small-scale helical motions associated with the ↵ e↵ect impart
small-scale helicity to the magnetic field. Magnetic helicity, in the limit of very large conductivity ( ), is a quadratic invariant of ideal magnetohydrodynamics (MHD) (Woltjer
1958). Magnetic helicity conservation is at the heart of large-scale magnetic field generation in a flow lacking mirror symmetry. The ↵ e↵ect builds up magnetic helicity at
small scales. Its conservation dictates the generation of magnetic helicity, which is equal
in magnitude but opposite in sign, at larger scales. This has an alternative interpretation in
the form of an inverse cascade of magnetic helicity from small to large scales (Frisch et al.
1975, Pouquet et al. 1976). We shall take a closer look at magnetic helicity in Chapter 2
as it is one of the central themes of research pursued in this thesis. The role of magnetic
helicity in dynamo theory will be addressed in more detail in Chapter 3.
As mentioned earlier, a characteristic feature of the solar magnetic cycle is the equatorward propagation of the sunspot-forming pattern. This propagation is accompanied
by cyclic reversals of the dipolar component, occurring when the sunspot numbers attain
a maximum for that cycle. In other words, the toroidal field at the surface progressively
emerges at lower latitudes, and the poloidal field reverses when the solar cycle peaks. This
is a key constraint on any dynamo model for the Sun. The ↵⌦ dynamos exhibit an oscillatory dynamo solution with equatorward propagating bands of azimuthal magnetic field,
given the radial gradient of Sun’s angular velocity is negative (Parker 1955, Yoshimura
13
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Figure 1.4: A schematic representation of the ⌦ e↵ect, where green arrows represent the
di↵erential rotation and black arrows the magnetic field. Background is the continuum
intensity image from HMI for representational purposes.
1975). We will demonstrate this with a simple Cartesian model in Chapter 3. However,
progress in helioseismology (Christensen-Dalsgaard 2002) hinted at the radial gradient of
angular velocity within the Sun being zero (Duvall and Harvey 1984) or slightly positive
(Duvall et al. 1984). The latter was later confirmed by Schou et al. (1998). With this
positive gradient and the theoretically predicted sign of ↵, dynamo models of the ↵⌦ kind
will result in a poleward propagating azimuthal bands of magnetic field. Parker (1987)
referred to it as the dynamo dilemma for the Sun. Additionally there were concerns about
the quenching of the ↵ e↵ect for the parameter regime in which the Sun operates. The
magnetic Reynolds number (Rm) is a non-dimensional number providing an estimate of
the relevance of the e↵ects of magnetic induction or advection to magnetic di↵usion. For
the solar CZ this number is roughly 108 . It was suggested that the ↵ e↵ect is increasingly
quenched with increasing Rm, therefore "catastrophically" by Vainshtein and Cattaneo
(1992) and confirmed with numerical experiments in Cartesian domains with periodic
boundary conditions by Cattaneo and Hughes (1996). This would mean that large-scale
dynamos would begin to saturate at significantly lower strength of large-scale fields, indicating an infeasible amount of time to reach the presently observed field strengths on the
Sun.

1.2.2

Babcock-Leighton dynamo models

Alternative mechanisms in place of the ↵ e↵ect to explain toroidal-poloidal field generation were suggested by Babcock (1961) and Leighton (1969) on empirical grounds. This
class of models is based on their ideas, with observationally motivated parametrisation of
additional physical e↵ects in varying degrees of complexity. The ARs emerge on the solar
surface mostly with opposite polarities, akin to a bipole. These are aligned in the E-W
direction but often with a N-S tilt, known as Joy’s law. This tilt e↵ectively generates a
poloidal component from an initial E-W toroidal magnetic field. Following the flux tube
approximation (Spruit 1981), the AR formation can be interpreted to be due to the rise of
coherent flux tubes, with strong magnetic fields, that are initially aligned in the toroidal
14
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direction at the base of the CZ. These tubes then rise to the surface due to their increased
buoyancy on account of their high field strengths. As they rise to the surface, the Coriolis force acts on them resulting in the N-S tilt. The twist imparted to these flux ropes
is responsible for a mean toroidal current and thus induces a mean poloidal field. Such
a poloidal field generation mechanism is commonly referred to as the Babcock-Leighton
(BL) e↵ect. Dikpati and Charbonneau (1999) interpret this as a process equivalent to
that of the ↵ e↵ect in mean-field theory, albeit with a few key di↵erences. Firstly, this
scenario of twist of rising flux tubes is motivated by observations (Joy’s law). Secondly,
the mechanism acting on toroidal tubes is on much larger spatial scales in contrast to the
small-scale helical motions of the ↵ e↵ect. This picture of buoyant rise of flux tubes, however, immediately faces the issue that the flux tubes rise too rapidly to explain the sunspot
emergence over a period of 11 years. Thus, for these models, the solar tachocline (Spiegel
and Zahn 1992) becomes important. The tachocline is a layer characterised by stronger
(in comparison to the latitudinal shear) radial shear at the bottom of the CZ, where the latitudinal di↵erential rotation transitions to the rigid rotation of the solar core (Schou et al.
1998). Even more so, it coincides with the convective overshoot at the bottom of the CZ
and magnetic di↵usivity decreases quite sharply going into the tachocline from the CZ
proper. For these reasons the tachocline o↵ers storage for flux tubes to prevent their rapid
rise, and it is speculated that the stronger radial shear is more efficient at amplifying weak
poloidal fields to strong flux tubes. Estimates of the strength of such flux tubes at the
base of the CZ are on the order of 100 kG in order to explain the observed tilt (Choudhuri
and Gilman 1987, D’Silva and Choudhuri 1993, Caligari et al. 1995). Since this exceeds
p
the equipartition field strength (Beq = µ0 ⇢urms , where µ0 , ⇢, urms , Beq are magnetic permeability, density, turbulent rms velocity, equipartition magnetic field respectively) at the
base of CZ, convection cannot influence these ropes dynamically. Therefore, the toroidal
to poloidal BL mechanism is assumed to operate only in a thin layer near the surface.
To connect these two rather disparate induction zones, a single-cell meridional flow
is invoked. Duvall (1979) report helioseismic inferences of flow speeds on the order of
10 20 m/s at the solar surface for the meridional flow going towards the poles, with a
return flow at the base of the CZ of about 4 m/s at 45 in latitude (Gizon et al. 2020).
The latter study also finds a single cell flow. The standard picture in this framework is
as follows: the polarity of the twisted AR bipole that is closer to the poles is advected to
the polar region at the surface by the meridional flow (poleward drift seen in Figure 1.3).
The the meridional flow further advects this newly generated poloidal field to the strong
shear at the bottom of the CZ which in turn generates the strong toroidal flux tubes for
the next cycle. The meridional flow additionally allows for equatorward propagation of
toroidal field at the surface, regardless of the sign of the radial gradient of angular velocity. Models incorporating these features are referred to as BL flux transport models
(Choudhuri et al. 1995, Dikpati and Charbonneau 1999). In principle these models are
very similar to ↵⌦ models but based on phenomenology with the freedom to parameterise additional physical e↵ects. Stix (1974) have highlighted the formal similarity of the
model of Leighton (1969) to that of Steenbeck and Krause (1969), wherein the latter is
based in mean-field electrodynamics. The BL models are intimately connected to the flux
tube picture, the induction zones are separated, meridional circulation and the tachocline
play crucial roles. Such models are considered a popular alternative to the solar dynamo
in place of the mean-field electrodynamics based approach. This is because many of
15
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the observed and expected e↵ects can be fine tuned motivated by observational results.
This naturally results in a more agreeable comparison with the observed features of solar
magnetic cycle.
We shall evaluate the models introduced above in detail in Chapter 3. It is important
to note that there are many other turbulent e↵ects, such as the incoherent ↵ e↵ect or the
Rädler e↵ect, that can also drive dynamo action. We refer the reader to Brandenburg
and Subramanian (2005), Brandenburg (2018), Rincon (2019) for extensive reviews of
dynamo theory wherein these e↵ects are also discussed. Charbonneau (2014, 2020) for
an overview of dynamo models specific to the Sun. Additionally, we have also avoided a
discussion on the operation of the small-scale dynamo on the Sun, although it is implicitly
mentioned when discussing ↵ quenching. A small-scale dynamo grows magnetic fields
at scales smaller than the typical scale of energy carrying eddies. For a discussion on
the small-scale dynamo and its excitation in the parameter regime of solar convection we
refer to the reviews on dynamo theory mentioned above.

1.3

Motivation of this thesis

In principle, a direct approach to study the solar dynamo is to perform state-of-the-art
simulations of systems resembling the Sun’s CZ. There is of course a significant body of
work which does exactly this: Ghizaru et al. (2010), Brown et al. (2010), Käpylä et al.
(2012), Hotta et al. (2016) to name a few. However, as introduced above, the spatial
and temporal scales spanned by the Sun’s magnetic field makes it an extremely computationally demanding task. These simulations at their core are numerically integrating the
equations of MHD, where capturing all relevant physical e↵ects self-consistently is by
no means an easy task. Furthermore, the wide range of scales spanned by the Sun implies discretising the simulation domain with a very high spatial resolution, limiting the
time step over which these equations are integrated. Therefore, reaching the parameter
regime where the Sun operates, with all the relevant physics captured in a satisfactorily
self-consistent manner, is not possible with the present day computational resources. Analytical treatment of the problem is intractable without making simplifying assumptions
due to the inherent complexity and underlying non-linearity of the equations. The route
adopted in this thesis is to take a first step towards providing constraints from observations for the theoretical models of the solar dynamo. A part of this thesis is aimed at
developing and exploring tools to infer magnetic helicity from observations of the solar
magnetic field. As mentioned above, the ↵ e↵ect’s role in generating large-scale fields on
the Sun is under debate. Theory predicts a certain distribution of magnetic helicity if ↵
e↵ect is playing a key inductive role in generating the magnetic field. If we can verify
these predictions, an indirect confirmation of the ↵ e↵ect as a key ingredient of the solar
dynamo can be provided.
As seen in Figure 1.3, the reversals of the Sun’s global field is most strikingly visible
at the polar caps, with the roughly dipolar field reaching a maximum in field strength
at the minimum of the solar cycle. Coronal holes, low density regions within the solar
corona, are prominently found at the Sun’s poles. These polar coronal holes are regions
from which the plasma and associated magnetic field escapes into the heliosphere (Wang
2009). We will see in Chapter 3, that shedding small-scale magnetic helicity can circum16
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vent the catastrophic quenching of the ↵ e↵ect. The poleward drift of AR flux, combined
with the "open" flux at the poles, can prove to be an e↵ective conduit for the solar dynamo
to shed small-scale helicity. From the perspective of the BL mechanism, the surface polar
flux is suggested to be a direct source for the toroidal flux for the next cycle. However, despite of holding a place of importance in both paradigms of the solar dynamo, not much
is known about the Sun’s polar region. There are significant observational difficulties
involved, as described in detail in Section 4.4. Therefore, a portion of this thesis is dedicated to using spectropolarimetric measurements of the Sun’s poles captured with a high
(spectral, spatial) resolution and improving the existing techniques in order to better infer
the magnetic environment of the solar polar region.

17

2 Magnetic helicity
Vector fields that are solenoidal, such as magnetic field, an incompressible velocity field,
can be visualised as closed curves. It enables us to apply the knowledge from topology to
study these fields, in order to gain a deeper insight into the physical problem at hand. For
the purpose of this chapter, we will restrict the discussion to helicity integrals. Mo↵att
(1969, 1978) and Berger and Field (1984) have demonstrated that such integrals are connected to the topological properties of the vector fieldRlines. For a vector field r ⇥ X, the
helicity integral takes the form of a volume integral, X · (r ⇥ X) dV. The integrand is
the helicity density. For a magnetic field B, magnetic helicity can be analogously defined
as,
Z
HM =
A · B dV.
(2.1)
Here A represents the magnetic vector potential such that B = r ⇥ A. Magnetic helicity
represents the complexity of the underlying field, and can be interpreted in terms of the
linkage of its flux. As we will see in the following sections, the presence of such linkage,
in a given closed volume, provides a lower bound for magnetic energy. HM is a conserved
quantity in the presence of infinite conductivity ( ) as demonstrated by Woltjer (1958).
We will also take a look at the evolution of magnetic helicity in the limit of vanishing magnetic resistivity (⌘ = (µ0 ) 1 ), that is, ⌘ ! 0. In such situations Taylor (1974) showed
that in the presence of finite but small ⌘, the magnetic helicity integrated over the entire
volume is still conserved. As such, this conservation imposes constraints on the evolution of magnetic field. Its implications in terms of dynamo theory, and for the Sun, will
be discussed in the succeeding chapters. There is enough motivation to observationally
characterise HM , however the presence of A in its definition makes this task difficult. The
vector potential is not an observable quantity. In Chapter 4 we propose some promising
ways to infer magnetic helicity from observations.

2.1

Topological interpretation

A more rigorous form of the following discussion can be found in Mo↵att (1978). Adding
a term of the form r to the A does not change B. Since B is the observable quantity
and not A, the vector potential cannot be uniquely determined and we are thus confronted
with making an explicit gauge choice. A commonly used gauge is a Coulomb gauge,
r · A = 0. We assume a closed volume with no magnetic field threading the boundary
so that B · n = 0. Here n is the surface normal. For such a configuration, under a gauge
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Figure 2.1: Panel a: Two unknotted, untwisted flux tubes singly linked with HM =
+2 1 2 . Panel b: A right-handed trefoil knot as a single knotted flux tube, with a flux
. The dotted arrows represent smaller flux tubes of equal magnitude but opposite sign.
Credits: The figure is based on an original figure from (Mo↵att 1978). Made using
PyVista (Sullivan and Kaszynski 2019).
0

transformation A = A + r , the magnetic helicity is as follows:
Z
0
0
HM =
A · B dV,
Z
= HM +
B · n̂ dS .

(2.2)

The last term in Eq. (2.2) vanishes due to our assumption of magnetic field lines being
fully enclosed within the volume. As we mentioned earlier, magnetic helicity has an
interpretation in terms of linking of magnetic flux. This can be understood better if we
adopt a Coulomb gauge, that is, r · A = 0. Making this gauge choice, we can then use the
Biot-Savart’s law to define A,
Z
1
B(y) ⇥ (x y) 3
A(x) =
d y.
(2.3)
4⇡
|x y|3
With this, we can rewrite Eq. (2.1) in terms of of the magnetic field directly as,
!
Z
1
B(y) ⇥ (x y) 3 3
HM =
B(x) ·
d yd x.
4⇡
|x y|3

(2.4)

This definition of magnetic helicity in terms of magnetic field has the benefit of being
gauge invariant. Subramanian and Brandenburg (2006) have used this fact to arrive at a
gauge-invariant definition of magnetic heliticy density h(R) as,
Z
1
rk
h(R) =
d3 r✏i jk Mi j (r, R) 3 ,
(2.5)
4⇡ L3
r
where r = x y and R = (x + y)/2. Mi j = bi b j is the correlation tensor of a small-scale
magnetic field b with a correlation scale l and the overline indicates ensemble average.
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Additionally it is assumed that there exists an intermediate scale L, which is much smaller
than the system scale R s , but much larger than the correlation scale l, that is, l ⌧ L ⌧ R s
with Mi j (r, R) ! 0 as |r| ! L. With this, by letting L ! 1 we can formally integrate
Eq. (2.5). As stated in their study, we can interpret this helicity density as the density of
correlated links of the field. In Section 4.2, we have used Eq. (2.4) to develop a formalism
which enables us to infer magnetic helicity in spherical geometry using only observations
of magnetic field. We also demonstrate a direct application to solar observations.
To make the interpretation in terms of the linkage of flux even clearer, we consider
an example of two flux tubes around closed curves, C1 and C2 , with the associated flux ,
1 and 2 , respectively in Figure 2.1a. These tubes are unknotted, untwisted and linked
only once, such a configuration is referred to as the Hopf link. The magnetic field lines
enclosed within these tubes are also unlinked closed curves. Here, we can use Eq. (2.1)
to obtain the net helicity.
R For the tube around C1 , we can integrate over the cross-section
of the tube, BdV = 1 dl1 . An analogous argument applies to the other linked flux tube
around C2 . Thus we have,
I
I
HM = 1
A · dl + 2
A · dl,
C1

= +2

C2

(2.6)

1 2.

H

R

In the last step we have used the Stokes theorem: C A · dl = S B · dS = 2 , where
1
1
SR 1 is the surface circumscribed by C1 . Following Mo↵att and Ricca (1992), the integral
B · dS = n 2 , where n is the linking of the curves C1 and C2 , determines the number
S1
of crossings of C2 through the surface S 1 . In this case n = 1. Therefore, HM = 2n 1 2 ,
where n is the Gauss linking number (Mo↵att and Ricca 1992). Helicity can then be
inferred from the linking number and the product of the fluxes. In more general situations
the definition of magnetic helicity in Eq. (2.4) represents the linking of magnetic flux. The
Gauss linking number is a topological invariant (White 1969, Berger 1984), thus HM does
not change under continuous deformation of the magnetic field. However, reversing the
orientation of the tubes changes the sign of n. Depending on the orientation of the tubes in
Figure 2.1a, where n = 1, the magnetic helicity can be ±2 1 2 . A closer look at Eq. (2.1),
tells us that HM is a pseudoscalar quantity, being an integral over the dot product of a polar
vector and an axial vector (Mo↵att 1978). Thus the change in sign of magnetic helicity,
by changing the orientation of the flux tubes, is a natural consequence. In other words, a
change from the left- to right-handed frame of reference (a passive transformation) will
also change
R the sign of helicity integrals. This fact can be very useful, for example kinetic
helicity, U · ! dV, where U is the velocity field and ! = r ⇥ U its vorticity, is also a
pseudoscalar. Therefore it will be non-zero for a flow lacking reflectional symmetry, as
introduced in Section 1.2.1.
The interpretation of magnetic helicity is not limited to linkage of flux, but it also has
contributions from writhe. An intuitive way to see this is via Figure 2.1b, which represents
a single knotted flux tube (right-handed trefoil knot) with flux . Such a trefoil knot shows
three crossings or three units of writhe. As is illustrated in Mo↵att (1978), if we insert
two smaller flux tubes of opposite polarities (directions) represented by the dashed lines
in the figure, then we can picture that this single knotted flux tube is equivalent to the
configuration in Figure 2.1a with 1 = 2 = . Thus the writhe of a single knotted flux
tube can also be represented as the linkage of unknotted flux tubes. However, this is a bit
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Figure 2.2: A single unit of writhe (top), when the ends are stretched, transforms into a
single unit of twist. Credits: The figure is based on an original figure from Mo↵att and
Ricca (1992).
more delicate, as during this process twists can be introduced, which also contribute to the
net helicity. Figure 2.2 shows a writhe in a rope-like structure, which, when stretched by
the ends, transforms into a twist. This was formally demonstrated by Călugăreanu (1961)
and generalised to higher dimensions by White (1969). According to this, the linking
number can be decomposed into twist and writhe: n = T w + Wr. This rather general
result is known as the Cǎlugǎreanu’s theorem and the formal definitions of T w and Wr
can be found in Fuller (1978), Berger (1984), Mo↵att and Ricca (1992). It is important
to note that T w and Wr are not topological invariants, unlike the linking number n, but
they change under continuous deformation, as is seen in Figure 2.2. For a more thorough
overview of the topological aspects of magnetic helicity, we refer to Berger and Field
(1984), Mo↵att and Ricca (1992) and Blackman (2015).

2.2

Conservation and gauge dependence

To understand the conservation of magnetic helicity, we need to look at the time evolution
of helicity. For this we begin with the Faraday equation for A in SI units (we assume
µ0 = 1) as,
@A
= E r .
(2.7)
@t
Here is the electrostatic/scalar potential and E the electric field. Now taking a time
derivative of magnetic helicity density, A · B, we have,
@
( A · B) = ( E r ) · B + A · ( r ⇥ E),
@t
= 2E · B r · ( B + E ⇥ A),
= 2⌘J · B r · ( B + E ⇥ A).

(2.8)

We have used Ohms law, ⌘J = E + U ⇥ B, in the last step, where J = r ⇥ B is the current
density. Now for the time evolution of magnetic helicity, we integrate Eq. (2.8) over the
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entire volume to obtain
dHM
= 2⌘HC
dt

Z

FHM · dS.

(2.9)

R
Here HC = J · B dV is the current helicity and F HM = B + E ⇥ A denotes the flux of
magnetic helicity. If we now assume a closed domain or one with periodic boundaries,
the surface integral in Eq. (2.9) vanishes. Thus we are left with,
dHM
= 2⌘HC .
dt

(2.10)

Now, for ideal MHD, ⌘ = 0. This implies magnetic helicity is perfectly conserved over
the entire volume. For the situation of ⌘ ! 0, J and thus HC can still be large. Following
Brandenburg et al. (2002a), for domains with periodic boundary conditions, if we look
at the energyR balance of magnetic energy (see Section 3.1.1), in the steady state ohmic
dissipation ( ⌘J 2 dV) is balanced by the work done against the Lorentz force. Assuming
the work done to be independent of the value of ⌘, we can conclude that Jrms increases as
⌘ 1/2 as ⌘ ! 0. Brms though remains independent of ⌘. This would imply that the right
hand side (RHS) of Eq. (2.10) will decrease with ⌘1/2 as ⌘ ! 0. Therefore the rate of
change of magnetic helicity will decrease with ⌘. The Rm = UL/⌘, where U and L are
typical velocity and length scales, is quite large for astrophysical systems due to small
values of ⌘. Thus HM is almost independent of time for systems like the Sun even though
the magnetic energy might dissipate on smaller time scales. Berger (1984) have shown
that the time scale for helicity decay for the solar corona is on the order of the di↵usion
time scale. They concluded that this di↵usive time scale is too large to be of relevance
for coronal processes. Furthermore, they show that rapid reconnection (relevant in the
solar corona) approximately conserves magnetic helicity. Another important point to note
about Eq. (2.10) is that the fluid velocity U does not appear, which implies that any form
of turbulent fluid motion cannot influence the evolution of magnetic helicity.
About the gauge dependence of magnetic helicity, as already mentioned in Section 2.1
for a magnetic field which satisfies B · n = 0, magnetic helicity is gauge independent.
However, in most astrophysical systems such as the Sun, there is magnetic field threading
the surface. Berger and Field (1984), Finn and Antonsen Jr (1985) have introduced the
concept of relative magnetic helicity to circumvent the gauge dependence of HM for open
volumes. Such a gauge invariant relative magnetic helicity is defined with respect to a
reference field Bref = r ⇥ Aref as follows,
Hrel =

Z

( A + Aref ) · (B

Bref ) dV.

(2.11)

The reference magnetic field satisfies Bref · n = B · n at the boundaries of the domain.
Usually the reference field is taken to be a potential (current-free) field, that is, Bref = r
where is a scalar potential. For solar observations, it is possible to estimate such a
relative magnetic helicity, by computing the reference potential field. The potential field
can be computed by extrapolating magnetic field observations at the photosphere (see e.g.,
Wiegelmann and Sakurai 2021).
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2.3

Relaxation of magnetic fields in the presence of helicity

For the purpose of the present section, we assume that there is no dynamo mechanism
generating magnetic field, as such the field will freely decay. Additionally, we assume the
presence of a finite amount of magnetic helicity. Woltjer (1958) addressed this problem
assuming infinite conductivity (⌘ = 0) in a closed system with no motions, to find the field
configuration in which the magnetic energy is at a minimum in the presence of magnetic
helicity. Since ⌘ = 0, the magnetic helicity in strictly conserved. By means of a variational
principle they concluded that such a configuration is force-free, that is, r ⇥ B = ↵B,
with ↵ here being constant over the whole volume considered. This configuration is
referred to as a linear force-free field. As stated by Woltjer (1958), in a system with
the magnetic field at its lowest energy state the Lorentz force is negligible, as it will
be energetically too weak to drive motions. From a topological viewpoint, the presence
of magnetic helicity indicates a linkage of field lines, and if magnetic field lines cannot
be broken given the absence of resistivity, the linkage cannot be undone. This limits
the possible configurations the field can freely decay to, to arrive at a state of minimum
energy. Taylor (1974) explored a similar problem in the context of laboratory plasmas,
however with a small departure from perfect conductivity. They concluded that the HM
is still reasonably well conserved when averaged over the entire domain and thus exerts a
constraint on how magnetic fields relax. In this case, the configuration of magnetic field
relaxes to a low energy state in the form of a large-scale force-free field, but now with a
varying ↵. This is referred to as the non-linear force-free state. The magnetic field in the
solar corona is nearly force-free, therefore the role of magnetic helicity cannot be ignored
while modelling the coronal magnetic field.
Another important result connecting magnetic energy and helicity is in the form of the
realisability condition (Arnold 1974, Mo↵att 1978). If we transform to Fourier space and
denote magnetic energy and helicity with ẼM and H̃M respectively (where ⇠ indicates
a Fourier transform), then the realisability condition dictates: 2ẼM (k) k|H̃M (k)|. Thus
in the presence of magnetic helicity, there is a lower bound for magnetic energy. Now if
we imagine a fully helical field, then 2ẼM (k) = ±k H̃M (k). Following Blackman (2015), if
we assume that the magnetic energy is contained at one wavenumber k, then to minimise
magnetic energy and maintaining a constant magnetic helicity, k must decrease. Thus, in
summary, when magnetic helicity is conserved, a relaxation of magnetic fields to a state of
minimum magnetic energy is achieved when k is as small as possible, therefore at larger
scales.

2.4

Remarks

The properties of magnetic helicity discussed above make it an indispensable quantity
in (non-)ideal MHD. As introduced in Section 1.2.1, magnetic helicity conservation is
intimately tied to the generation of large-scale magnetic fields via the ↵ e↵ect. In the
next chapter we explain in more detail how the ↵ e↵ect can drive a large-scale dynamo
for flows with kinetic helicity, that is lacking reflectional symmetry (see Section 2.1).
However, despite of all the theoretical advantages, inferring HM observationally is not a
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straightforward task. The difficulty arises owing to A not being an observable quantity,
and secondly, in making attempts to compute this vector potential, a particular gauge
choice is unavoidable. In Chapter 4 we propose some promising ways to infer magnetic
helicity by circumventing these hurdles and thus paving a way to better understand the
induction mechanisms of the solar dynamo using magnetic helicity as a diagnostic tool.
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The solar magnetic field is maintained against resistive decay, and shows large-scale spatial and temporal coherence as evidenced by the magnetic and sunspot cycles described in
Section 1.1. Its origin is ascribed to a dynamo process operating within the Sun’s turbulent
convection zone, see Section 1.2. In this following chapter, we will recapitulate in some
detail the mathematical framework for such a large-scale dynamo mechanism in a conducting plasma and discuss it in the context of the solar dynamo wherever applicable. For
a plasma dominated by collisions, it is possible to adopt a fluid description for the plasma
as opposed to a kinetic description, wherein the mean-free path of the individual plasma
species is significantly smaller than the size of the fluid element under consideration. A
further assumption of charge neutrality between electrons and ions allows us to use a single fluid model. The plasma in the Sun’s convection zone is collisionally dominated. The
typical length scales of interest, such as the granulation scale at the photosphere (103 km),
are much larger than the mean free path of particles. Therefore here, as is usually done,
we present the basics of dynamo theory adopting a single fluid description of the plasma
and describe its interaction with the magnetic field using the equations of MHD.

3.1

MHD equations

We begin with a description of MHD equations:
D ln ⇢
Dt
DU
⇢
Dt
Ds
T
Dt
@B
@t

= r · U,

(3.1)

= rp + J ⇥ B + r · (2⌫⇢S) + F,

(3.2)

=

(3.3)

1
µ0 ⌘ 2
r · Frad + 2⌫S2 +
J ,
⇢
⇢

= r ⇥ (U ⇥ B

µ0 ⌘J) .

(3.4)

They are conservation equations for mass (Eq. 3.1), momentum (Eq. 3.2) and energy
(Eq. 3.3) and lastly the induction equation (Eq. 3.4) that governs the evolution of magnetic
field. An equation of state is required to close the system of equations by linking the
thermodynamic quantities, that is, density (⇢), temperature (T ) and pressure (p). In the
above, D/Dt = @/@t + U · r is the advective derivative. In Eq. (3.2), J ⇥ B is the Lorentz
force, ⌫, is the kinematic viscosity and F represents forces that can act on the system
such as gravity, and ,in the presence of rotation, centrifugal and Coriolis forces. S is the
27

3 Basics of dynamo theory
traceless rate-of-strain tensor defined as
1 @Ui @U j
Si j =
+
2 @x j
@xi

!

1
3

i jr

· U,

(3.5)

where i j is the Kronecker delta function. Eq. (3.3) is written in terms of the specific
entropy s and Frad is the radiative flux, which invoking Fick’s law of di↵usion, can be
written under the di↵usion approximation as Frad = KrT . Here K is the radiative
conductivity, inversely proportional to the opacity of the gas. The second and third terms
on the RHS of Eq. (3.3) indicate viscous and resistive dissipation. The fluid motions
within the Sun are non-relativistic therefore we do not have to worry about relativistic
e↵ects. Lastly, the induction equation (Eq. 3.4) is obtained from the Maxwell’s equations
ignoring the Faraday displacement current as the time scale of variation for the electric
field is much greater in comparison to the Faraday time, ⌧Faraday = ⌘/c2 , where c is the
speed of light (Brandenburg and Subramanian 2005). On the RHS of this equation the
U ⇥ B captures the e↵ects of induction while the second term represents the di↵usion of
magnetic field. Out of the Maxwell’s equations, we explicitly point out the Gauss law,
r · B = 0, to keep in mind that magnetic fields are solenoidal.

3.1.1

Magnetic energy

The energy balance of magnetic field can help us gain intuition into the workings of a
dynamo. By integrating over a volume V the dot product of B/2µ0 with Eq. (3.4), we
arrive at the following equation:
Z
Z
Z 2
Z
d
B2
J
E⇥B
dV =
U · (J ⇥ B) dV
dV
· dS,
(3.6)
dt V 2µ0
µ0
V
V
S

where S is the surface enclosing the volume. The first term on the RHS is the work done
against the Lorentz force, the second term denotes resistive losses via Ohmic dissipation
and the last term is the Poynting flux through the surface. For a closed system the flux
term goes to zero, and magnetic energy can grow if the work done against the Lorentz
force exceeds resistive losses. This is made possible by drawing on the kinetic energy of
the flow.
Having introduced the equations of MHD, we now take a look at some mathematical
aspects of large-scale dynamo theory. We begin with the theory of mean-field electrodynamics, which is based on the work of Steenbeck et al. (1966). This framework investigates the possibility of self-sustaining dynamo action in turbulent flows. We then take a
look at the ↵ e↵ect in some detail, including its quenching and its connections to magnetic
helicity. With a simple model of an ↵⌦ dynamo, we demonstrate how the propagation direction of toroidal magnetic field relates to the sign of ↵ and the gradient of di↵erential
rotation. Such a model predicts a poleward propagation direction for the Sun, in contrast
to the observed equatorward propagation. In face of this inexplicable result, and due to
concerns about the quenching of the ↵ e↵ect in the Sun, Babcock-Leighton (BL) type
solar dynamo models have gained in popularity. Thus, we finally conclude this chapter
with a brief summary of the BL dynamo models, which have their basis in ideas of meanfield theory, but are adapted based on phenomenological considerations. We note that the
challenges mentioned above are still an area of active research.
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Theory of turbulent dynamos is a vast topic and has seen numerous advancements
since its advent, and we refer the reader to an extensive review, Brandenburg (2018),
on this subject and its applications to astrophysical objects in general. Additionally, the
review by Rincon (2019) discusses dynamos in weakly-collisional plasmas in addition to
small-scale and large-scale dynamos. For a review focused on solar dynamo modelling
we refer to Charbonneau (2020). Also, we note that for the remainder of the discussion
here, we assume the magnetic permeability (µ0 ) to be equal to unity.

3.2

Mean-field electrodynamics

Steenbeck et al. (1966) adopted a two-scale approach, also referred to as Reynolds decomposition, to mathematically formulate the large-scale dynamo problem in the presence of
turbulence. The starting conjecture is that all relevant quantities of interest are split into
mean and fluctuating parts, where the mean is defined with the help of an ensemble average. This helps us split the MHD equations into corresponding equations for mean and
fluctuating quantities and study the collective e↵ect of the fluctuations on the mean fields.
However, depending on the specifics of the problem under consideration, a di↵erent averaging scheme can be adopted when ensemble averages are infeasible, such as averaging
over a spatial dimension or a time average. This is additionally justified, if there is significant temporal and spatial scale-separation between the mean (large-scale) and fluctuating
(small-scale) components. We will assume that the averages obey Reynolds rules. For a
detailed description on these rules, and the scale-separation between the mean and fluctuating quantities we refer the reader to Section. 6.2 of Brandenburg and Subramanian
(2005). The velocity and magnetic fields can be split as follows,
U = U + u,

(3.7)

B = B + b,

(3.8)

where B and U denote the large-scale mean fields and b and u the small-scale fluctuating
fields. In the context of the solar dynamo, the Sun’s magnetic field is largely symmetric
about its axis of rotation, and therefore it is assumed to be axisymmetric. Thus for the
Sun, the mean fields are defined using an azimuthal average. In the following discussion,
we will presume a kinematic regime, where properties of a velocity field are assumed to
be known at least statistically in the presence of turbulence. In the kinematic regime, the
magnetic field grows exponentially from an initial infinitesimal seed field. Therefore in
this regime, the associated Lorentz force is too weak to influence the velocity field and is
considered negligible in Eq. (3.2). In such cases, U is nearly independent of B, and the
induction equation (Eq. 3.4) is linear in B. As the exponentially growing magnetic field
begins to saturate via the back-reaction of the now dynamically significant magnetic field,
the velocity field that now enters the induction equation is modified by the Lorentz force,
again via the momentum equation. This constitutes the non-linear regime, and we will
revisit this briefly towards the end of this section.
Using the above mentioned decomposition of the magnetic and velocity fields, we first
write down the induction equation for the mean magnetic field,
@B
= r ⇥ (U ⇥ B + E) + ⌘r2 B,
@t

(3.9)
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where E = u ⇥ b, is the turbulent electromotive force (EMF) which acts as an additional
source term for the large-scale mean magnetic field. We have assumed the di↵usivity, ⌘,
to be constant. The challenge is now to obtain an expression for E, which takes contributions from the fluctuating velocity and magnetic fields. If we write an expression for
E using equations for u and b, we will find this expression to depend on third order correlations. This constitutes a closure problem, analogous to the closure problem of purely
hydrodynamic turbulence, wherein the Reynolds stress (ui u j , subscript denotes a component of the vector) is the counterpart of the E term we have here. Now, if we assume a
kinematic regime, the velocity field is independent of B, and the evolution equation of the
fluctuating field b can help us gain an insight on how to proceed. This equation, obtained
by subtracting Eq. (3.9) from Eq. (3.4), is
h
@b
= r ⇥ (U ⇥ b) + (u ⇥ B) + (u ⇥ b
@t

i
u ⇥ b) + ⌘r2 b.

(3.10)

Following the arguments of Mo↵att (1978), if U is uniform, upon changing to a reference
frame co-moving with U, we can put the first term under the curl operator to zero. The
second term on the RHS is a promising source term for the b field, commonly referred
to as the tangling term, where the small-scale velocity fluctuations tangle the mean field.
The third term is the most difficult to handle by means of analytical tools. We will mention
some standard closure approaches to deal with this term in the following sections.
We assume the tangling term to be the only source term for b, in the absence of which
the fluctuating field will decay. This implies that the E is also linear in B. Under this
assumption, the EMF can be written as
Z Z
Ei (x, t) =
Ki j (x, x0 , t, t0 ) B j (x0 , t0 ) d3 x0 dt0 .
(3.11)
In this equation, the RHS represents a convolutional integral with a kernel K, where
Ki j depends on u and U. This formulation highlights the e↵ects of non-locality both
in space and time, which need to be taken into account when scale separation between the
mean and fluctuating fields is poor. Such an integral formulation of the EMF was already
pointed out in Rädler (1976). For simplicity, we will assume E to depend on the instantaneous and local value of B. The local and instantaneous response is justified when there
is significant scale separation between b and B. Under this assumption, the EMF can be
written as,
@B j
Ei = ai j B j + bi jk
+ ... ,
(3.12)
@xk
which is in the form of a Taylor series expansion of the mean field. As stated in Moffatt (1978), the coefficients ai j , bi jk ..., in the above expansion are pseudotensors as the
left-hand side (LHS) of Eq. (3.12) is a polar vector, whereas the magnetic field on the
RHS is an axial vector. These pseudotensors depend on U, u. It is worth noting that
the assumption of E being homogeneous in B precludes the possibility of a small-scale
dynamo, which grows small-scale magnetic fields irrespective of the presence of a mean
field. When the mean field B is weakly non-uniform (Mo↵att 1978), the higher-order
derivatives in Eq. (3.12) can be ignored and we can truncate the expansion to the first
two terms. Further, we can decompose a and b into symmetric and antisymmetric parts
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to give us a number of turbulent transport coefficients (Krause and Raedler 1980). This
yields
0
1
BBB rB + rBT CCC
CCC .
E=↵·B+ ⇥B
· (r ⇥ B)
⇥ (r ⇥ B)  · BBB@
(3.13)
A
2

Starting with the first term on the RHS of Eq. (3.13), ↵ is the symmetric part of a, a
pseudotensor, and is an important inductive e↵ect as we shall see in the following section.
It is related to Parker’s idea (Parker 1955) of cyclonic convection which was introduced in
Chapter 1. is the antisymmetric component of a, a polar vector, and has the same form
as U ⇥ B, hence can be thought of as an e↵ective mean velocity that advects magnetic
field. It is usually referred to as turbulent pumping. The tensor represents turbulent
di↵usion. , an axial vector, can also lead to generation of mean fields in the presence of
rotation (without an explicit need for stratification), and it is known as the Rädler e↵ect
or ⌦ ⇥ J e↵ect (Rädler 1969).  is a rank three pseudo tensor, although its physical
interpretation is still uncertain. These turbulent transport coefficients allow us to describe
the collective e↵ects of small scales, whether inductive or di↵usive. In the following
sections we will mostly focus on the turbulent transport coefficient ↵ and its relation to
magnetic helicity, as it is quite central to the research conducted in this thesis. For more
general presentations we refer to the reviews mentioned in Section 3.1.1.

3.2.1 ↵ e↵ect
The ↵ e↵ect is an important first order inductive e↵ect for the mean magnetic field. As
stated above, ↵ is a pseudotensor. Now making the assumption that the velocity field
giving rise to this e↵ect is homogeneous and weakly isotropic, we can write ↵ = ↵ i j
where ↵ is then a pseudoscalar. Here, weakly isotropic implies that the velocity field
is invariant under rotations but not under reflections. If the velocity field is invariant
under reflections, then all its statistical properties should also remain invariant. Being a
pseudoscalar, ↵ must change sign under reflection. It can only exist if the velocity field
lacks reflectional symmetry, and this implies that the kinetic helicity of the flow must be
non-zero (See Section 2.1). A physical intuition of this e↵ect can be found in Parker’s idea
of small-scale cyclonic events or small-scale helical motions. Figure 3.1 is an idealisation,
where small-scale positive kinetic helicity of the flow distorts the magnetic field leading
to a loop like structure. For this loop to have an orientation as depicted in the figure,
either the di↵usion has to be strong or the duration of the distortion event should be short.
We will come back to this in Section 3.2.2. If such events add up statistically, which is
possible if the flow possesses a non-zero amount of positive (negative) kinetic helicity, it
gives rise to a mean current antiparallel (parallel) to the original field orientation. Thus
in the presence of turbulence, the collective action of small-scale fluctuations via the ↵
e↵ect can circumvent Cowling’s antidynamo theorem. Retaining only the first term of
Eq. (3.13) and using Ohm’s law together with the above assumptions we obtain a mean
current density, J = E = ↵B. In Figure 3.1, the sign of ↵ must be negative in the
presence of finite amount of positive kinetic helicity of the flow.
However, Figure 3.1 is a bit misleading, because it shows a writhe forming when the
magnetic field is represented by a single line. This gives the impression of magnetic helicity not being conserved (see Blackman 2015). If we begin with an initial zero magnetic
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Figure 3.1: A magnetic field line distorted by small-scale helical motions, in this case,
giving rise to a current antiparallel to the field orientation. For magnetic helicity conservation related to this scenario, please see Section 3.2.1.

helicity, the field undergoes such a distortion in a flow with non-zero positive kinetic
helicity. This gives rise to a unit of left-handed writhe, accompanied by a right-handed
twist which is equal in magnitude and opposite in sign (Yousef and Brandenburg 2003).
We have seen in Section 2.1, that twists and writhe are equivalent, thus conserving net
magnetic helicity. The magnetic tension force associated with these twists is expected
to contribute significantly to the back-reaction exerted by the magnetic field on the flow,
when the field becomes dynamically important (Blackman and Brandenburg 2003).
In the context of the solar dynamo, for a given mean toroidal field, the ↵ e↵ect can give
rise to a mean toroidal current, providing a means for poloidal field generation. Similarly,
it is also possible for this e↵ect to generate toroidal field from a poloidal one. Although
for the Sun, the di↵erential rotation or the ⌦ e↵ect is considered to be dominant inductive
e↵ect for the toroidal field. But why should the ↵ e↵ect be non-zero in solar CZ? The
physical reasoning for this lies in the combined e↵ects of stratification and rotation (see
Section 6.2 Brandenburg and Subramanian 2005). For stratified rotating convection in
the CZ, a parcel of fluid rising will expand, whereas a sinking parcel will contract. In
the northern hemisphere, the Coriolis flows will act on such expanding upflows and thus
imparting a clockwise rotation as viewed from above. From the same vantage point, a
downflow will rotate in the counterclockwise sense. In both cases the flow has a negative
kinetic helicity, which, as we shall see in Section 3.2.2, implies a positive value of ↵ in
the north hemisphere. The Coriolis force breaks reflectional symmetry across the equator,
thus this physical picture is the opposite in the southern hemisphere. In conclusion, the ↵
e↵ect should be antisymmetric across the equator for reasons just described, positive in the
north and negative in the south. Of course, the simplifying assumptions of homogeneity
and weak isotropy made in the beginning of this section do not apply to the Sun and one
should consider the full form of ↵. For the toroidal to poloidal field generation in the Sun,
↵ is the key coefficient and direct numerical simulations (DNS) of solar-like stars do
show a positive (negative) sign in the north (south) in the upper parts of the CZ (see, e.g.,
Warnecke et al. 2018).
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3.2.2

First-order smoothing approximation (FOSA)

In this section we briefly discuss FOSA, or the second order correlation approximation (SOCA), a simple closure scheme in order to obtain a functional form of ↵ and
. Many other sophisticated closure approaches exist in literature, see for example the
eddy-damped quasi-normal Markovian (EDQNM, Orszag 1970, Pouquet et al. 1976) or
the minimal ⌧ approximation (MTA, Blackman and Field 2002). Under FOSA, to simplify Eq. (3.10), the third term under the curl operator on the RHS is ignored. This is
justified if the correlation time scale of the flow is small. This is captured by St ⌧ 1,
where St = u⌧c /l is the Strouhal number, ⌧c is the correlation time of the flow, and u, l
are typical velocity and length scales of the flow. Another situation where ignoring this
term is justified is when St ⇡ 1 but Rm ⌧ 1, when di↵usion is dominant. The scenario
described by Figure 3.1, for the distortion of the field to be as depicted either the St ⌧ 1
or Rm ⌧ 1, that is either the correlation times have to be short or di↵usion is strongly resisting the distortion. For the sake of the present discussion we assume the former regime,
that is, St ⌧ 1, and Rm
1. In addition, the turbulence is described as homogeneous
and weakly isotropic and mean flows are absent, U = 0. We would like to point out that
putting U to zero, eliminates the possibility of additional contributions to the EMF from
terms proportional to cross-helicity (u · b) and angular velocity (Yokoi 2013, Brandenburg and Rädler 2013). For the present discussion, we still assume U = 0, and with this
we arrive at,
1
1
↵=
⌧c (u · !),
= ⌧c u2 ,
(3.14)
3
3
where ! = r ⇥ u. For the other regime characterised by St ⇡ 1 and Rm ⌧ 1, we arrive
at a similar expression, which connects the ↵ e↵ect to the kinetic helicity of the flow.
This provides a mathematical footing to the intuitive physical picture described above.
A detailed derivation of the these results can be found in for example Mo↵att (1978) or
Krause and Raedler (1980). With this we can write the EMF under FOSA in terms of
these two turbulent transport coefficients as,
E = ↵B

r ⇥ B.

(3.15)

However, it is important to note that the validity of expressions in Eq. (3.14) is limited
to FOSA regimes. In the case of the Sun and most other astrophysical systems, St ⇡ 1
and Rm
1, therefore we should be mindful in directly applying Eq. (3.14) to the Sun.
Courvoisier et al. (2006) have shown that for a prescribed class of chaotic flows at high
values of magnetic Reynolds number, Rm ⇡ 105 , the connection of ↵ to kinetic helicity
is blurred. We note that in their study there is no small-scale dynamo. The ↵ e↵ect
was measured in their case by imposing a uniform external magnetic field. On the other
hand, measurement of the full ↵ pseudotensor from DNS of solar-like stars indicate that
the FOSA estimates are not completely o↵ even outside the applicability regime. These
measurements were obtained using the test-field method (e.g., Schrinner et al. 2005, 2007)
by Warnecke et al. (2018). In the latter study, the Rm is around 34 and no small-scale
dynamo is excited. They show a reasonable qualitative agreement between the FOSA
estimate of ↵ in Eq. (3.14) and ↵ component, the latter component thought to be crucial
for poloidal field generation in stars.
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3.2.3

Simple ↵⌦ dynamo

For the solar dynamo, we are interested in solutions to the MHD equations in spherical
geometry. However, it is instructive to look at simpler systems to understand how the
combined action of small-scale helical motions, the ↵ e↵ect, and large-scale shear, the ⌦
e↵ect, can drive large-scale dynamo as introduced in Section 1.2. Therefore, we discuss
here the ↵⌦ dynamo in Cartesian geometry. Here x is the radius (r), y the longitude ( )
and z is the latitude (✓). Additionally, we assume axisymmetry, that is all terms with @y
vanish. So y is the toroidal component and x and z make up the poloidal component of
the magnetic field. The E takes the form shown in Eq. (3.15) and a mean radial shear,
U = (0, S x, 0) is present. With these assumptions, we can write the mean-field evolution
Eq. (3.9) as
@B
= S Bx ĵ + ↵r ⇥ B + ⌘T r2 B,
(3.16)
@t
where ⌘T = + ⌘ is the total di↵usivity, and ĵ is the unit vector along the y direction. In
an ↵⌦ dynamo for the toroidal field generation (y component in this case), shear plays a
dominant role as compared to the ↵ e↵ect, thus we make the approximation, ↵k/S ⌧ 1.
Now, following Brandenburg and Subramanian (2005), we seek solutions of the form
B = Re[ B̂(k) exp(ik · x + t)] and solve the associated eigenvalue problem to arrive at,
Re
Im

±
±

1
⇡ ⌘T k2 ± | ↵S kz |1/2 ,
2
1
⌘ !cyc ⇡ ±| ↵S kz |1/2 ,
2

(3.17)
(3.18)

where k2 = k2x + ky2 and !cyc is the frequency of the oscillatory part of the solution. The
eigenvalue 0 = ⌘T k2 has been discarded as the corresponding eigenfunction violates
solenoidality. We consider plane wave solutions (marginally excited, Re = 0) of the
form,
p
B x = B0 sin kz (z ct), By = 2B0 |c/a| sin(kz (z ct) + c ),
(3.19)
where B0 is the amplitude (Brandenburg and Subramanian 2005). The simple dispersion
relation tells us that the propagation speed of such a wave, c ,
c=

!cyc
↵S
= p
.
kz
2S ↵kz

(3.20)

Thus the propagation direction of the dynamo wave is proportional to the sign of ↵S . In
this simple example, if ↵ is positive in the northern hemisphere, and S is negative, we will
have an equatorward propagating dynamo wave. This is the essence behind the discussion
in Section 1.2.1, where the propagation direction of the azimuthal bands of solar magnetic
field were linked to the sign of ↵ and the radial gradient of angular velocity. As noted in
Section 3.2.1, for the Sun ↵ is positive in the northern hemisphere and helioseismic inferences indicate a positive radial gradient of the Sun’s angular velocity. This would imply
a poleward propagation of the azimuthal field, contrary to what is observed. This particular argument is usually invoked to motivate a Babcock-Leighton (BL) flux-transport
modelling of the solar dynamo. However, the role played by the near-surface shear layer
(NSSL), which is about 35 Mm deep can turn out to be crucial. Brandenburg (2005) put
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forth a promising picture, where the negative radial shear found in NSSL (Thompson
et al. 2003, Barekat et al. 2014), together with a positive ↵ in the northern hemisphere is
compatible with the observed equatorward propagation of the emerging toroidal field (see
e.g., Käpylä et al. 2006). Additionally, observations of sunspots show that their rotation
rate is close to the maximum angular velocity of the Sun. Helioseismology indicates that,
this maximum of angular velocity, is found 35 Mm beneath the surface. This points to
sunspots and ARs possibly having a shallower origin. In the BL paradigm, field strengths
of 100 kG are required to explain the observed tilt of sunspots on the solar surface, in
contrast, if the ARs have their origin in the NSSL a field strength of about 300 G would
be sufficient. We refer the reader to Brandenburg (2005) for a thorough proposal of the
solar dynamo where NSSL plays a crucial role.
We would like to point out that an exposition of Cartesian ↵2 dynamo (where the ↵
e↵ect is responsible for both toroidal and poloidal field generation) similar to the ↵⌦
dynamo discussed above, can be found in Brandenburg and Subramanian (2005). Here
we will instead discuss a numerical simulation of a turbulent dynamo with helical forcing,
prototypical of the ↵2 dynamo, to illustrate the connection between magnetic helicity and
the ↵ e↵ect in Section 3.2.4.

3.2.4 ↵ e↵ect and magnetic helicity
We have now seen that in the presence of stratification and rotation, the ↵ e↵ect can
grow large-scale magnetic fields by acting as a source term in the evolution equation
for the mean field (Eq. 3.9). Additionally, it was discussed in Section 3.2.1 how the
small-scale helical motions associated with ↵ give rise to magnetic helicity of both signs
(left-handed writhe versus a right-handed twist or vice versa), thus conserving the net
magnetic helicity. We can gain further insight into this by looking at the magnetic helicity
evolution equation of the mean and fluctuating components of magnetic field. Proceeding
in an analogous manner to Section 2.2, with j = J J and assuming a closed or periodic
domain, we find
E
D
E
D
E
@ D
A · B = 2 E · B 2⌘ J · B
(3.21)
@t
as the evolution equation for magnetic helicity of the mean field and
E
D
E
@ D
a·b = 2 E·B
@t

D
E
2⌘ j · b

(3.22)

as the equation for magnetic helicity of the fluctuating field. The sum of equations (3.21)
and (3.22) gives us the mean magnetic helicity A · B,
E
D
E
@ D
A · B = 2⌘ J · B
@t

(3.23)

This is the same equation as Eq. (2.10), where we saw that if ⌘ ! 0, magnetic helicity
is nearly conserved. We can immediately see the term ±2E · B in equations (3.21) and
(3.22). This term is equal in magnitude and opposite in sign. This indicates the production
of large and small-scale magnetic helicity which is also equal in magnitude and opposite
in sign. However in Eq. (3.23) this term disappears, which tells us that it only transfers magnetic helicity between the large- and small-scale fields while respecting helicity
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conservation. Thus the generation of a large-scale magnetic field is related to magnetic
helicity conservation.
Furthermore, if we assume the EMF to be the same as in Eq. (3.15), then we immediately see that the ↵ term contained in E generates magnetic helicity, which is equal in
magnitude but opposite in sign, on small and large scales, that is a bihelical field (Seehafer 1996, Yousef and Brandenburg 2003). In Section 3.2.1 we saw that for systems with
rotation and stratification, ↵ changes sign across the equator. For the Sun, the presence
of the ↵ e↵ect implies a bihelical magnetic field, accompanied with a further sign change
across the equator due to ↵ being antisymmetric. This is what is referred to as the hemispheric sign rule (HSR) for magnetic helicity. Looking for observational evidence for a
bihelical field or the HSR can thus provide an indirect confirmation of the ↵ e↵ect being a
key ingredient of the solar dynamo. This is central to the studies described in Chapter 4,
where we put forth tools to infer magnetic helicity. We do so only using the magnetic
field observations or even measurements of linear polarisation from state-of-the-art solar
instrumentation to infer a distribution of magnetic helicity over spatial scale.
The emergence of a large-scale field in the presence of helical turbulence was demonstrated numerically by Brandenburg (2001). In their simulations the large-scale magnetic
field is bihelical and the dynamo was demonstrated to be a prototypical ↵2 dynamo. Their
study is an excellent example of how the mean-field theory can be used as an analysis
tool to better understand complex 3D MHD simulations. We will show here spectra from
a simulation that is directly based on their setup. In this setup, a compressible isothermal gas is enclosed in a Cartesian periodic box of size 2⇡ in all directions, such that the
largest wavenumber is k = 1. The forcing in the momentum equation enters via the F
term in Eq. (3.2). This forcing is helical, with a positive kinetic helicity and the forcing
wavenumber is kf = 27, to allow for scale separation. The magnetic Reynolds number
of run is Rm = 10. We perform the simulation with the Pencil Code (Brandenburg et al.
2020) which solves the induction equation in terms of A, assuming a resistive gauge. This
not only maintains the solenoidality of B but also allows access to magnetic helicity under
the resistive gauge. The simulation is initiated with a smooth Gaussian random field for
A. For more details of this model see Brandenburg (2001). The helical forcing with a positive kinetic helicity will result in the generation of positive (negative) magnetic helicity
at small (large) scales following equations (3.21) and (3.22), thus resulting in the growth
of a large-scale field. To illustrate this with our simulation, we employ shell-averaged
spectra of magnetic energy,
Z
1
EM (k) =
B̂ · B̂⇤ k d⌦,
(3.24)
2
where d⌦ = 2⇡ in 2D, as the spectrum is computed over a 2D slice. The hat ( ˆ ) and
asterisk (⇤) symbols indicate a Fourier transform and complex conjugate respectively.
Analogously, the magnetic helicity spectrum is defined as,
Z h
i
1
HM (k) =
Â · B̂⇤ + B̂ · Â⇤ k d⌦.
(3.25)
2
In Figure 3.2, we show the magnetic helicity spectrum for this simulation obtained using Eq. (3.25), at an instance in time corresponding to the non-linear stage, which shows
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Figure 3.2: Magnetic helicity spectrum, HM (k), as a function of wavenumber. The di↵erent symbols indicate the sign of helicity at those scales. This spectrum is computed from
a 2D slice in the middle of the simulation domain at t = 55, which corresponds to the
non-linear stage.
the signs of helicity to be compatible with theoretical expectations. Now, to look at the energy of large-scale and small-scale fields separately we follow Brandenburg et al. (2002a)
and decompose the power spectra for magnetic field into left- and right-handed polarised
±
components, EM
= 1/2[EM (k) ± kHM (k)]. Such a decomposition works well here since
our forcing is fully helical. In Figure 3.3, the left panel indicates the kinematic stage of
the dynamo, when the magnetic energy is well below the kinetic energy. In this stage, the
+
magnetic energy spectra simply grow in magnitude, with EM
showing a peak at smaller
scales since the forcing has a positive kinetic helicity. EM , on the other hand, peaks at
larger scales. We explain this behaviour as follows: since there is a build up of positive magnetic helicity at small-scales, to obey its conservation, there will be a generation
of negative magnetic helicity at larger scales. Following the realisability condition (see
Section 2.3), there will be an associated magnetic energy which explains the peak of EM
at smaller wavenumbers. The small-scale fields saturate on dynamical time scales, and
+
thus in the non-linear regime the peak of EM
does not shift from the forcing scale. At
larger scales, the peak of EM slowly shifts to smaller k. We can see that compared to the
kinematic stage, the growth at the largest scales is slow. This is because in the non-linear
regime, the large-scale field saturation only happens on a slow resistive time scale due to
conservation of helicity in such closed systems. We will explain this in more detail in the
following section.
The growth of the large-scale field in the non-linear stage of the simulation, seen
in Figure 3.3, allows for an alternative, but closely related, interpretation in terms of
an inverse cascade of magnetic helicity. In their seminal papers, Frisch et al. (1975)
and Pouquet et al. (1976) have demonstrated the existence of such an inverse cascade,
where there is a local transport of magnetic energy in spectral space from smaller to larger
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+
Figure 3.3: Magnetic energy spectra of EM
(dashed lines) and EM (solid lines) as a function of wavenumber k. Colour represents time, which increases going from dark to warm
colours. The kinematic stage spectra are at t = 15, 25 (code units), and in the right panel
are also with a span of 10 code units starting from t = 35 to 85. The vertical dash-dotted
line marks kf = 27, the forcing wavenumber.

scales. In this approach the large-scale magnetic field emerges as a result of this inverse
cascade. However, in the simulations of Brandenburg (2001), and also here in Figure 3.3
(left panel), there is evidence for a non-local inverse energy transfer, that is, energy is
growing at a wavenumber k, already smaller than kf , and is further transported to even
smaller values of k. Such a non-local transfer is indicative of an ↵ e↵ect, which is better
captured by the integral kernel formulation of the EMF in Eq. (3.11) than the local and
instantaneous formulation in Eq. (3.13). We refer to Brandenburg (2001), Brandenburg
et al. (2002b) and Brandenburg and Subramanian (2005) for a more elaborate discussion
on these two interpretations and their nuances.

3.2.5

When dynamical e↵ects become important

So far we have looked into the theory of turbulent dynamos in the kinematic regime,
mostly focusing on the ↵ and ⌦ e↵ects. However, the solar dynamo operates in a dynamical or non-linear regime, wherein the magnetic field is strong enough to exert influence
via the Lorentz force in Eq. (3.2), the momentum equation. As mentioned in Section 3.2,
this back-reaction also influences the mechanism via which the exponential growth of the
magnetic field in the kinematic stage attains saturation. The non-linear theory of largescale dynamos addresses these aspects: how exactly does the saturation occur, what is the
time scale for the occurrence of the saturation, and what are large-scale magnetic field
strengths when the dynamo saturates. These are fundamental questions and have been
addressed in detail in reviews such as Brandenburg and Subramanian (2005). Here we
will discuss the implications for the ↵ e↵ect in the saturated state.
The Lorentz force, J ⇥ B, resulting from the large-scale field can alter mean-flows
and allow for saturation of the large-scale dynamo (Malkus and Proctor 1975). However,
in the previous section we saw that for dynamos driven by helical turbulence, the growth
of fluctuations, b, saturates long before B does. This indicates that the small-scale fluctu38
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ations reach equipartition strengths, b2 ⇡ ⇢u2 ⌘ Beq . The Lorentz force associated with
b will alter the flow, which naturally has consequences for the ↵ e↵ect, and by extension
to the growth rate of B and its saturation strength. An important aspect is the influence
of b on large scale flows and the ⌦ e↵ect via the Maxwell stresses, Mi j = bi b j . This
is also another complex aspect of the dynamics and we refer to Ruediger (1989) for a
comprehensive discussion.
As alluded to in Section 3.2.1, the small-scale helical motions of the velocity field
result in a writhe and an oppositely signed twist in the magnetic field. These twists of the
field can exert tension forces on u. Pouquet et al. (1976) have already shown that in the
non-linear regime, the ↵ e↵ect admits contributions from a term proportional to j · b, the
current helicity density of the fluctuating field. So, the residual ↵ e↵ect is,
↵ = ↵K + ↵M =

1 ⇣
⌧c u · !
3

⌘
j·b .

(3.26)

Here ↵K term is the ↵ e↵ect in the kinematic regime (see Eq. (3.14)), and the oppositely
signed ↵M term can then be thought of as a reduction of the ↵ e↵ect due to the backreaction of the twisted magnetic field on the flow. Although Eq. (3.26) was derived by
Pouquet et al. (1976) adopting EDQNM, using MTA, Blackman and Field (2002) also
arrived at the ↵M contribution to the ↵ e↵ect. The j · b is related to the evolution of smallscale magnetic helicity, see Eq. (3.22). This equation, together Eq. (3.21) for large-scale
magnetic helicity, can provide additional insight into how the large-scale field saturates.
Figure 3.3 (right panel) shows that for closed systems driven by helical turbulence, a prototypical ↵2 dynamo, b2 has already reached saturation while B is still growing. Hence,
in such situations a steady-state assumption for the small-scale field is justified where
b2 ⇡ Beq . Correspondingly, a steady state for small-scale magnetic helicity is also implied, and so the LHS in Eq. (3.22) vanishes to give us,
D
E
D
E
E·B = ⌘ j·b .
(3.27)
Additionally for an ↵2 dynamo, the magnetic field solution is a Beltrami field, that is,
it is an eigenfunction of the curl operator. This allows us to write down the following
expressions,
j · b = kf2 a · b = ±kf b2 ,

2

2
J · B = km
A · B = ⌥km B .

(3.28)

These expressions together with Eq. (3.27) and Eq. (3.21) gives us,
2

< B >= B2eq

kf h
1
km

e

2 (t t )
2⌘km
sat

i

.

(3.29)

Here, tsat is the time at which b2 has reached saturation and km , kf are wavenumbers
representative of the mean and fluctuating field respectively. This equation tells us that
saturation time for B depends on the resistivity, and thus the large-scale field saturates
on a resistively slow time scale. This was first derived by Brandenburg (2001) in the
context of ↵2 dynamos and Eq. (3.29) describes very well the slow saturation seen in their
simulations. For an analogous analysis of ↵⌦ dynamos we refer to Brandenburg et al.
(2001). What does this resistively slow growth of the mean field imply for values of ↵?
39

3 Basics of dynamo theory
As mentioned in Section 1.2.1, Vainshtein and Cattaneo (1992) found from their numerical experiments that at large Rm, the ↵ e↵ect would be quenched in a Rm dependent
fashion as,
↵K
↵=
.
(3.30)
1 + Rm (B/Beq )2
This is referred to as catastrophic quenching. An interpretation of this quenching is that,
at sufficiently large Rm, the small-scale dynamo will be excited, which reaches saturation
on dynamical time scales, and that the ↵ e↵ect will be quenched long before it can amplify large-scale fields to the values we observe in astrophysical systems like the Sun. This
result of catastrophic quenching was further demonstrated numerically by Cattaneo and
Hughes (1996) by means of imposing a uniform mean-field on underlying model of fully
developed helical turbulence in a Cartesian periodic box. It was notably pointed out by
Blackman and Field (2000a), that this extreme suppression result found by these studies is
a result of the periodic boundary conditions. Field and Blackman (2002) showed that such
quenching models are not compatible with magnetic helicity conservation. The catastrophic quenching of ↵ can be properly explained when a time-dependent formulation of
↵ is considered (Kleeorin and Ruzmaikin 1982, Field and Blackman 2002). Combining
equations (3.21), (3.22) and (3.28) we arrive at,
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This is known as the dynamical quenching model. Using this formulation of ↵, the catastrophic quenching, Eq. (3.30) can be derived assuming the time dependence to be zero, as
a special case (see Section. 9.3.1 of Brandenburg and Subramanian (2005)). For measuring ↵, Cattaneo and Hughes (1996) used an imposed uniform field, in which case J = 0;
for this situation one recovers the catastrophic quenching steady state from Eq. (3.31).
Furthermore, the resistively slow saturation seen in numerical simulations of ↵2 can also
be explained using dynamical quenching (Blackman and Brandenburg 2002).
Even though catastrophic quenching does not pose a severe hindrance to ↵ in light
of the dynamical quenching model, there is still the hurdle posed with a slow saturation
time for the mean field imposed by helicity conservation. An important point in this
regard is that we have been looking at closed systems. The Sun however has open boundaries, which allows for fluxes out of the system. It was proposed by Blackman and Field
(2000b) that fluxes of small-scale helicity out of the system can help alleviate the helicity
constraint and provide a way out of resistively slow saturation. This can be understood if
we rewrite Eq. (3.22) with open boundaries, that is,
E
D
E
D
E Z
@ D
a · b = 2 E · B 2⌘ j · b
Ff · dS.
(3.32)
@t
In such a scenario, if the flux term can balance the first term on the RHS, it is conceivable
to achieve a growth of the mean field on faster time scales. An interesting proposal for
such a flux was made by Vishniac and Cho (2001), wherein a magnetic helicity flux
inside the domain can aid in the transport of magnetic helicity to the boundaries. We refer
the reader to Section. 9.6 of Brandenburg and Subramanian (2005) for a discussion in the
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context of magnetic helicity and open boundaries. For the Sun, most of its open field lines
are concentrated at its poles, and these open polar fields are also a source of the fast solar
wind. There is also significant evidence for the poleward drift of AR fields over the course
of the solar cycle. This, in totality, can provide a promising avenue for removal of smallscale magnetic helicity via a boundary flux term. Many questions about the observational
characterisation of such helicity fluxes from the Sun are still to be answered.

3.2.6

Babcock-Leighton dynamo models

In the above, we have considered the turbulent dynamo framework for large-scale dynamos, and briefly discussed its applicability to the Sun. However, as already discussed
in Section 1.2.2, the BL dynamo models are a more popular alternative to modelling the
solar dynamo.
The equations describing the BL models are based on the mean-field ↵⌦ dynamo
shown in Section 3.2.3. However, the important distinction here is that inductive e↵ects
are parameterised based on observational considerations. Specifically, the ↵ e↵ect is replaced with the more phenomenological BL mechanism. To recapitulate, the tilt of the
emerged ARs leads to the cancellation of the leading polarity (leading with respect to the
direction of solar rotation) with the oppositely signed leading polarity in the other hemisphere. The opposite sign of polarity in the other hemisphere is expected due to Hale’s
law. The net amount of the following polarity is advected to the polar regions via surface
flux transport, driven by the meridional flow, leading to the reversal of the polar field (see
Figure 1.3). This was first proposed by Leighton. The tilt of the ARs is imparted by the
Coriolis force, which again resonates a similarity to the ↵ e↵ect. However, the ↵ e↵ect
is intimately related to small-scale helical flows, while in the BL picture, in contrast, the
Coriolis force acts on much larger scales of toroidal flux ropes that ultimately emerge on
the solar surface to form the observed ARs. These bipolar ARs then contribute to the generation of the poloidal field, that is distinct from the ↵ e↵ect which relies on the statistical
e↵ect of small-scale helical motions in the presence of stratification and rotation. The
toroidal field on which the BL source term acts is brought to the surface due to magnetic
buoyancy. These toroidal flux ropes are speculated to be formed by the strong shear in the
tachocline and stored prior to their buoyant rise to the solar surface. To capture this in the
BL models, the parametrisation of the BL mechanism for poloidal field generation, shows
a dependence on the toroidal field strength at the bottom of the CZ, see Dikpati and Charbonneau (1999). They state that this is to simplify the buoyant rise of these flux ropes.
Even in more recent BL models (see e.g., Miesch and Dikpati 2014), the poloidal source
term depends on the strength of the toroidal field at the base of the CZ. In some models,
a kinematic approach is adopted wherein the buoyant rise of the flux ropes from the bottom of the CZ is modelled with prescribed velocity fields (Yeates and Muñoz-Jaramillo
2013, Kumar et al. 2019). It must be noted that such a kinematic approach when magnetic
fields strengths are dynamically significant is not justified. Also, most of these models require low turbulent di↵usivities in order to reproduce observational features successfully
(Brandenburg 2018).
To complete the cycle of toroidal field generation at the bottom of CZ, their buoyant
rise to the solar surface, the action of the BL poloidal source term, a single-cell meridional flow is a key piece of the puzzle. This flow transports the field accumulated at
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the poles to the bottom of the CZ where the radial shear amplifies it to generate strong
toroidal flux ropes. Meridional circulation plays an indispensable role in the equatorward
propagation of the emerging toroidal flux at the surface. This flow together with the solar
di↵erential rotation is parameterised based on observations. We would like to note that
only the meridional flow at the surface is reliably known from observations, helioseismic
inferences tend to give conflicting results for the location of the return flow and for the
number of meridional cells in radius. Often in BL models axisymmetry of the di↵erential
rotation and meridional circulation is assumed and it is the non-axisymmetry of the flux
emergence at the solar surface which is postulated to provide a workaround to Cowling’s
theorem. The characteristic size and location of flux emergence in a majority of these
models is constrained with observational inferences about the size of ARs and their emergence latitude on the Sun. Additionally, to avoid overlapping emergence events in these
models, time delay algorithms are used (Miesch and Dikpati 2014).
Recently, Cameron and Schüssler (2015) proposed that emerged magnetic flux and
specifically the polar fields, which peak around the minimum of the activity cycle, would
provide the dominant contribution to the toroidal flux of the succeeding cycle. To demonstrate this, they used the Stokes theorem with an integration contour surrounding the
convective envelope in one hemisphere (see Figure 1 of their paper). With further assumptions for no magnetic field penetrating the radiative zone, and the angular velocity
of the Sun to be constant along the equatorial plane, they show that the total toroidal
flux generated by di↵erential rotation in the convection zone is completely determined
by the surface threading poloidal field. They claim that this result, together with the inference that surface flux transport models (which purely model the solar surface, see e.g.
Mackay and Yeates (2012)) sufficiently describe the observed evolution of surface fields,
in particular polar fields, makes the solar dynamo a Babcock-Leighton type. Cameron
and Schüssler (2017), have put forth an extension of Leighton’s 1D model. Their updated
model includes a poloidal source term that is very much similar to the ↵ e↵ect, and this
model also includes turbulent pumping. The inclusion of only certain turbulent e↵ects
and not others is difficult to justify rigorously. They formulate their equations in a way
to avoid specifying a storage region for the toroidal field. The tachocline is now assumed
to not play a significant role, following the fact that fully convective stars with no such
tachocline do show solar-like magnetic cycles (Wright and Drake 2016).
To conclude, numerical models of BL flux transport dynamos are more successful in
reproducing the observed characteristic than the more complex DNS of solar-like stars.
However, this is not surprising since a majority of the physics involved is parameterised,
and the free parameters are chosen based on observations of the Sun. The main concern
being that it is hard to justify the choices made in these models from the point of view of
the theory of MHD turbulence. A major challenge is to relate the poloidal field generation
mechanism of BL models to actual physical processes in a self-consistent and rigorous
manner.

3.3

Remarks

In Section 3.2.1, we saw that for systems like the Sun, the ↵ e↵ect arises naturally in the
presence of stratification and rotation, with a change in sign across the equator. The ↵
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e↵ect grows bihelical magnetic fields, with opposite signs of magnetic helicity at small
and large scales, as discussed in Section 3.2.4. This implies a hemispheric sign rule of
magnetic helicity for the Sun. In the next chapter we will propose some methods that
help us infer magnetic helicity spectra from solar observations, to answer questions about
the bihelical nature of the solar magnetic field. For domains with closed or periodic
boundaries, conservation of magnetic helicity implies a resistively slow saturation time
scale for the large-scale field. A promising way to circumvent this constraint, imposed
by helicity conservation, is by invoking fluxes of small-scale magnetic helicity in real
astrophysical systems with open boundaries, see Section 3.2.5. For the Sun, its polar
region harbours a majority of its open flux and its poles are a primary source for the
interplanetary magnetic field and the fast solar wind. The open flux at the poles originates
in ARs, and over the course of the solar cycle a portion of this flux is transported to the
polar regions thus contributing to the open flux at the poles. This poleward advection of
the AR flux can also be seen in Figure 1.3. ARs are intimately linked to the large-scale
solar dynamo, and on average are expected to carry small-scale magnetic helicity. Thus
the open flux at the polar regions, formed by contributions from ARs, is a promising
avenue for the Sun to shed its small-scale magnetic helicity. Moreover, for BL dynamos,
the Sun’s polar field, which reaches a maximum around sunspot cycle minimum, acts as a
direct source for the toroidal field of the subsequent cycle. However, as we will see in the
next chapter, acquiring any reliable knowledge of the Sun’s polar magnetic environment
o↵ers several observational challenges. Therefore we also present a study that aims at
improving the observational techniques to analyse the polar magnetic environment.
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Observational confirmation of the hemispheric sign rule (HSR), discussed in Section 3.2.4,
can be a promising step towards confirming the role of the ↵ e↵ect as an important inductive mechanism for the solar dynamo. To reiterate the HSR, we expect the sign of smallscale (large-scale) magnetic helicity to be on average negative (positive) in the northern
hemisphere, and vice versa in the southern hemisphere. For the Sun, spatial scales of the
order of the solar radius are considered large, and ARs and associated magnetic structures
on the photosphere are considered small.
The presence of the vector potential, A, in the definition of magnetic helicity makes it
an elusive quantity to compute from observations. The vector potential is not an observable quantity, only the magnetic field can be inferred from observations. To determine A
we have to make a gauge choice, see Section 2.1. In light of these hurdles,R earlier investigations of the HSR from solar observations used current helicity, HC = J · B dV, as
a proxy. In some cases a further simplification is usually made, assuming the magnetic
field to be force-free, see Section 2.3. Studies of Seehafer (1990), Pevtsov et al. (1995),
Zhang et al. (2010) focused on the magnetic helicity of ARs, that is, small-scale magnetic helicity. Using these simplifying assumptions these studies reported the small-scale
magnetic helicity to be on average negative (positive) in the north (south) hemisphere, in
accordance with the HSR. These are promising results, but we have to note that current
helicity can be used as a proxy for magnetic helicity only under specific conditions of
isotropy or in the presence of a fully helical field. Also the photospheric magnetic field is
not force-free.
Another approach is to compute the relative magnetic helicity, Hrel , discussed in Section 2.2, which has the advantage of being gauge-invariant even for cases where there
is magnetic field threading the boundary, B · n , 0, here n is again the surface normal.
To compute Hrel from solar observations, A is computed making a specific gauge choice,
for which non-linear force-free (NLFF) field extrapolations are used as an input. This
approach is computationally intensive, and the retrieval of Hrel is sensitive to maintaining
the solenoidality of the NLFF field. For a review of such methods we refer to Valori et al.
(2016).
In the methods discussed above, volume integrated values of magnetic helicity are
computed. However, to investigate the bihelical nature of the solar magnetic field, a distribution of magnetic helicity over spatial scale is of interest. In this context, Zhang et al.
(2014) and Zhang et al. (2016) reported spectra of local magnetic helicity of ARs, using
a two-point correlation function of magnetic field in Cartesian geometry. Brandenburg
et al. (2017) extended this formalism to weakly inhomogeneous systems, using the twoscale approach of Roberts and Soward (1975) to compute a global spectrum of magnetic
helicity, again in Cartesian geometry. We note that this approach is gauge-invariant, only
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requires the magnetic field data on a 2D plane to compute the helicity spectra and that
periodicity is implicitly assumed. Their analysis takes into account the slow modulation
of magnetic helicity as a function of latitude, applicable to the Sun where we expect a
sign change of helicity at both large and small scales across the equator. Brandenburg
et al. (2017) analysed synoptic vector magnetograms obtained by HMI on board SDO
from three consecutive Carrington rotations (CRs) during the early declining phase of
solar cycle 24. They reported the sign of magnetic helicity to be largely negative over
all wavenumbers, and no evidence for a bihelical field. A more comprehensive study
spanning 74 CRs was done by Singh et al. (2018) using the same two-scale formalism of
Brandenburg et al. (2017). They found clear evidence for the HSR in a majority of the
maps analysed. However, their magnetic field data was obtained from the Vector spectromagnetograph (VSM) of the SOLIS project (Keller et al. 2003, Balasubramaniam and
Pevtsov 2011).
The contradictory findings of Brandenburg et al. (2017) and Singh et al. (2018) most
likely originate due to the di↵erent magnetic field measurements used in the two studies. These data were from disimilar types of instruments, with di↵ering resolution and
involving di↵ering data reduction techniques, see Section 4.1 for more details. To verify
if this is indeed the case, we apply the approach described in Brandenburg et al. (2017) on
data from both the SDO/HMI and SOLIS/VSM instruments, corresponding to the early
declining phase of cycle 24. We indeed recover evidence for a bihelical magnetic field for
this phase of the solar cycle which is robust against instrumental e↵ects, thus confirming
the findings of Singh et al. (2018). Additionally we also put forth some experiments to
narrow down the source of violations of the HSR reported during the early rising phase
of the cycle.
The Cartesian framework for the two-point correlation function has obvious limitations of planar geometry, as all solar and stellar observation are available in spherical
geometry, thus Brandenburg et al. (2017) regarded this approach as preliminary. The
Cartesian approach also limits comparison with state-of-the-art MHD simulations of solar/stellar convection zones. In Section 4.2, we develop a new formalism, extending the
existing Cartesian one to spherical domains, by relying on an angular correlation function
of magnetic field and appealing to a more fundamental definition of magnetic helicity in
terms of linkage of magnetic flux. This allows us access to magnetic energy and helicity spectra as a function of spherical harmonic degree, in a gauge-invariant manner. We
take into account the slow modulation of helicity over latitude by adopting the two-scale
approach of Roberts and Soward (1975) to spherical geometry. For a detailed derivation of this formalism and a some relevant example applications in the solar context see
Section 4.2.
All of the methods of inferring solar magnetic helicity described above rely on photospheric magnetic field data as input. The actual observations of the Sun are in the form
of the full Stokes vector, (I, Q, U, V), of the incoming solar radiation. Here I is the total
intensity, Q/I and U/I capture the degree of linear polarisation and V/I the degree of
circular polarisation. The Stokes vector is usually recorded as a function of wavelength
for a given spectral line. For spectral lines which are sensitive to the Zeeman e↵ect, the
presence of the magnetic field imparts polarisation and splits the spectral line, depending on the strength and orientation of the field. For a detailed overview of spectral line
polarisation we refer the reader to Landi Degl’Innocenti and Landolfi (2004). Thus the
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magnetic field is not directly observed but is in fact inferred from Stokes profiles. The use
of the Zeeman e↵ect to retrieve the magnetic field presents an intrinsic ambiguity. This
ambiguity is associated with the transverse (perpendicular to the line-of-sight) component
of the magnetic field. That is, in the line-of-sight (LOS) frame of reference, the transverse
component can only be known with a 180 ambiguity corresponding to its orientation. To
transform the magnetic field vector to a relevant solar coordinate system, several disambiguation approaches exists in literature. However, their applicability outside regions of
high magnetic field strength is questionable, see Pevtsov et al. (2021) for detailed discussion. The disambiguation methods can introduce errors in the retrieval of the full magnetic
field vector. Consequently, the magnetic helicity spectra computed from such magnetic
field data can be compromised. This motivated us to test an approach which uses the
linear polarisation measurements of the Sun as a proxy for magnetic helicity. This makes
it possible to circumvent the 180 ambiguity associated with the Zeeman e↵ect as a diagnostic for photospheric magnetic fields. Our polarisation based approach has its roots in
the field of cosmology and was first discussed in the solar context by Brandenburg et al.
(2019). We successfully tested our approach by inferring the helicity of solar ARs using
only the measurements of Stokes Q and U obtained by SDO/HMI, see Section 4.3.
In Section 3.2.5, we discussed how the conservation of helicity for closed or periodic systems constrains the saturation time scale of the large-scale magnetic field to a
resistively limited value. Fluxes of small-scale magnetic helicity out of the domain are
proposed as a viable mechanism to attain saturation on faster time scales. For the Sun,
the polar regions garner a majority of its open flux. This open flux originates in the ARs.
From the mid-latitudes where these ARs emerge, a portion of its flux is transported to
the poles over the course of the solar cycle, thus contributes to the open flux at the poles
(Wang 2009). The ARs are manifestations of the large-scale dynamo and, on average, are
expected to carry small-scale magnetic helicity. Therefore, solar polar regions, fed by the
AR flux, are a promising sources of helicity fluxes out of the system. In the BL perspective
towards the solar dynamo, the surface polar fields feed the toroidal field of the succeeding
cycle, and thus play a crucial role in the Sun’s magnetic cycle, see Section 3.2.6. However, high-quality observations of the Sun’s poles are not easy to acquire in comparison to
say the observations near the center of the solar disc and thus our knowledge of the Sun’s
polar region is less reliable. The viewing geometry from the ecliptic plane means that
the observations are taken at a high heliocentric angle. This not only introduces severe
foreshortening but also is accompanied by a large intensity gradient. The magnetic field
along with the other physical parameters of the solar atmosphere such as temperature,
line-of-sight velocity of the gas, are inferred by means of spectropolarimetric inversions
(del Toro Iniesta and Ruiz Cobo 2016). We need to account for the intensity gradient, and
foreshortening in the inversion process for an accurate retrieval of the conditions in the
polar magnetic environment. In Section 4.4, using one of the few high quality measurements of the Sun’s poles recorded by balloon-borne Sunrise mission (Solanki et al. 2010,
Barthol et al. 2011), we propose a technique to improve the spectropolarimetric inversions
of the polar region. This is a crucial step in acquiring better quality magnetic field data
of the Sun’s poles, to answer questions about the helicity fluxes from polar regions or test
the ideas of the BL picture. The inversion method proposed finds direct applicability for
future studies targeted at the Sun’s poles made possible with the next generation of solar
telescopes, for example, the Daniel K. Inouye Solar Telescope (DKIST Rimmele et al.
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2020).
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4.1

Magnetic helicity spectra: instrumental e↵ects and
masking experiments

The material presented in this section will be redrafted as a manuscript, to be submitted
to a journal, in the near future.

4.1.1

Introduction

In Section 4, we discussed the use of the Cartesian two-point correlation function to infer
magnetic helicity spectra using magnetic field maps as input. Brandenburg et al. (2017)
applied this formalism to SDO/HMI data, however only to three CRs corresponding to
the early declining phase of the solar cycle 24. Singh et al. (2018) covered a much larger
sample of 74 CRs, from the SOLIS/VSM data, and found that the HSR is obeyed in a majority of the CRs analysed including the early declining phase of this cycle. These rather
contrasting findings most likely originate due to di↵erences between the two instruments
and their data reduction techniques, see Section 4.6 of Singh et al. (2018). To summarise,
SDO/HMI has a higher spatial resolution in comparison to SOLIS/VSM, but the latter
has a superior spectral resolution and higher signal-to-noise ratio (SNR). SOLIS/VSM is
a ground-based instrument as opposed to SDO/HMI which orbits around the Sun-Earth
L1 Lagrange point. This distinction is relevant because for ground-based data we need
to account for atmospheric seeing. Furthermore, the spectropolarimetric inversions employed to infer the magnetic field, as well as the disambiguation methods used to resolve
the 180 ambiguity of the transverse field are dissimilar. Given these di↵erences, it is necessary to test the robustness of the helicity spectra retrieved from these data sets against
instrumental or data reduction related e↵ects.
Another important aspect is to attempt to pin down the cause of violations of the
HSR. Such violations reported in literature are mostly found during the early rising phase
of the cycle. The intrinsic helicity of ARs of the "wrong sign", that is opposite to what
is statistically expected from theoretical considerations, is suspected to be the reason for
these violations. This argument is reinforced by the fact that ARs contribute significantly
to the helicity inferred at the photosphere. To investigate this, we apply a binary mask on
the magnetic field maps to filter out pixels with low signal-to-noise ratio (SNR) and retain
only the AR magnetic fields. Using such masking experiments we aim to demonstrate
that violations of the HSR are a consequence of some complex ARs carrying the "wrong"
sign of helicity.
In Section 4.1.2 we reiterate the two-point correlation function in Cartesian geometry.
Then in Section 4.1.3 we present the helicity spectra computed from di↵erent instruments
and di↵erent spatial resolutions and in Section 4.1.4 we present a results of the masking
experiments.

4.1.2

The Two-scale approach

Correlation functions are indispensable tools in turbulence theory and help provide insight into the properties of underlying turbulence, see for example Matthaeus and Smith
(1981). Here we focus on the magnetic two-point correlation function and its relation
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to magnetic energy and helicity. Matthaeus et al. (1981) used time series data of o↵diagonal component of the two-point correlation tensor to infer the magnetic helicity of
the solar wind. Zhang et al. (2014, 2016), under homogeneous conditions, employed the
correlation function to infer magnetic helicity spectra of ARs. Brandenburg et al. (2017)
extended the two-point correlation formalism to weakly inhomogeneous systems using
the two-scale approach of Roberts and Soward (1975). This is applicable for systems
like the Sun, wherein its statistical properties such as kinetic and magnetic helicity are
expected to change at a wavenumber that is somewhat smaller than the largest wavenumber of the system. In such cases the two-point correlation tensor is a function of X and
x. Here, X = (x0 + x00 )/2, is the slowly varying co-ordinate and x = x0 x00 , marks
the separation of the two points, x0 and x00 , around X. For a given magnetic field B(x, t),
with x being its position vector at an instance in time, t, assuming weakly inhomogeneous
conditions, its two-point correlation tensor in Fourier space can be written as,
*
+
1
1
⇤
M̃i j (K, k) = B̂i (k + K) B̂ j (k
K) .
(4.1)
2
2
Here K is the conjugate variable to X, and k is conjugate to x. We refer the reader to
Roberts and Soward (1975) and Brandenburg et al. (2017) for details of these expressions. We note that the time dependence in the above has been omitted. The spectrum of
magnetic energy and helicity defined in Section 3.2.4, are then given related to M̃i j (K, k)
as,
Z
2EM (K, k) =
(4.2)
i j M̃i j (K, k) k d⌦,
Z
kHM (K, k) =
ik̂i ✏i jk M̃ jk (K, k) k d⌦.
(4.3)

R
Here d⌦ = 2⇡ for a 2D Cartesian surface. The trace of M̃i j gives the magnetic energy
and its anti-symmetric part gives magnetic helicity. Equation (4.3) is directly related to
the definition of helicity in Eq. (2.4). Following Brandenburg et al. (2017), the slow modulation in space is assumed proportional to sin K0 Z, where Z represents the latitude. Thus,
the negative imaginary part of kHM (K, k) corresponds to the sign of magnetic helicity in
the northern hemisphere.

4.1.3

Magnetic helicity from di↵erent instruments

In this section, we test the influence of instrumental e↵ects on the helicity spectra retrieved using the two-scale approach. We chose here synoptic maps from October, 2014
to January, 2015; corresponding to CRs 2156-2158. This is the same epoch in which
Brandenburg et al. (2017) and Singh et al. (2018) reported contradictory findings. We use
both high- (1 ) and low- (0.2 ) resolution data from SOLIS/VSM, and an even higher resolution (0.1 ) data from SDO/HMI. By checking the consistency in between these datasets,
we gained confidence in the correctness of the disambiguation methods.
Figure 4.1a shows the spectra obtained from the low-resolution SOLIS/VSM data,
which as reported by Singh et al. (2018), clearly shows a bihelical signature. The signs
of magnetic helicity are in agreement with the predictions of HSR. Figure 4.2 shows the
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Figure 4.1: (Panel a) Magnetic helicity (dashed) and energy (solid) spectra obtained from
SOLIS/VSM lower resolution data (1 ) from three CRs 2156-2158. The sign convention
of the spectra here and for the remaining plots in this section corresponds to the northern
hemisphere. (Panel b) The radial component, Br , of the these CRs obtained by joining the
synoptic maps together.

Figure 4.2: (Panel a) Magnetic helicity (dashed) and energy (solid) spectra obtained from
SOLIS/VSM higher resolution data (0.2 ) from the same three CRs 2156-2158 as in Figure 4.1. (Panel b) Same as left panel but obtained from HMI data (0.1 ).
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spectra from high-resolution SOLIS data (panel a) and high-resolution HMI data (panel
b). In all cases, across data from di↵erent instruments, we retrieve a bihelical spectrum
which is consistent with the HSR. The fluctuations in sign at the higher wavenumbers,
carry less power, and are not totally unexpected given the turbulent nature of the underlying field (Singh et al. 2018). The sign change of helicity, from negative to positive,
happens in the vicinity of k ⇡ 0.1 Mm in all three cases. Singh et al. (2018) reported
the energy spectrum to be proportional to a Sa↵man spectrum, k2 , at small wavenumbers
for the low-resolution SOLIS data, see Figure 4.1a. They note that such a power law behaviour at low wavenumbers implies that the large-scale field is random. However, for the
same CRs, for higher resolution HMI data the energy spectra show an approximate k3/2
power law at small wavenumbers, see Figure 4.2b. A Kazantsev, k3/2 , scaling is indicative of small-scale dynamo action, although this scaling is predicted for the sub-inertial
range. In contrast here this scaling is recovered at large scales. Singh et al. (2018) interpret this as a hint for the simultaneous operation of large-scale and small-scale dynamos
in the Sun. However, the possibility of small-scale dynamo action in low Prandtl numbers
(PrM = ⌫/⌘) systems, like the solar CZ, is not obvious (Schekochihin et al. 2005, Iskakov
et al. 2007), and we refer the reader to Section. 5 of Singh et al. (2018) for a discussion in
this context. Nonetheless, a less steep scaling retrieved at large scales, for the higher resolution HMI data, points toward an increase in the power recovered at large scales going
from lower to higher spatial resolution.
However, in all three cases, the dominant contribution to these spectra, retrieved at
the solar photosphere, is from ARs at intermediate wavenumbers. This was observed
in all the CRs analysed by Singh et al. (2018) from low-resolution SOLIS data, where
the power at intermediate scales dominates over the large scales. On the other hand,
numerical simulations indicate that the ↵ e↵ect generates bihelical magnetic fields, with
an increase in the magnetic energy and helicity from small to large scales, see figures 3.3
and 3.2. Therefore, the sign of helicity recovered from observations at the largest scales,
is a consequence of the weaker, less reliable, magnetic field signal present outside the
ARs. This concern is addressed in the following section.

4.1.4

Masking experiments

A number of studies (Brandenburg et al. 2003, Zhang et al. 2010) have reported violations
of the HSR during the early rising phase of the solar cycle. ARs carrying the wrong sign
of magnetic helicity are speculated to be the reason for such a violation. To test this, we
take CR 2113 corresponding to July-Aug 2011, that is the early rising phase of solar cycle
24. We apply a cosine-tapered window function, also known as the Tukey window, on the
CR to retain only the pixels corresponding to the ARs. To infer the magnetic energy and
helicity spectra from such a windowed synoptic map, we use the two-point correlation
function. The use of a Tukey window minimises the influence of sharp boundaries on
the discrete Fourier transforms. Retaining only the signal from the ARs, which has the
highest SNR, o↵ers the added advantage of minimising the influence of less reliable,
weaker, magnetic field outside of the ARs on the retrieved spectra.
In Figure 4.3b, we present the magnetic energy and helicity spectra computed from
the full synoptic map shown in the panel a) of the same figure. The spectrum are clearly
bihelical, however the sign of helicity is exactly the opposite of what is expected from the
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4.1 Magnetic helicity spectra: instrumental e↵ects and masking experiments

Figure 4.3: (Panel a) Br of CR 2113 obtained from SOLIS/VSM higher resolution data
(0.2 ) during the early rising phase of the solar cycle. (Panel b) Magnetic helicity (dashed)
and energy (solid) spectra from the same data.

Figure 4.4: (Panel a) Same as Figure 4.3a, however all pixels except 2 ARS have been
masked to zero. (Panel b) Magnetic helicity (dashed) and energy (solid) spectra from this
masked data.

Figure 4.5: (Panel a) Same as Figure 4.4a, however now the AR marked by the box is
also included in computing the helicity spectra. (Panel b) Magnetic helicity (dashed) and
energy (solid) spectra from this masked data.
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4 Results
HSR. To now test the influence of ARs on this global spectrum, we retain only two ARs
from the northern hemisphere, seen in Figure 4.4a, and proceed to compute the spectra
from such a masked map (Figure 4.4b). The spectra is negative over all wavenumbers,
with sign fluctuations at higher k. The sign of magnetic helicity at intermediate scales is
in agreement with the HSR, wherein ARs in the north are expected to carry a negative
magnetic helicity. Now, we mask the full map of CR 2113, to include an additional AR
marked by a box in Figure 4.5a. This AR was classified to be of a complexity type . This
classification was first introduced by the Mount Wilson observatory (van Driel-Gesztelyi
and Green 2015) and indicates a deviation from the prototypical bipolar AR. For the helicity spectrum computed from this masked map, shown in Figure 4.5b, the inclusion of the
complex AR results in a reversal of the sign of helicity at intermediate scales to positive,
with negative signs only at the smallest and largest wavenumbers. The spectra shown in
figures 4.5b (masked) and 4.3b (full map) match well, including the negative magnetic
helicity at large scales. Such masking experiments highlight two aspects. Firstly, that
complex ARs have a direct influence on the sign of helicity recovered at intermediate
scales, going from negative (obeying the HSR) to positive (violation of HSR) as seen in
figures 4.4 and 4.5. Secondly, that it is possible to retrieve the global helicity spectrum
only by correlating the magnetic field of ARs, as seen in figures 4.3 and 4.5. The latter
shows that the influence of the weaker, less reliable, signal outside of the ARs is negligible
for the signs recovered at low k.
We have seen in Section 3.2.4 that the magnetic helicity at small and large scales in
the presence of the ↵ e↵ect is causally related due to the constraint imposed by magnetic
helicity conservation. Therefore, retrieval of the global helicity spectrum only by correlating ARs, that is only smaller scales, we interpret as an observational evidence for the
intimate connection between the small-scale and large-scale solar magnetic helicity.
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4.2 Inferring magnetic helicity spectrum in spherical domains: the method and
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4.2

Inferring magnetic helicity spectrum in spherical domains: the method and example applications

The material presented in this section is the manuscript submitted to A&A. The published
version can be found using the following information.
Credit: A. Prabhu, N. Singh, M. J. Käpylä, A. Lagg, published in A&A, Vol. 654, A3,
2021

Contribution to the paper: I contributed to this paper by doing the derivation, performing all tests and writing the first draft of the manuscript.
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ABSTRACT
Context. Obtaining observational constraints on the role of turbulent e↵ects for the solar dynamo is a difficult, yet crucial, task.

Without such knowledge, the full picture of the operation mechanism of the solar dynamo cannot be formed.
Aims. The magnetic helicity spectrum provides important information about the ↵ e↵ect. Here we demonstrate a formalism in spherical geometry to infer magnetic helicity spectra directly from observations of the magnetic field, taking into account the sign change
of magnetic helicity across the Sun’s equator.
Methods. Using an angular correlation function of the magnetic field, we develop a method to infer spectra for magnetic energy and
helicity. The retrieval of the latter relies on a fundamental definition of helicity in terms of linkage of magnetic flux. We apply the
two-scale approach, previously used in Cartesian geometry, to spherical geometry for systems where a sign reversal of helicity is
expected across the equator at both small and large scales.
Results. We test the method by applying it to an analytical model of a fully helical field, and to magneto-hydrodynamic simulations
of a turbulent dynamo. The helicity spectra computed from the vector potential available in the models are in excellent agreement
to the spectra computed solely from the magnetic field using our method. In a next test, we use our method to obtain the helicity
spectrum from a synoptic magnetic field map corresponding to a Carrington rotation. We observe clear signs of a bihelical spectrum
of magnetic helicity, which is in complete accordance to the previously reported spectra in literature from the same map.
Conclusions. Our formalism makes it possible to infer magnetic helicity in spherical geometry, without the necessity of computing the
magnetic vector potential. This has the advantage of being gauge invariant. It has many applications in solar and stellar observations,
but can also be used to analyze global magnetoconvection models of stars and compare them with observations.
Key words. Sun: magnetic fields — Magnetohydrodynamics (MHD) — Dynamo — Turbulence

1. Introduction
The solenoidal nature of magnetic fields enables us to examine them in terms of the topology of closed curves (Berger
& Field 1984). Helicity integrals in general, and magnetic helicity in particular, (see Eq. (1)) have been demonstrated to be
associated with the topological properties of field lines (Mo↵att
1969, 1978). Magnetic helicity, which characterises the linkage
of field lines, is a topological invariant. In ideal magnetohydrodynamics (MHD) magnetic helicity is conserved (Woltjer 1958),
and is nearly conserved in the limit of large conductivity (Berger
1984). Thus, magnetic helicity imposes a crucial constraint on
the evolution of magnetic fields.
In the case of the Sun, magnetic helicity is often invoked
to investigate many facets of the solar magnetic field. To name
a few examples, it is suggested as a possible proxy to quantify
the eruptivity of solar active regions (ARs) (Pariat et al. 2017;
Thalmann et al. 2019), or as a plausible predictor of the solar cycle (Hawkes & Berger 2018). The influence of magnetic helicity on coronal emission, to explain the observed enhancement in
X-ray luminosity with increasing stellar rotation, has also been
explored (Warnecke & Peter 2019). Arguably, magnetic helicity plays the most crucial part in dynamo theory, which is often
called upon to explain the generation and maintenance of the so-

lar magnetic field (Mo↵att 1978; Brandenburg & Subramanian
2005; Brandenburg 2018; Rincon 2019). Specifically the ↵ effect, occurring in systems with stratification and rotation, is expected to be an important inductive e↵ect in the solar dynamo.
Under isotropic and homogeneous conditions ↵ is known to be
related to the kinetic helicity of the flow and is a measure of the
helical nature of turbulence within the Sun’s convection zone.
It has been shown that the ↵ e↵ect generates bihelical magnetic
fields, that is, magnetic helicity at small and large scales of opposite signs, hence resulting in no net production of magnetic
helicity (Seehafer 1996; Ji 1999; Yousef & Brandenburg 2003).
For the Sun, another sign change of magnetic helicity is expected
across the equator, due to the Coriolis force breaking reflectional symmetry. Thus we have a hemispheric sign rule (HSR,
see Singh et al. 2018, for details). The HSR implies a positive
(negative) sign of magnetic helicity at large (small) scales in the
northern hemisphere and vice versa in southern hemisphere. Observational evidence for such a sign rule will be an indirect confirmation of the role played by the ↵ e↵ect in generating largescale solar magnetic fields.
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Magnetic helicity is defined in terms of A, the magnetic vector potential and the magnetic field, B, as
Z
Z
HM =
A · (r ⇥ A) d3 x =
A · B d3 x.
(1)

The first hurdle in infering magnetic helicity observationally
arises due to the fact that A in Eq. (1) is not an observed
quantity and secondly, the information about B is usually not
known over the entire volume. Given these restrictions, prior
e↵orts to study the magnetic helicity of ARs used current helicity HC = hJ · BiV as a proxy, where J is the current density and the angle brackets denote volume averages. Additionally the simplifying assumption of a force-free magnetic field
is made (Seehafer 1990; Pevtsov et al. 1995; Bao et al. 1999;
Zhang et al. 2010). If in Eq. (1) B has a non-zero normal component at the boundary of the integration volume, then the volume integral cannot be determined in a gauge invariant manner.
This is true for most astrophysical systems including the Sun.
For such situations the concept of relative magnetic helicity can
prove useful (Berger & Field 1984; Finn & Antonsen Jr 1985):
in this approach, helicity is defined with respect to a reference
field, usually a current-free one. Relative magnetic helicity is often used to analyse solar observations, as is demonstrated in a
recent study by Thalmann et al. (2019). Using nonlinear forcefree field extrapolations as input, these approaches involve an
explicit computation of A making suitable gauge choices. For a
review of such and some other related methods see Valori et al.
(2016).
Using a toroidal-poloidal decomposition (Chandrasekhar
1961) of vector fields in spherical geometry, Pipin et al. (2019)
compute the magnetic helicity from solar synoptic maps by reconstructing A, again making a particular gauge choice. In their
analysis they separate the large and small scales relying on azimuthal averages, wherein the small-scale magnetic helicity density includes contributions from all scales except the axisymmetric mean field, including the large-scale non-axisymmetric contributions. Lund et al. (2020) also resort to such a decomposition,
applying it on stellar data retrieved via Zeeman-Doppler imaging (ZDI, Semel 1989), although they report large-scale average
magnetic helicity density on stellar surfaces. However, in these
methods, the total value of magnetic helicity density does not
provide us the distribution of helicity, specifically its sign, over
scales.
To study the dynamo problem, for which the segregation of
helicity over spatial scales is expected, methods focused on inferring spectral distribution of magnetic helicity from observations are better suited. Zhang et al. (2014, 2016) inferred such
a spectrum of magnetic helicity from local patches, invoking
the two-point correlation tensor for magnetic field in Cartesian geometry. Brandenburg et al. (2017) extended this approach
to inhomogeneous systems by using the two-scale analysis of
Roberts & Soward (1975), applicable to cases where magnetic
helicity varies slowly, on a scale somewhat smaller than the scale
of the system. It is important to note that these methods avoid any
issues with a gauge choice by transforming into Fourier space
with the implicit assumption of periodicity. Recently Prior et al.
(2020) demonstrated a wavelet based multi-resolution analysis
to infer magnetic helicity which is applicable for inhomogeneous
systems with non-periodic boundaries. They also avoid computing the vector potential and thus avoid making a gauge choice
by relying on a topologically meaningful definition of helicity
in terms of B. The investigation of the helicity distribution on
global scales, i.e. over the whole surface of the Sun or other
stars, requires the use of a spherical geometry. To investigate
Article number, page 2 of 10

the helicity distribution over scales on the surface of the Sun or
other stars, the observations are available in spherical geometry.
In this context Brandenburg et al. (2017) regarded their Cartesian
approach as preliminary and highlighted the need to do an analogous analysis in spherical harmonics. Prior et al. (2020) also
assume a Cartesian volume for their multi-resolution wavelet decomposition.
In this paper we rely on a similar topological definition of helicity in terms of linking of B, and adapt it to spherical geometry
by using spherical harmonics. Here we extend the Cartesian approach of Brandenburg et al. (2017) and do a treatment of scales
based on spherical harmonic degree in contrast to the approach
of Pipin et al. (2019) which is based on azimuthal averaging. Our
method is suited for solar and stellar observations, where photospheric magnetic field observations are available in spherical
geometry via spectropolarimetric inversions or ZDI. Particularly
for the Sun, it also enables access to higher cadence full disk
magnetogram data. It is also readily applicable to solar/stellar
dynamo models, where the induction equation is typically expressed in B and numerically integrated, to compute magnetic
helicity from such models and compare them with observations,
where A is not available.
This paper is organized as follows: In Sect. 2 we describe
our present method for spherical geometry in the context of the
existing Cartesian framework. In Sect. 3, we test this formalism
against an analytical expression of a magnetic field on a spherical
shell. Moreover, we also apply it to a three-dimensional turbulent
dynamo simulation in spherical geometry. Finally we also apply
a simple modification of our approach to synoptic maps of the
Sun and compare it with previously obtained results. We discuss
the scope of applicability of our formalism to observations in
Sect. 4

2. The method and formalism
2.1. Definitions

We begin by defining the spectra for magnetic energy and
helicity on a spherical shell. In such situations it is convenient to
use spherical harmonics, Y`m (✓, ), where ` represents the degree
and m the azimuthal order. Thus we can define the spectra of
magnetic energy as,
2EM (`) =

X̀

`m⇤
b`m
i bi ,

(2)

m= `

R
where b`m
Bi (✓, ) Y`m (✓, ) d⌦ is the expansion coefficient
i =
th
of the i component of B, i = (r, ✓, ), and the star symbol
(⇤) denotes the complex Rconjugate of the coefficient. On such
a spherical shell we have d⌦ = 4⇡ as the surface area of a unit
sphere. Analogously, following Eq. (1), we can define a spectrum of magnetic helicity as
HM (`) =

X̀ 1 h
i
`m `m⇤
a`m⇤
b`m
.
i
i + ai bi
2
m= `

(3)

These spectra can be directly related to the values of magnetic
energy and helicity using Plancherel’s theorem:
Z
1
X
1
1 2
EM ⌘
B d⌦ =
EM (`), and
(4)
4⇡
2
`=0
Z
1
X
1
HM ⌘
A · B d⌦ =
HM (`).
(5)
4⇡
`=0
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As has been demonstrated in Mo↵att (1969); Berger & Field
(1984), for a given field B, we can define the magnetic helicity
in terms of the linkage of its flux, thus using the Gauss linking
formula :
1
HM =
4⇡

Z Z

"

#
x y
B(x) · B(y) ⇥
d3 x d3 y.
|x y|3

(6)

This definition is equivalent to that of Eq. (1) if one adopts the
Coulomb gauge, r · A = 0, and uses the Biot-Savart law (Moffatt & Ricca 1992; Subramanian & Brandenburg 2006). Subramanian & Brandenburg (2006) demonstrate how this definition
allows for a gauge-invariant, physically meaningful description
of magnetic helicity density.
2.2. Cartesian geometry

(a) Homogeneous case: In this section we first reiterate the
approach delineated in Mo↵att (1978) that relates the correlation
function of the magnetic field to its energy and helicity in homogeneous conditions. The magnetic
energy spectrum, EM (k),
R
is obtained from 2EM (k) =
M̂
(k)
k d⌦, where M̂i j (k) is
ij ij
the 2D Fourier transform of the two-point correlation tensor of
the total magnetic field, i.e., Mi j (⇠) = hBi (x)B j (x + ⇠)i, which
depends on the separation ⇠ between the two points. This tensor
is assumed to be independent of the position vector x under
homogeneous conditions; the brackets denote an ensemble
average and k is the conjugate variable to x spanning the
2D Cartesian surface. The scaled magnetic helicity spectrum,
kHM (k), with
R same dimensions as that of EM (k), is defined as
kHM (k) = ik̂i ✏i jk M̂ jk (k) k d⌦, with k̂i = ki /|k| being the unit
vector of k.
(b) Inhomogeneous case: This formalism was extended to inhomogeneous conditions in Brandenburg et al. (2017). Under such
conditions, for a given magnetic field B(x, t), with x being the
position vector at a time t, its two-point correlation tensor in
Fourier space takes the form of
*

1
M̃i j (K, k) = B̂i (k + K) B̂⇤j (k
2

+
1
K) .
2

(7)

Here K is the conjugate variable to X = (x0 + x00 )/2, the slowly
varying coordinate, and k the conjugate to x = x0 x00 , the distance between the two points around X. For details see Roberts
& Soward (1975); Brandenburg et al. (2017). For brevity we
henceforth omit specifying explicitly the time dependence. Then
the spectrum for magnetic energy and helicity are given by
2ẼM (K, k) =
k H̃M (K, k) =
R

Z
Z

M̃i j (K, k) k d⌦,

(8)

ik̂i ✏i jk M̃ jk (K, k) k d⌦,

(9)

ij

where d⌦ = 2⇡. Therefore, the trace of M̃i j gives the magnetic energy and its skew-symmetric part the magnetic helicity.
Equation (9) is related to the definition of helicity in Eq. (6). The
spectrum is thus computed by the product of magnetic fields that
are shifted by a wavenumber corresponding to the large-scale
modulation of the slowly varying coordinate. We will draw upon
this idea in Sect. 3.2.

2.3. Spherical geometry

(a) Homogeneous case: For a quantity distributed on a sphere,
the use of an angular correlation function to extract its power
spectrum has been demonstrated by Peebles (1973) in the context of cosmology. Here we apply these principles to an angular
correlation tensor of the total magnetic field vector on the observed surface of a star. For the magnetic field vector at two positions ⌦1 and ⌦2 on a unit sphere, the correlation function is of
the form (see Appendix A for details),
Z
1
Mi j ( ) =
Bi (⌦1 )B j (⌦2 ) (cos 12 cos ) d⌦1 d⌦2 , (10)
8⇡2
with ⌦ = (✓, ), and ✓ and are the colatitude and azimuth respectively and 12 is the angle between the two directions ⌦1
and ⌦2 . Here we assume homogeneity, where Mi j is assumed to
depend only on the separation . The delta function ensures the
product is evaluated at the angular separation and the denominator is needed for normalisation (Peebles 1973). Now, analogous
to the Cartesian case, the spectrum of magnetic energy is given
by the trace of the correlation tensor as (see Appendix B)
Z
2EM (`) = 2⇡(2` + 1)
(11)
i j Mi j ( ) P` (cos ) d cos ,
and the scaled spectrum of magnetic helicity is given by its skewsymmetric part (see Appendix C),
Z
kHM (`) = 2⇡ ✏i jk r0i (P` (cos )M jk ( ) d cos .
(12)

Here, r0 ⌘ @/@✓2 + (1/ sin ✓2 ) @/@ 2 acts on location ⌦2 (✓2 , 2 ),
and is the angular separation between ⌦1 and ⌦2 ; see Appendix C for a derivation and note that kR ⇡ ` + 1/2 by the Jeans
relation where R, taken here as unity, is the radius of the sphere.
We use the general expression given in Eq. (C.4), which directly
determines the linkages of magnetic field lines to yield the
magnetic helicity, and is also applicable to the inhomogeneous
case discussed below. Equation (12), as written above, may be
obtained by first taking the ensemble average of Eq. (C.4) and
then using the homogeneous form of Mi j ( ) given in Eq. (10).
(b) Inhomogeneous case: We focus here on slow latitudinal variation of magnetic helicity which has opposite signs in the two
hemispheres; see Singh et al. (2018) for the expected HSR of the
Sun. As noted in Appendix C, the two-point correlation function
Mi j (⌦, ) depends on both, the position on the sphere as well as
the separation between the two points; ⌦ here represents a mean
location that lies between the two points. In exact analogy to the
Cartesian case discussed earlier in Section 2.2, we find that the
inhomogeneous case corresponds simply to a shift in the spherical degree ` by, say, L, while determining the spherical transform of Mi j ; see equations (7) and (9) for the analogy, and Brandenburg (2019) where this generalization in the spherical domain
was discussed. The scheme to determine the helicity in this case
⇤ `+L,m
may be briefly sketched here as: HM (L, `) / hb`m
i, where
i bj
⇤ `+L,m
b`m
correspond to the two components of the magi and b j
netic field. We have chosen L = 1 in the present study where
it corresponds to the large scale modulation of the magnetic helicity; as P1 (cos ✓) = cos ✓, it naturally involves a sign change
across the equator where ✓ = ⇡/2. To show the spectrum of
magnetic helicity in the sections below, we adopt a sign convention that corresponds to the northern hemisphere, where the
large-scale fields have positive helicity.

Article number, page 3 of 10

A&A proofs: manuscript no. main

Fig. 1. Distribution of magnetic helicity density obtained from A, defined in Eq. (13), and B = ↵ A. The color represents its magnitude which
has been normalised by the maximum value. This figure was made using PyVista (Sullivan & Kaszynski 2019). The grey tinge is simply a
shading e↵ect.

Fig. 2. Comparison of the original spectrum (red dashed) obtained using
Eq. (3) for the helical magnetic field defined in Sect. (3.1) versus the
spectrum obtained with Eq. (12) with only the knowledge of magnetic
field. Both spectra are normalised to their maximum value.

3.2. Magnetic helicity from simulations of a turbulent dynamo

3. Testing the method
To test whether our formalism allows us to infer the spatial
distribution magnetic helicity over a sphere relying only on B,
we subject it to cases where we know both A and B. In Sect. 3.1,
we use an analytical expression of a fully helical magnetic field,
and in Sect. 3.2 a simulated magnetic field generated by a turbulent dynamo. Finally, we apply it to synoptic vector magnetograms of the Sun in Sect. 3.3.

@A
=U⇥B
@t

3.1. Fully helical field

Chandrasekhar & Kendall (1957) derived general solutions
of the equation r ⇥ B = ↵B, in the context of force-free
magnetic fields for spherical geometry commonly known as
Chandrasekhar-Kendall functions. Here we use these functions,
T = r ⇥ ( r̂) and S = r ⇥ T/↵, to define the vector potential on a
unit sphere
as A = T + S. We expand in spherical harmonics as
P
= `m c`m Y`m (⌦), assume axisymmetry and ignore the radial
dependence of the coefficients c`m while choosing their values in
a random fashion. Thus we have the vector potential as,
1 2
@ ˆ
L r̂
,
↵
@✓
1X
=
`(` + 1)c`m Y`m (✓, ) r̂
↵ `m

A(⌦) =

X
`m

c`m

@ m
Y (✓, ) ˆ .
@✓ `
(13)

Here, L2 is the angular part of the Laplace operator inpspherical
geometry such that L2 Y`m = `(` + 1)Y`m and ↵ = `(` + 1).
From this the magnetic field follows as B = r ⇥ A = ↵(T + S).
To evaluate this numerically we use the Python interface of
SHTOOLS (Wieczorek & Meschede 2018). Figure 1 shows the
distribution of magnetic helicity obtained from such a configuration. We apply Eq. (12) only to the magnetic field and compare
the magnetic helicity spectra thus obtained with the one that we
have a ready access. Figure 2 shows that it is possible to retrieve
the spherical magnetic helicity spectrum (SMHS) over all scales
using the angular correlation function to a very high degree.
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Another suitable test case is a simulated magnetic field from
a model, where dynamo action occurs in a turbulent fluid in a
spherical domain (r, ✓, ). We employ 3D hydromagnetic simulations of an isothermal gas where turbulence is driven by forcing the momentum equation with a helical forcing function using the Pencil Code (Brandenburg et al. 2020). Along with the
continuity and momentum equation, the Pencil Code solves the
induction equation for A,
⌘µ0 J

r ,

(14)

where U is the velocity field, ⌘ is the magnetic resistivity, is
the electrostatic potential and µ0 is the magnetic permeability.
This formulation ensures the solenoidality of B, thus the vector
potential is readily available with the Pencil Code. Here we use
the resistive gauge, = ⌘r · A, for our simulations.
The simulation domain spans 0.7R0  r  R0 in radius,
to mimic the convection zones of solar-like stars. Its extent in
colatitude is 2⇡/5  ✓  3⇡/5 and ⇡/2 in the azimuthal direction, hence our simulation domain is wedge shaped. We use
periodic boundary conditions in the azimuthal direction. For velocity, stress-free and impenetrable boundary conditions are used
for both boundaries in the radial and latitudinal direction. For
the magnetic vector potential, at both latitudinal boundaries and
at the bottom, perfect conductor boundary conditions are used,
whereas at the top boundary a radial field condition is used.
These conditions allow for magnetic helicity fluxes out of the
system.
A more detailed description of the model, including the forcing function, can be found in Warnecke et al. (2011), with a key
di↵erence being that we only have a single layer model in radius,
implying that the forcing is applied at all radial locations. We
limit the extent in ✓ and for computational reasons, and resolve
our model with a grid of 128 ⇥ 256 ⇥ 256 points in radius, latitude and longitude, respectively. We apply the forcing at a length
scale ten times smaller than the radial extent with maximally helical forcing. We produce two di↵erent models: in Run A we
keep the sign of forcing the same for both hemispheres, corresponding to a negative kinetic helicity (U·! with ! = r⇥U) over
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Fig. 3. Profiles of hu · !i t (panel a) and hA · Bi t (panel b) as a function
of ✓. The profiles have been normalised to their maximum value. The
blue dashed line indicates the equator.

the entire domain, while in Run B we vary its sign with cos(✓),
mimicking the hemispheric sign rule expected for the Sun.
The magnetic Reynolds number, Rm, a non-dimensional parameter quantifying the e↵ects magnetic advection to di↵usion,
is 9.5 for Run A and 19.2 for Run B. The magnetic Prandtl number, PrM = ⌫/⌘, for both runs is unity. Here ⌫ is the kinematic
viscosity. Figure 3a shows the - and time-averaged profiles of
kinetic helicity at r1 ⇡ 0.81R0 . For Run A it is negative over the
entire domain, and for Run B, it changes sign across the equator from negative to positive from northern to southern hemisphere. For such helically forced dynamos, the magnetic helicity
is expected to be dominated by large-scale fields and its sign is
expected to be opposite to that of kinetic helicity (Brandenburg
2001). This behaviour is reflected in our simulations as seen in
Fig. 3b for both Runs A and B.
At first we focus on Run A, which is homogeneously forced
and thus our formalism in Sect. 2.3(a), assuming homogeneity, is
applicable to it. Figure 4a shows the magnetic energy and scaled
helicity spectra obtained directly from the simulation using the
magnetic field and vector potential as input. We use equations (2)
and (3) to compute these spectra. In contrast, the energy and
scaled helicity spectra shown in Fig. 4b are obtained using only
the magnetic field with equations (11) and (12). This shows that
SMHS (Fig. 4b) computed using the angular correlation function of magnetic field recovers a bihelical spectrum with positive (negative) sign at large (small) scales, which is in very good
agreement with the actual helicity spectrum of the simulation
(Fig. 4a). All spectra are computed at a depth of r1 at one instance in time, and then averaged over time after the large-scale
field has saturated. We note that the realisability condition of
|HM |  2r1 EM /(` + 1) (Mo↵att 1978; Kahniashvili et al. 2013) is
met. The energy spectrum shows an approximate ` 5/3 behaviour
below the injection scale (` ⇡ 42). Following Eq. (5), the ratio
of magnetic helicity computed in real space to that of spectral
space is ⇡ 1.06 which points to a reasonable agreement. We note

that the strong "dip" at ` ⇡ 20, recovered by both methods, could
indicate that in these models helicity fluxes out of the domain occur at these scales. This is allowed by the boundary conditions,
but a thorough analysis of this phenomenon is out of the scope
of the present study.
As mentioned above, this simulation was done with a choice
of resistive gauge. Therefore, to test the robustness of our results
against the gauge choice made, we performed an additional run
identical to Run A but with a Weyl gauge, = 0. Using the Weyl
gauge, the SMHS (not shown here) retrieved using the angular
correlation function of magnetic field is bihelical. And as above,
the ratio of helicity computed in real space to spectral space is
⇡ 1.03, thus highlighting the gauge-invariance of our approach.
For Run B, the inhomogeneous forcing results in magnetic
helicity slowly changing sign as a function of colatitude at both
large and small scales, where Fig. 3a reflects the opposite signs
of helicity at large-scales in the two hemispheres. Such behaviour is expected in the Sun and other stars. For magnetic field
extracted at r1 from Run B, we applied the formalism presented
in Sect. 2.3(b) and the spectra thus obtained are shown in Fig. 5.
It indeed allows us to extract the bihelical spectrum of magnetic
helicity with signs corresponding to that of the north hemisphere,
even though the helicity changes sign as a function of latitude.
As an additional confirmation, following Eq. (5) we computed
the ratio of helicity in real space to spectral once again, but computing the magnetic helicity in real space over the north hemisphere only. We retrieve a value of ⇡ 1.06 from the spectrum in
Fig. 5 which is again proving the accuracy of our method.
3.3. Solar observations

As a final test of the applicability of the formalism put forth
in Sect. 2.3(b) to inhomogeneous systems, we apply it on synoptic vector magnetograms of the Sun, where a change in sign
of helicity depending on the hemisphere is expected. Singh et al.
(2018) studied 74 synoptic Carrington rotations (CRs) maps, using the Cartesian two-scale formalism, based on Vector Spectromagnetograph (VSM) data of the SOLIS project (Keller et al.
2003; Balasubramaniam & Pevtsov 2011). They recovered a bihelical spectrum in a majority of cases studied. We choose here
the CR 2156 of the same dataset, close the the maximum of the
solar cycle 24. This CR was reported to show a clear bihelical
spectrum, with the signs at large and small scales following the
HSR, like the majority of other CRs during cycle 24. However, it
was found to be peculiar in the sense that it shows higher power
and a positive sign of helicity at intermediate scales, in comparison to the other CRs where a negative sign of helicity was
prominent at these scales. Singh et al. (2018) interpreted this as
a sign of the dominance of the large-scale magnetic field due to
its "rejuvenation" close to the solar maximum.
Even though higher resolution data is available, we chose
here to continue using SOLIS data to enable a better comparison. This way we avoid instrumental and data reduction related
di↵erences such as varying instrumental resolution and disambiguation methods needed for resolving the 180 ambiguity of
the transverse (perpendicular to line-of-sight) component of the
magnetic field. Further details of the SOLIS synoptic map used
here can be found in Singh et al. (2018).
In Fig. 6a, we reproduce Fig. 7 of Singh et al. (2018) for
CR 2156 using the Cartesian two-scale formalism, that is equations (8) and (9). In panel b) of the same figure, we show the
magnetic energy and SMHS of the same CR, computed using
Eq. (11) and the steps described in Sect. 2.3(b) respectively. The
spectra shown in these two panels are in very good agreement
Article number, page 5 of 10
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Fig. 4. Magnetic energy (solid) and scaled helicity spectra (dashed) obtained at a depth of r1 for Run A. In panel a) the energy and helicity spectra
are obtained using the magnetic field and vector potential directly from the simulation data, whereas in panel b), we use the angular correlation
function given by Eq. (10) to evaluate the energy spectra and the SMHS using only the magnetic field data.

licity density also includes large-scale non-axisymmetric contributions. We regard this definition as a possible source for the
dissimilar interpretations: In the case of SMHS, the presence of
a HSR-violating AR in this particular CR is seen as increased
power at intermediate to large scales, with the sign agreeing with
the low-k (large scale) part of the helicity spectrum. This highlights that categorising a CR as a violation of HSR or not is a
delicate issue. SMHS o↵ers a much richer picture, and hence
can be regarded as a better-suited tool for such classification.

4. Discussion

Fig. 5. Magnetic energy (solid) and scaled helicity spectra (dashed) for
Run B. Both spectra are obtained using the angular correlation function
shown in Eq. (10). The energy spectrum is obtained using Eq. (11) and
the SMHS with the formalism described in Sect. 2.3(b)

and reveal the bihelical nature of the solar magnetic field. The
magnetic helicity for this CR peaks at 209 300 Mm which is
an even larger scale than the 160 Mm reported by Singh et al.
(2018). This lends support to their rejuvenation argument. We
note, however, that SMHS recovers somewhat less power and
energy at the largest scales than the Cartesian approach, and,
consequently, the spectral slope corresponding to lower k is
steeper in the SMHS case, and no longer clearly consistent with
the Kazantsev scaling, k3/2 . At the higher wavenumbers, SMHS
shows more power and energy and hence a less steep spectral
slope is observed than in the Cartesian approach.
A contrasting interpretation of the same CR is reported by
Pipin et al. (2019). They find this CR to be a violation of HSR
since its small-scale magnetic helicity density in the southern
hemisphere is negative. They attribute this to the emergence and
long-term presence of a prominent active region (NOAA 12192)
with negative helicity in the southern hemisphere. However, they
separate small and large scales purely based on azimuthal averaging. As a result, their definition of small-scale magnetic heArticle number, page 6 of 10

Our aim with this study was to extend the Cartesian formalism for inferring spectral distributions of magnetic energy and
helicity using the two-point correlation tensor to spherical geometry. The need for this was alluded to in Brandenburg (2018),
since the analysis of Brandenburg et al. (2017) maps the magnetic field vector data from solar observations to a 2D Cartesian
surface. Apart from loosening this restriction, going to spherical
geometry additionally allows us to infer helicity spectra directly
from full disk magnetograms, instead of waiting for the build-up
of a synoptic map for one Carrington rotation. Analogously, using ZDI based magnetic field observations (for example Vidotto
2016) such spectra can also be retrieved for other stars limiting
to lower spherical harmonic degree, similar to the study of Lund
et al. (2020) who reported average magnetic helicity density using stellar ZDI data. It also enables comparison with state-of-theart dynamo models of the Sun or stars, which mostly solve the
induction equation for B. Using our formalism one can readily
compute magnetic helicity spectra without explicitly computing
A. For most of the above mentioned observations and models, a
change in sign of kinetic and magnetic helicity across the equator owing to the Coriolis force breaking reflectional symmetry
is expected. Our formalism in Sect. 2.3(b) (also suggested by
Brandenburg 2019) by correlating fields at spherical harmonic
degrees shifted by one, is particularly suited for such cases. Our
tests in Sects. 3.2 and 3.3 confirm its applicability to inhomogeneous systems. Thus we can confirm and extend findings of
previous studies focusing on the HSR, reported, e.g., in Singh
et al. (2018); Pipin et al. (2019).
Cross-helicity is also expected to play a role in generating
large-scale magnetic fields (Yokoi 2013). Previous studies have

Prabhu et al.: Inferring magnetic helicity spectrum in spherical domains: the method and example applications

Fig. 6. Magnetic energy (solid) and scaled helicity (dashed) spectra for CR 2156 obtained using SOLIS/VSM data. In panel a), we have reproduced
Fig. 7 of Singh et al. (2018) using . In panel b), the magnetic and SHMS obtained using the angular correlationg function in spherical geometry,
see Sect. 2.3. Both plots are shown as a function of wavenumber using the Jeans relation kRS ⇡ ` + 1/2, where RS is the solar radius taken to be
?
?
approximately 700 Mm. To enable a better comparison between the figures we have plotted EM
(`) = RS EM (`) and HM
(`) = RS HM (`) in panel b).

determined cross helicity from observations (Zhang & Brandenburg 2018, and references therein) mostly with the line-of-sight
component of the velocity field. However, information about the
full velocity field vector can also be obtained for a significant
portion of the full disk as demonstrated in Rincon et al. (2017).
This velocity field vector can be used with our method to infer
cross-helicity spectra (u · b).

5. Conclusions
In order to investigate mechanisms responsible for largescale magnetic fields present in the Sun and other stars, having
a knowledge of magnetic helicity and specifically its distribution over scales is of importance. In this study, we demonstrate
an extension of an existing Cartesian formalism, relying on the
two-point correlation tensor of the magnetic field, to spherical
geometry. This allows us access to magnetic helicity spectra in
a gauge-invariant manner by appealing to a more fundamental
definition of helicity in terms of the linkage of the magnetic
field lines. We tested this approach on a variety of illustrative
examples before demonstrating its application to the solar vector synoptic maps. This enables an extensive analysis of di↵erent
datasets from di↵erent instruments, to vet the robustness of the
bihelical nature of solar magnetic field against instrumental effects.
Our approach naturally captures the bihelicity of the magnetic field in each hemisphere, and also the slow modulation of
the helicity as function of latitude. This is relevant for the Sun,
where magnetic helicity at both, large and small scales, is expected to change sign across the equator. The true nature of the
helicity distribution over the whole sphere is revealed, and a potential contamination of power and sign of the helicity from both
hemispheres is avoided. Such a contamination could easily lead
to an apparent violation of the HSR even when the rule is obeyed.
The method discussed here remedies this, and it is expected to
find applications in systems involving such rich distribution of
magnetic helicity.
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Appendix A: Spherical Correlation Function
Here we show a brief derivation of how the magnetic energy
and magnetic helicity spectra can be extracted from the twopoint angular correlation function. Note that we are interested to
determine these spectra from the measurements of vector magnetic field from the surface of a sphere, e.g., the Sun. We may
write the following expression for the two-point angular correlation function under the homogeneous conditions (Peebles 1973):
!
Bi (⌦1 )B j (⌦2 ) (cos 12 cos ) d⌦1 d⌦2
!
Mi j ( ) =
, (A.1)
(cos 12 cos ) d⌦1 d⌦2
where 12 is the angle between the directions ⌦1 = ⌦1 (✓1 , 1 )
and ⌦2 = ⌦2 (✓2 , 2 ) which are the position vectors of the two
points on the spherical surface; ✓’s and ’s represent the colatitude and azimuth, respectively. The homogeneity is ensured by
the delta function in Eq. (A.1) where the correlation function depends only on the angular separation , and the angular integrals
yield an average over the sphere. The normalization in the denominator may be determined by expanding the delta function
in Eq. (A.1) in terms of the Legendre Polynomials as
X
(cos 12 cos ) =
a` P` (cos 12 ) .
(A.2)
`

Writing the orthonormality condition for P` as
Z 1
2 ``0
P` (cos ↵)P`0 (cos ↵) d cos ↵ =
,
2`
+1
1

(A.3)

2` + 1
P` (cos ) ,
2

(cos

12

cos ) =

2

`

By expanding P` (cos
P` (cos

12 )

=

12 )

P` (cos )P` (cos

X̀

2EM (`) =

2
`m 2
`m 2
(b`m
r ) + (b✓ ) + (b ) ,

12 ) .

R
where b`m
Bi (⌦)Y`m⇤ (⌦) d⌦ is the expansion coefficient of
i =
th
the i component of the magnetic field B.

Appendix C: Magnetic Helicity Spectrum
Gauss’s linking formula yields the magnetic helicity directly
in terms of the magnetic field B(x) by determining the fluxlinkages:
1
HM =
4⇡

"

⇤
x y ⇥
· B(x) ⇥ B(y) d3 x d3 y .
|x y|3

4⇡
Y m (⌦1 )Y`m⇤ (⌦2 ) ,
2` + 1 m= ` `

we find, after straightforward algebra, that
"
(cos 12 cos ) d⌦1 d⌦2 = 8⇡2 ,
R
p
p
for which, we have used 4⇡ Y00 = 1, Y`m (⌦) d⌦ = 4⇡
and P0 (cos ) = 1. This gives Eq. (10).

(C.1)

Here x and y are the position vectors of two points on the surface
of a sphere. Using
and

1
|x

y|

=

1

1X
P` (cos ) , (C.2)
R `=0

with R, , and P` being, respectively, the radius of the sphere, the
angle between x and y, and the Legendre polynomial of degree
`, we rewrite the expression for the magnetic helicity,

(A.5)

HM =

in terms of the spherical harmonics as

X̀

(B.3)

m= `

(A.4)

giving
X 2` + 1

By defining the magnetic energy spectrum, EM (`), in terms of
c` as 2EM (`) = 4⇡c` , we arrive at Eq. (B.1) which, after using
Eq. (10) together with Eqs (A.5), (A.6) and (A.3), gives the following simple expression for the energy spectrum:

x y
1
= ry
,
|x y|
|x y|3

the coefficients a` are found to be
a` =

P
expanding this trace as i j Mi j ( ) = ` c` P` (cos ), and then determining the coefficient c` in a standard way, which gives
Z
2` + 1 1
c` =
(B.2)
i j Mi j ( )P` (cos ) d cos
2
1

(A.6)

where

1
X

H M (`)

(C.3)

`=0

H M (`) =

1
2` + 1

"

0
1
BBB X̀
CCC
m
m⇤
0
B
r BB@
Y` (⌦)Y` (⌦ )CCCA ·
0

m= `

⇥

⇤
· B(⌦) ⇥ B(⌦0 ) d⌦ d⌦0

(C.4)

(A.7)

for which, we assumed a unit sphere (R = 1) and expanded the
Legendre polynomials in terms of the spherical harmonics as

`0 m0

P` (cos ) =

Appendix B: Magnetic Energy Spectrum
Analogous to the Fourier case, we can define the magnetic
energy spectrum, which gives a distribution of the magnetic energy over `, as
Z 1
2EM (`) = 2⇡(2` + 1)
(B.1)
i j Mi j ( )P` (cos ) d cos ,
1

which essentially depends on the trace of the two-point function,
Tr[Mi j ( )] = i j Mi j . Equation (B.1) may be understood by first

4⇡ X̀ m
Y (✓, )Y`m⇤ (✓0 ,
2` + 1 m= ` `

0

).

(C.5)

Directions ⌦ = ⌦(✓, ) and ⌦0 = ⌦0 (✓0 , 0 ) correspond to the
position vectors x and y, respectively, with d⌦ = sin ✓ d✓ d
and d⌦0 = sin ✓0 d✓0 d 0 . Employing the Jeans relation which
expresses the wavenumber k on the surface of the sphere of radius R (assumed aspunity here) in terms of the spherical harmonic
degree ` by kR = `(` + 1) ⇡ ` + 1/2, we can write
kH M (`) = (` + 1/2)H M (`) .

(C.6)

Thus the scaled magnetic helicity spectrum, kH M (`), which
has the same dimensions as for the magnetic energy spectrum,
E M (`), may be determined by using equations (C.4) and (C.6).
Article number, page 9 of 10
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It is important to note that Eq. (C.4) provides a general expression for the magnetic helicity, and thus, in its current form, it
does not make any assumption of homogeneity. This same equation may be used for both, homogeneous and inhomogeneous,
cases by suitably writing the two-point function Mi j which naturally appears when we take an ensemble average of Eq. (C.4). We
take (i) Mi j = Mi j ( ) for homogeneous case in which it depends
only on the angular separation ( ) between the two points, and
(ii) Mi j = Mi j (⌦, ) for inhomogeneous case where Mi j depends
also on the position (⌦) on the surface of the sphere. In weakly
inhomogeneous turbulence, which appears to be more relevant
in the solar context, Mi j is expected to vary rapidly with while
showing a slow variation with position ⌦ on the sphere. Here
we are more interested in only the latitudinal variation which
involves a sign change of magnetic helicity across the equator,
simultaneously at both, small and large, length scales.
To numerically evaluate the integrals in Eq. (C.4) we use the
vectorial generalisation of spherical harmonics implemented in
the SHTns library (Schae↵er 2013).
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Helicity proxies from linear polarisation of solar active regions
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ABSTRACT
Context. The ↵ e↵ect is believed to play a key role in the generation of the solar magnetic field. A fundamental test for its significance

in the solar dynamo is to look for magnetic helicity of opposite signs both between the two hemispheres as well as between small
and large scales. However, measuring magnetic helicity is compromised by the inability to fully infer the magnetic field vector from
observations of solar spectra, caused by what is known as the ⇡ ambiguity of spectropolarimetric observations.
Aims. We decompose linear polarisation into parity-even and parity-odd E and B polarisations, which are not a↵ected by the ⇡
ambiguity. Furthermore, we study whether the correlations of spatial Fourier spectra of B and parity-even quantities such as E or
temperature T are a robust proxy for magnetic helicity of solar magnetic fields.
Methods. We analysed polarisation measurements of active regions observed by the Helioseismic and Magnetic Imager on board the
Solar Dynamics observatory. Theory predicts the magnetic helicity of active regions to have, statistically, opposite signs in the two
hemispheres. We then computed the parity-odd EB and T B correlations and tested for a systematic preference of their sign based on
the hemisphere of the active regions.
Results. We find that: (i) EB and T B correlations are a reliable proxy for magnetic helicity, when computed from linear polarisation
measurements away from spectral line cores; and (ii) E polarisation reverses its sign close to the line core. Our analysis reveals that
Faraday rotation does not have a significant influence on the computed parity-odd correlations.
Conclusions. The EB decomposition of linear polarisation appears to be a good proxy for magnetic helicity independent of the ⇡
ambiguity. This allows us to routinely infer magnetic helicity directly from polarisation measurements.
Key words. Sun: magnetic fields – polarization – magnetohydrodynamics (MHD) – dynamo

1. Introduction
Astrophysical bodies such as stars, galaxies, and planets are
known to posses magnetic fields, typically on scales as large
as those systems themselves. Dynamo theory aims to describe
the mechanisms responsible for the generation and maintenance
of these magnetic fields from first principles. Specifically, the
solar magnetic field and its spatio-temporal features (such as
the cyclic polarity reversals) are ascribed to a dynamo process
acting within the Sun’s convection zone. One scenario attempts
to explain the origin of solar magnetism with the ↵ e↵ect
(Mo↵att 1978; Krause & Rädler 1980; Brandenburg et al. 2012).
In this framework, kinetic helicity (a measure of handedness)
of the gas motions, is believed to play a central role in the
generation of large-scale magnetic fields in the Sun. This also
results in the production of magnetic helicity, which can be
interpreted in terms of twist of flux tubes or linkage of magnetic field lines (Berger & Field 1984; Blackman 2015). The
volume integral of the magnetic helicity density is almost perfectly conserved – even in non-ideal magnetohydrodynamics
(MHD); see Berger (1984). This imposes important constraints
on the evolution of magnetic fields via a dynamo mechanism
(Brandenburg & Subramanian 2005). For the solar dynamo, the
combined e↵ect of stratification and global rotation are believed
to be responsible for the ↵ e↵ect (Krause & Rädler 1980). The

↵ e↵ect encapsulates the helical nature of turbulence within
the solar convection zone. A key consequence of the ↵ e↵ect
is the presence of opposite signs of magnetic helicity at small
and large scales (Seehafer 1996). Such magnetic fields are now
referred to as bihelical (Yousef & Brandenburg 2003) or doubly helical (Blackman & Brandenburg 2003). Additionally, due
to the reflectional antisymmetry of cyclonic convection across
the equator, ↵ changes sign at the equator (Parker 1955). Consequently, the magnetic helicity not only has opposite signs at
large and small scales, but it also changes sign across the equator. Thus, from theoretical considerations we expect a hemispheric sign rule for magnetic helicity in the Sun. Specifically,
one expects a positive (negative) sign of magnetic helicity at
large (small) scales in the Northern hemisphere and vice versa
in the Southern hemisphere. Here, a small-scale field is defined
as the di↵erence between actual and averaged fields. In that
sense, even the scale of active regions (ARs) must be regarded
as ‘small’ because the large-scale field as seen in the solar butterfly diagram, is obtained through azimuthal averaging, which
also washes out ARs.
Much e↵ort has been devoted to characterising the behaviour
of magnetic helicity in the Sun. The primary motivation is to
test the predictions of the ↵ e↵ect and thus indirectly verify the
significance of the ↵ e↵ect for the solar dynamo. The earliest
e↵orts were those of Seehafer (1990) and Pevtsov et al. (1995),
A46, page 1 of 12
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who analysed the magnetic field in local Cartesian patches and
used the vertical or z component of the current helicity h jz bz i
as a proxy for magnetic helicity. Here j / r ⇥ b is the current
density and b is the magnetic field. These studies focused on
the helicity associated with ARs, and they found it to be mostly
positive (negative) in the Southern (Northern) hemisphere. However, given the aforementioned dependence of helicity on the
scale, a more complete picture can be obtained by looking at
the spectra of magnetic helicity (Zhang et al. 2014, 2016). A
more global approach, taking into account the change in sign of
helicity across the equator was developed by Brandenburg et al.
(2017), called the two-scale approach after Roberts & Soward
(1975). This was followed by a systematic study employing this
two-scale approach over a large sample of Carrington rotations
from solar cycle 24 by Singh et al. (2018). They provided evidence for the expected hemispheric sign rule in the Sun, specifically during the rising phase of cycle 24.
All the studies mentioned so far rely on the determination of
the magnetic field on the Sun’s photosphere. This is usually done
by measuring the full Stokes vector, (I, Q, U, V), where I is the
intensity, Q and U are the components of linear polarisation, and
V is circular polarisation. Typically, for the retrieval of the magnetic field at the photosphere, the Zeeman e↵ect is used as a diagnostic. One attempts to deduce an atmospheric stratification that
best fits the spectropolarimetric observations (del Toro Iniesta &
Ruiz Cobo 2016). Thus, the magnetic field vector is not a direct
measurement but rather an inference. In addition, the use of
Zeeman diagnostics bears an intrinsic ambiguity, referred to
as the ⇡ ambiguity, associated with the transverse (perpendicular to the line-of-sight) component of the magnetic field. That
is, we can only see it as an arrow-less vector in the line-ofsight coordinate system. For the conversion to a solar coordinate system, several disambiguation methods exist, based on
potential field extrapolations or on minimum energy techniques;
see Metcalf et al. (2006) for a review. However, these methods
have limitations and fail to work accurately in complex magnetic field topologies or where the determination of the field is
strongly influenced by the noise in the measurement. The errors
introduced by these disambiguation methods can have a drastic
impact on the computation of magnetic helicity. Hence, a means
of inferring the helicity of magnetic fields, independent of the ⇡
ambiguity, is desired.
Brandenburg et al. (2019) introduced a possible proxy for
helical magnetic fields, which could circumvent the uncertainty
introduced by the ⇡ ambiguity. They used Stokes Q and U
polarisation measurements, and decomposed them into rotationally invariant E and B polarisations (Kamionkowski et al. 1997;
Seljak & Zaldarriaga 1997; Durrer 2008). The E and B polarisations are parity-even and parity-odd quantities, respectively.
Correlations of B polarisation with parity-even quantities such
as E polarisation or temperature T can be indicative of the
helicity of the underlying magnetic field (Pogosian et al. 2002;
Kahniashvili & Ratra 2005; Kahniashvili et al. 2014). We expect
that the sign of magnetic helicity changes across the equator
at both large and small length scales. Thus, we expect the EB
correlation to reflect this behaviour and have systematically different signs in the two hemispheres. Brandenburg et al. (2019)
used this EB decomposition and tested it with full disk polarisation data from the Vector SpectroMagnetograph (VSM) instrument of the Synoptic Optical Long-term Investigations of the
Sun (SOLIS) project. However, they did not find significant nonzero parity-odd correlations from their analysis. Brandenburg
(2019) extended this work to a fully global approach using spinweighted spherical harmonics. He focussed on the calculation of
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a global spectrum of the EB correlation by taking into account
its systematic sign change across the equator. Local aspects
and features of the E and B patterns were completely ignored,
however.
For the present analysis, we adopt the local approach and
focus on linear polarisation measurements of ARs from both
hemispheres. We use the polarisation measurements obtained by
the Solar Dynamics Observatory (SDO). We then decompose
this linear polarisation into E and B polarisations. The aim of this
study is to test if there are significant non-vanishing EB correlations from solar ARs and if they show a systematic preference
of a sign based on hemisphere. Therefore, we look at a sample of ARs and analyse the EB correlations and patterns computed from them in detail. However, there are a few drawbacks
of using polarisation data as is. They may have some systematic
instrumental e↵ects that need to be accounted for. Additionally,
there are Doppler shifts of spectral lines and magneto-optical
e↵ects which also leave their imprint on the measured spectropolarimetric observations. Due to Faraday rotation, which is
one of two magneto-optical e↵ects, a constant non-helical magnetic field can give rise to a non-zero EB correlation. This property was utilised in theoretical studies of the cosmic microwave
background radiation (Kosowsky & Loeb 1996; Scannapieco
& Ferreira 1997; Scóccola et al. 2004). However, for the purpose of this study, it is necessary to disentangle the contributions of the intrinsic helicity of magnetic fields from
those of Faraday rotation, because both can cause a non-zero
EB correlation.
In Sect. 2, we briefly review the motivations for the EB
decomposition and its relation to linear polarisation. In Sect. 3,
we discuss the observations and define correlation spectra that
we determine from those observations. We also address the influence of Faraday rotation on our conclusions. We conclude with
a discussion and interpretation of our results in Sect. 4.

2. E and B polarisations
We begin by recalling some basics of polarised radiative transfer. Let I(⌧c ) = (I, Q, U, V)T be the Stokes vector for which the
radiative transfer equation (RTE) can be written as
dI
= K(I
d⌧c

S).

(1)

Here ⌧c is the optical depth at the continuum wavelength, and
K is the propagation matrix, wherein the diagonal terms correspond to absorption, and the o↵-diagonal terms are responsible for dichroism and dispersion. The latter exchanges the
states of polarisation caused by phase shifts during the propagation, which includes the following two magneto-optical e↵ects:
the exchange between the linear polarised components (Q and
U) is called Faraday rotation, and between linear and circular polarised components (Q, U and V) Faraday pulsation. S
is the source-function vector, which, under the assumption of
local thermodynamic equilibrium (LTE), can be approximated
as S ⌘ (B⌫ (T ), 0, 0, 0), where B⌫ (T ) is the Planck function. The
measured quantity is I(⌧c = 0), and it is given by the formal solution of the RTE (Landi Degl’Innocenti & Landi Degl’Innocenti
1985). The observable complex linear polarisation, P(x, y) =
Q + iU, can be decomposed into the rotationally invariant parityeven and parity-odd E and B polarisations, respectively. Here,
x and y are local Cartesian coordinates on the solar disk. We thus
invoke the small-scale limit, that is, we focus on small patches on
a sphere, where the curvature can be neglected. The amplitudes
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of Stokes Q and U depend on the orientation of the polarisation basis. It is thus desirable to transform this linear polarisation
into quantities which are rotationally invariant that is, E and B.
As mentioned before, E and B behave di↵erently under parity
transformation; E remains unchanged whereas B changes sign.
This is analogous to the directionality of electric and magnetic
fields, which are proper and pseudo vectors, respectively.
Following Brandenburg et al. (2019), we define R = E + iB.
We discuss the details of the E and B decomposition from linear
polarisation in the small-scale limit and the two sign conventions
in Appendix A. The sign convention adopted here agrees with
that of Brandenburg et al. (2019), but is di↵erent from the one
in Brandenburg (2019), who followed the convention of Durrer
(2008). In the small-scale limit, R is related to P in Fourier space
(indicated by tildes) via the following relation (for details, see
Zaldarriaga & Seljak 1997; Seljak 1997)
R̃(k x , ky ) = (k̂ x

ik̂y )2 P̃(k x , ky ),

(2)

where k̂ x and k̂y are x and y components (in the plane of the
image) of the unit vector k̂ = k/k, where k = |k| is the length
of k = (k x , ky ). Upon transformation of R̃ back to real space, we
have maps of E(x, y) and B(x, y) corresponding to a set of Q and
U maps at a certain wavelength. It is useful to compute shellintegrated spectra in wavenumber space for a given radius k as
Z 2⇡
i
C XY (k) =
X̃i (k)Ỹi⇤ (k) k d k ,
(3)
0

where the asterisk denotes complex conjugation, X̃i and Ỹi stand
for Ẽi , B̃i , or T̃ (T represents temperature), and i characterises
the wavelength bin at which we compute E and B. For T we take
the continuum intensity as a proxy, so there is no subscript i.
Finally, we also define the normalised antisymmetric spectra as
P
i
i 2C XY (k)
XY
i,
cA (k) = P h
(4)
i
i
i C XX (k) + C YY (k)

which we use throughout our analysis; see Appendix B for
examples.
We considered between four and six wavelength bins, as is
explained in more detail in Sect. 3.1. However, in some cases
(Sect. 3.5), we inferred Stokes Q and U from the components
of the transverse magnetic field, in which case there is no wavelength dependence.

3. Application to solar observations
3.1. Observations used in this study

In this section, we briefly describe the solar observations from
the Helioseismic and Magnetic Imager (HMI, Schou et al. 2012),
on board SDO, used in this analysis. We used the publicly available polarisation measurements and magnetic field vector data
at di↵erent stages in our analysis. For the polarisation measurements, we used level-1 reduced data. Here we only focus on
Stokes Q and U; Stokes I and V are not included in our study.
SDO/HMI provides full disk images of Stokes Q and U which
were cropped to the relevant ARs. The magnetic field vector data
are the result of the VFISV inversion code (Borrero et al. 2011),
and a disambiguation based on the minimum energy method
(Metcalf 1994; Leka et al. 2009). We used the SHARP data product (Bobra et al. 2014) from the HMI team, which provides the
definitive b = (br , b✓ , b ) which has been remapped to a Lambert

Table 1. ARs used in this study.

NOAA no.
12042
12158
12090
11546
11117
11486
11543
12022
12387
12186
11542
12418
11490
12045
12075
12415
12194
11494

Date
21/04/2014
11/09/2014
16/06/2014
22/08/2012
25/10/2010
24/05/2012
13/08/2012
2/04/2014
20/07/2015
13/10/2014
12/08/2012
18/09/2015
29/05/2012
25/04/2014
29/05/2014
16/09/2015
26/10/2014
6/06/2012

Hemis.
North
North
North
North
North
North
North
North
North
South
South
South
South
South
South
South
South
South

Lat. [ ] Comp.
18.4
14.1
24.0
15.5
1.1
15.0
21.3
17.3
13.7
20.5
13.5
17.3
12.5
24.0
9.0
21.1
12.0
19.7

↵

↵
↵

↵
↵

Cat.
A
A
A
A
A
A
B
C
C
A
A
A
A
A
A
B
B
C

Notes. The last two columns are the complexity of ARs and category
the ARs fall into based on our analysis.

Cylindrical Equal-Area projection and decomposed into br , b✓ ,
and b . These however are not full disk, but partial-disk patches,
automatically identified and cropped around the ARs.
We chose a small, random sample of ARs from solar cycle 24
(see Table 1). We examined the antisymmetric polarisation correlations (see Sect. 2), cA , calculated from Stokes Q and U measurements of the ARs. To reiterate, the aim is to check whether
we see a systematic preference for the sign of cA based on hemisphere, thus reflecting the hemispheric sign rule for magnetic
helicity.
HMI is a filtergraph which samples the 6173Å Fe i absorption line at 6 positions in wavelength with a spacing of 69 mÅ.
The full width half maximum of the filter at each of these
wavelengths is 76 mÅ ± 10 mÅ, we therefore refer to them as
wavelength bins i , where i = 0–5. Here 0 is the extreme blue
position of the filter, and 5 is the extreme red position.
We produced maps of Stokes Q and U at all wavelength bins
within the 6173Å Fe i line, on both the blue and red wings. From
the Stokes maps we then computed the E and B polarisations
using Eq. (2) and also the shell-integrated spectra, Eq. (3), at
these wavelength bins. As mentioned before, Faraday rotation
can possibly contribute to a non-zero EB correlation, even in the
absence of magnetic helicity. Its e↵ects are strongest near or at
the line core, depending on the strength of the magnetic field. We
studied these ARs on the central meridian, so the Doppler shifts
due to solar rotation and Evershed flow are minimised. However,
there are also Doppler shifts due to the orbital velocity of SDO,
resulting in the line core being sampled by 2 or 3 . We note that
in extreme cases these shifts due to the orbital velocity could be
large enough for the line core to be sampled by 1 or 4 . For
these reasons, we obtain cA from the averaged E and B spectra
computed at 0 , 1 , 4 , 5 and analyse the EB correlation from
2 and 3 separately (Sect. 3.6).
We separated the 18 ARs of Table 1 into three categories
based on the sign of the EB correlation cAEB (k). Category A
(12 ARs) is for ARs whose normalised cAEB (k) spectra show
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Fig. 1. cAEB (k), cTAB (k), and cTAE (k) (first, second, and third column) for the ARs of category A from the Northern hemisphere (top row) and Southern
hemisphere (bottom row) (see Table 1), using Eq. (4) with E and B being computed at 0 , 1 , 4 , 5 .

a preference for a particular sign that is in agreement with
the expected hemispheric sign rule for magnetic helicity (see
Sect. 1). Category B (3 ARs) is for ARs that show the opposite sign for cAEB (k) than what is expected from theoretical considerations. Finally, category C (3 ARs) is for ARs that do not
show any clear preference for the sign of cAEB (k). The dataset
containing the shell-integrated spectra defined in Eq. (3), along
with maps of E and B for each AR can be found in an online
catalogue1 .
3.2. ARs from category A

Firstly, we present in Fig. 1 (first column) the spectra cAEB (k) of
correlations of E and B calculated from Stokes Q and U at four
wavelengths ( 0 , 1 , 4 , 5 ); see Eq. (4). In our analysis, we find
that the ARs from the Northern (Southern) hemisphere, have a
preference for a negative (positive) sign of cAEB . The non-zero
cAEB correlations computed from those wavelength bins where
the influence of Faraday rotation should be negligible, suggest
that these correlations are indeed a proxy for helical magnetic
fields.
As discussed in Sect. 1, helical magnetic fields can contribute
to parity-odd correlations. In addition to correlations between
E and B, there can also be parity-odd correlation from T and
B (cTAB ), temperature being a parity-even quantity. We used the
continuum intensity, which is an excellent proxy for the temperature of the photosphere. Figure 1 (middle column) shows
the resulting spectra, which are an average of four wavelength
bins ( 0 , 1 , 4 , 5 ). In accordance with cAEB , one observes a
hemispheric sign preference for cTAB correlations: negative (positive) in the Northern (Southern) hemisphere. The non-zero values of cTAB along with the systematic preference for the sign is
yet another indicator that these antisymmetric correlations are a
result of helical fields. This sign preference is especially prominent for scales between 1 and 10 Mm.
By studying the analogously computed correlations of T and
E (cTAE ), we can have another confirmation that it is indeed B
that is changing sign with hemisphere and not E. The cTAE correlations (Fig. 1, third column) mostly maintain the same positive
1

https://doi.org/10.5281/zenodo.3888575
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sign for ARs from both hemispheres, which is expected given
the parity-even nature of E (see Appendix A).
3.3. ARs from category B

Out of the ARs that we looked at in this study, we also found ARs
that show an opposite sign of cAEB than what is expected from the
hemispheric sign rule (Fig. 2, solid lines). We expect the sign for
an AR in the North (South) to have a negative (positive) sign of
magnetic helicity. ARs 11543 (North) and 12415, 12194 (South)
show opposite signs, positive and negative, respectively. This is
not surprising as such, since in most statistical studies that look
at helicity of isolated patches of ARs, there is always a certain
percentage of ARs that do not conform to the hemispheric sign
rule for helicity (Pevtsov et al. 1995; Singh et al. 2018; Gosain
& Brandenburg 2019). The latitude or the complexity class of
the ARs does not seem to play a role in the reversed sign of the
EB correlations, as ARs of a similar latitude or complexity also
belong to category A.
For the category B cases, analogously to the category A
cases, we also looked at correlations between T and B, cTAB (k),
and also between T and E, cTAE (k). First, looking at cTAB (k)
(Fig. 2, second column), AR 11543 displays a distinctly bimodal
behaviour in that there are positive and negative values of cTAB (k)
at slightly di↵erent values of k. This is in contrast to ARs of category A, where the T B correlations showed a clear preference
for a particular sign, in accordance with the sign of EB correlations. By contrast, for ARs 12415 and 12194, the EB and T B
correlations have the same negative sign. As previously, the T E
correlations (Fig. 2, third column) are positive for both hemispheres and in the case of AR 11543, cTAE (k) shows an unusual
double-peaked spectrum.
3.4. ARs from category C

The third category is for ARs that do not show a clear preference
for a sign (Fig. 2, dashed lines) of cAEB . Looking at T B correlations for this category, the two ARs from the Northern hemisphere display almost no signal. However, the T B correlations
for the Southern AR 11494 show a bimodal behaviour, similar
to AR 11543 from category B. A similar hemispheric distinction
can also be seen for the T E correlations, where for the Northern
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Fig. 2. Similar to Fig. 1, but the ARs of categories B (solid lines) and C (dashed lines).

ARs there is almost no signal, and for the Southern AR we have
a clear positive sign.
3.5. EB correlations computed from the magnetic field

Until now, we have decomposed the measured Stokes Q and U
into E and B polarisations. Here, following Brandenburg (2019),
we made an attempt to compute E and B (thus also cAEB ) from the
magnetic field data. This is because the components of the magnetic field vector, used to compute cA , are from a spectropolarimetric inversion wherein the magneto-optic e↵ects and Doppler
shifts are accounted for. If we observe a region closer to the center of the solar disk, we can, to a certain degree, assume that
P ⌘ Q + iU = ✏(b✓ + ib )2 ,

(5)

where ✏ in the present context is a proportionality constant that
depends on the heliocentric angle and b✓ , b are the transverse
field components in the medium. Equation (5) is an approximation of the otherwise complex relation between Stokes Q and U
to the transverse components b✓ , b . There are two things that
we must note here. Firstly, we are assuming that the Stokes Q
and U signals are only due to the magnetic field components
parallel to the solar surface (transverse components). However,
this is valid only at low heliocentric angles; farther away from
the disk center the validity of this assumption is poor. Secondly,
as pointed out in Brandenburg (2019), the ⇡ ambiguity associated with the transverse components (b✓ , b ) does not a↵ect this
assumption, that is, a flip of 180 of the transverse component
does not change the sign of P. When we compute the cAEB from
the magnetic field, we do this from maps of b✓ and b by exploiting Eq. (5). In the following, since we are only interested in
normalised quantities such as cA (k), which are relative measurements, we put ✏ = 1.
We show in Fig. 3 the spectrum cAEB computed from b✓ and
b for all ARs. First we look at ARs of category A (Fig. 3, left
column). The preference for a negative (positive) sign of cA in
the Northern (Southern) hemispheres is evident, although it is
definitely less clear than when cAEB is computed directly from
linear polarisation (Fig. 1, first column). This is especially true
of the case of AR 11546, which would be classified as an AR
of category B, if one looks at cAEB computed from the magnetic
field (see left panel of Fig. 3) with the simplifying assumption
mentioned in the paragraph above. This weaker preference can
be attributed to the imperfect validity of Eq. (5) at AR latitudes

further away from the equator, since the linear polarisation in
this case has a significant additional contributions from br . For
category B (Fig. 3, right column, solid lines), the preference for
the reversed sign of EB correlations is also quite discernible.
And lastly, for category C, even for the EB correlations computed using Eq. (5), an obvious preference for either of the signs
is absent. However, regardless of the categories, one can notice
good agreement in the shape of the spectra of individual ARs
computed from the magnetic field (Fig. 3) and those computed
from Stokes Q and U (Figs. 1 and 2, first column). This agreement between the spectra is an indication that the cA correlations
we see from Stokes Q and U are indeed indicative of the intrinsic
magnetic helicity of the ARs, and not a result of Faraday rotation
from a non-helical magnetic field.
3.6. EB correlations near line core

In the previous section, we mainly looked at the various correlations (EB, T B, T E) computed at wavelength bins 0 , 1 , 4 , and
5 . To minimise the influence of Faraday rotation on these correlations, we intentionally left out 2 and 3 , which are at or closest
to the line core. We recall that Faraday rotation can, in principle,
contribute to parity-odd correlations, even in the absence of helical magnetic fields. In this section, we take a closer look at the
EB (and other) correlations from 2 and 3 .
From our analysis in the previous section, we find that for
ARs of category A, cAEB and cTAB have a negative (positive) sign
in the Northern (Southern) hemisphere which conforms to the
expected hemispheric sign rule for magnetic helicity. We first
take a look at the correlations computed from the wavelength bin
EB
2 . From Fig. 4, we see that, at 2 , cA shows a sign reversal in
both hemispheres, positive (negative) in the North (South). Surprisingly enough, cTAB does not show this sign reversal, its signs
in both hemispheres are consistent with our analysis (except for
the peculiar case of AR 12158). This curious behaviour is better understood when one looks at the T E correlations from this
wavelength bin. Based on our analysis we know that cTAE shows
a positive sign (see Fig. 1, third column) in both hemispheres
(E is parity-even). At 2 , however, cTAE is negative in both hemispheres. Thus, the sign reversal in cAEB at 2 is a result of E changing sign. We investigated whether Faraday rotation is causing
this sign change in the next subsection.
The inspection of the 3 bin (Fig. 4 second and fourth row)
reveals that the peculiar sign reversal of EB correlations is absent
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Fig. 3. cAEB (k) for ARs of categories A (left column), B (right column, solid lines), and C (right column, dashed lines), with E and B being calculated
from the components of the magnetic field vector. The curves for cAEB (k) are smoothed in logarithmically spaced bins, for better visibility.

Fig. 4. cAEB (k), cTAB (k), and cTAE (k) (first, second, and third column) for the ARs of category A (see Table 1) from the Northern hemisphere (top row)
and Southern hemisphere (bottom row), using Eq. (4) with E and B being computed at 2 , 3 .

for most ARs of category A. The sign of cAEB is consistent
with our previous analysis, except for AR 11542, for which the
sign is negative and opposite to that expected for an AR in the
South. The signs of cTAB in this bin are also consistently negative
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(positive) in the North (South), as seen before. The same is true
for cTAE , which is positive in both hemispheres for most ARs.
The sign reversal in the EB correlations for AR 11542 is due to
a change in sign of E rather than B, if we take a close look at
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Fig. 5. E and B maps for two ARs, computed from Stokes
Q and U. The pattern of polarisation (green lines) have
been
p scaled according to total linear polarisation signal
( Q2 + U 2 ). The colour scale is has been adjusted for each
frame to easily see the positive (red) and negative (blue) values of E and B.

its T E correlations. For categories B and C, we see the same
reversal of E to negative signs at 2 (not shown), except for
ARs 12022 and 12387, where the amplitudes of the correlations
are too low to discern a sign reversal. This indicates that, regardless of the categories of the ARs, E changes sign in the wavelength bins closest to or at the line core.
In Fig. 5, we show maps of E and B for two ARs. We have
just seen that at 2 , cAEB shows a reversed sign to positive (instead
of negative) for an AR in the North, and we can infer that this
sign reversal is due to a change in the sign of E. Figure 5e also
shows a di↵erent (positive in this case) sign of E in the center of
the AR compared to the other wavelength bins; cf. Figs. 5a,i,m.
A similar behaviour can be seen for AR 11542 at 3 ; see Fig. 5k.
There is a change in sign of E (positive again), which corresponds to a change in cAEB at 3 ; see Fig. 4. We find that from our
sample of ARs, almost all ARs display a sign reversal of EB and
T E at 2 and for one AR 11542 at 3 . In the case of AR 11542,
we found the spectral line to be red-shifted as compared to the
other observations, which explains the sign reversal at 3 instead
of 2 . Thus, the mechanism causing the change in sign of E, can
a↵ect both wavelength bins, 2 or 3 , depending on the Doppler
shift of the spectral line.
3.7. Tests for effects of Faraday rotation

Faraday rotation can change the di↵erent states of linear polarisation amongst themselves. Therefore, at certain wavelengths
within a spectral line, depending on the magnetic field strength,
the e↵ects of Faraday rotation are the strongest. At these wavelengths, the maps of Stokes Q and U show a swirl-like pattern
because of the di↵erent states of linear polarisation getting interchanged amongst themselves. B polarisation is sensitive to a
curl-type pattern; therefore even a non-helical field, due to Faraday rotation, can give rise to a non-zero cAEB (k). This e↵ect of

Fig. 6. Magnetic field strength, inclination( ) and azimuth ( ) for a simplistic sunspot-like configuration at the disk center.

Faraday rotation has been examined for dynamo-generated helical magnetic fields in a sphere (Brandenburg 2019) using Eq. (5).
In this section, we describe some simple tests we carried out
to isolate the contribution of Faraday rotation from a non-helical
magnetic field to the cAEB (k) correlation, when one computes it
from Stokes Q and U near or at the line core. We started with
a simple model of the solar atmosphere, the temperature stratification is based on the Harvard Smithsonian Reference Atmosphere (Gingerich et al. 1971). We introduced a magnetic field
configuration which is constant with height in our model atmosphere; see Fig. 6. The field strength is decreasing outwards
from the center following a Lorentzian profile, the inclination
( ) with respect to the line-of-sight was chosen in a way to
make the magnetic field diverge away from the center, and similarly the azimuth was chosen such that the field was uniformly
distributed in the transverse plane. We used STOPPRO (Solanki
1987), a numerical code which solves the RTE to synthesise the
full Stokes vector for the 6173 Å Fe i absorption, with a spectral
resolution of 5 mÅ. The spectra were synthesised for two distinct cases: one when such a magnetic configuration is at the disk
center and another where it is at 30 in latitude. This latitude is
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Fig. 7. cAEB (k) calculated from Stokes Q and U for the synthetic test cases. The four panels correspond to di↵erent field strengths. The solid lines
are for the spot-like configuration at the disk center. The dot-dashed lines are for the spot configuration at 30 latitude on the solar disk. For all the
synthetic cases, we chose to assign the plate scale of HMI – hence the abscissa is in Mm 1 .

roughly coinciding with the ones of the ARs we looked at in our
analysis. The synthetic spectra were not degraded to account for
instrumental e↵ects and since we do not have any velocity gradients in our model, the spectra are symmetric about the line core.
In both cases, we investigated di↵erent field strengths, keeping
the inclination and azimuth of the magnetic field vector the same.
We chose such a distribution of the magnetic field to mimic the
magnetic field of a sunspot and to make sure that this field configuration is non-helical. This way, any non-zero correlation can
only be attributed to Faraday rotation. Figure 7 shows the cAEB (k)
at three di↵erent wavelengths, the one closest to the line core
roughly falls in the 2 bin and the wavelength 105 mÅ away in
the 1 bin. Since the spectra are symmetric, the cAEB (k) at 3 , 4
is identical to the ones shown in the figure. We find the highest
amplitudes of cAEB when the magnetic field configuration (regardless of the field strength) is at the disk center (solid lines in
Fig. 7) as compared to when it is viewed from a position at 30 in
latitude (dash-dotted lines in Fig. 7). In all cases, the maximum
amplitude of |cAEB | for k between 0.1 to 1 is not higher than 0.2,
but when it is computed from observations it is around 0.5 (see
Fig. 1). Also, unlike observations, cAEB fluctuates around zero for
these test cases. In terms of wavelength, the largest contributions
from Faraday rotation to cAEB are, as expected, from wavelengths
closest to the nominal line core.
Now we turn our attention to the sign reversal of E (and consequently of EB and T E). The E maps in Fig. 5 show a sign
reversal at 2 for AR 12042 (panel e) and 3 for AR 11542
(panel k). It is tempting to relate this sign reversal to the e↵ect of
Faraday rotation, which is strongest at or close to the line core.
Depending on the orbital velocity of SDO, this maximum can
fall into wavelength bins 2 or 3 . However, the E maps computed from the simple model of the solar atmosphere described
above do not show any hint of a sign reversal. This means that
either our model is too simple and not representative of the
observations presented in Fig. 5, or that Faraday rotation is not
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the mechanism responsible for the sign reversal. We performed
three experiments to examine this further.
In the first experiment we increased the complexity of the
model by adding a filamentary fine structure directed radially
outwards from the center of the synthetic spot, representative of
a penumbra. But also this model failed to reproduce the sign
reversal of E. In a second experiment we investigated the e↵ect
of a vertical gradient in the magnetic field parameters, which
were neglected in the simple model described above. We computed the response functions of the Q and U profiles with respect
to variations of the magnetic field strength in a typical umbral
and penumbral atmosphere. The response functions describe the
wavelength and height dependence of the Stokes parameters. We
found the Q and U profiles to be sensitive over a ⇡200 km thick
layer above the optical depth unity surface with a rather uniform
wavelength dependence. With typical gradients in a sunspot of
⇡1 G km 1 and the absence of a significant wavelength dependence, this height di↵erence is too small to produce a large
enough Faraday rotation and, therefore, it also does not explain
the observed sign reversal in the E maps.
The third experiment is based on the data underlying Fig. 5.
We applied the Milne-Eddington inversion code HeLIx+ (Lagg
et al. 2004, 2009) to the HMI data of AR 12042 to retrieve its
atmospheric parameters (e.g. magnetic field vector, line-of-sight
velocity). The inversions reproduce the observed profiles reasonably well, the E and B maps computed from these fitted profiles
are very similar to the observed E and B maps and show the
observed sign change mostly at 2 . In a next step, we used the
atmospheric parameters from this inversion to compute synthetic
Stokes profiles, neglecting the e↵ect of Faraday rotation. The E
and B maps computed from these profiles are very similar to
the maps including Faraday rotation and show the sign change
equally well. This proves that the observed sign change cannot
be a result of Faraday rotation.
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4. Conclusions
The study is motivated by an earlier work by Brandenburg et al.
(2019), who demonstrated that the EB decomposition of linear
polarisation can, under inhomogeneous conditions, be a proxy
for magnetic helicity. However, they did not retrieve any significant non-zero EB correlations when they tested this proxy
with solar observations from VSM/SOLIS. In this work, we
looked at individual ARs from both hemispheres, observed with
SDO/HMI, and not only recovered significant EB correlations,
but also a systematic dependence of its sign on hemisphere. We
found the sign of both EB and T B correlations to be consistent
with that of small-scale magnetic helicity, that is, negative (positive) in the Northern (Southern) hemisphere. We note that this
is opposite to what was reported in Brandenburg et al. (2019),
based on numerical simulations of rotating convection. We also
found that such parity-odd correlations (EB, T B), which are a
good proxy for magnetic helicity, can be reliably computed from
linear polarisation away from the line core of spectral lines. This
minimises the influence of Faraday rotation on the various correlations and, since we use polarisation measurements directly, circumvents the ⇡ ambiguity. We found this to be true for the majority of the ARs we looked at (12 out of 18, category A). We also
found 3 ARs (category B) that showed a reversed sign for the
parity-odd correlations compared to what is predicted by theory,
and 3 ARs (category C) that displayed no preference for a specific sign. As already alluded to above, the existence of ARs that
display a reversed sign of parity-odd correlations (category B)
may not be surprising since it has been demonstrated in previous studies (Pevtsov et al. 1995; Singh et al. 2018; Gosain &
Brandenburg 2019) that there is a certain percentage of ARs that
are in violation of the hemispheric sign rule for magnetic helicity. Proximity to the solar equator, complexity of the ARs, among
others, are speculated to be the possible reasons behind these
violations. Based on our present studies, the position of the AR
on the solar disk or its complexity do not seem to be a factor in
classifying an AR into categories A or B (see Table 1). However,
our sample size is too small to draw more robust conclusions
about this, so a more systematic study with a larger sample size
is desirable.
We also computed the EB correlations from the transverse
(b✓ , b ) components of the magnetic field vector (Sect. 3.5). The
correlation cAEB (k) retrieved from this approximation matched
the shape of the spectra retrieved directly from linear polarisation. A preference for a particular sign was less clear when
cAEB was computed from the magnetic field, because the validity of Eq. (5) is questionable at AR latitudes. Nevertheless,
it still gives us another confirmation that non-zero amplitudes
of cAEB are not due to Faraday rotation, since the magnetic
field is inferred after accounting for magneto-optical e↵ects.
Brandenburg (2019) also used the transverse components of the
magnetic vector to compute EB correlations on a global scale.
By using spin-2 spherical harmonics to compute E and B polarisations, and a heuristic approach to account for North-South sign
change of magnetic helicity, he could successfully retrieve maximum power at the smallest wavenumbers. This is possibly due
to the fact that the EB decomposition approach (regardless of it
being computed from magnetic field or polarisation) is insensitive to the disambiguation, which can a↵ect correlations at large
scales, where field strengths are weak.
In Sect. 3.6, we looked at the di↵erent correlations computed
from linear polarisation in wavelength bins close to the line core
( 2 , 3 ), suspecting significant influence of Faraday rotation on
our inference. For the various correlations computed from these

wavelength bins, both EB and T E correlations show a sign reversal, while the T B correlations do not. This indicates that the sign
of E changes (and B does not change) closer to the line core. We
mostly saw this reversal in the sign of E at 2 , except for one AR
where it happened at 3 . However, this simply depends on the
Doppler shift of the spectral line. We performed tests with a simple model of the solar atmosphere, and di↵erent iterations of it,
to investigate the cause of this sign reversal of E and to reproduce
it. Finally, we performed inversions of the observed profiles by
HMI to infer the atmospheric parameters. From these computed
synthetic spectra with and without Faraday rotation, we observed
in both cases the sign reversal of E at 2 , thus ruling out Faraday
rotation as the cause of the sign reversal. It is still unclear what
exactly causes this sign reversal of E near the line core, which
occurs higher up in the atmosphere. E polarisation is linked to
the topology of the magnetic field. Therefore, to understand this
better, synthesising spectra from three-dimensional MHD simulations might be required to capture the changing magnetic field
topology with height and the radiative transfer e↵ects fully. This
would help us narrow down the relation between the sign of E
and the topology of the magnetic field, while still accounting for
magneto-optic e↵ects, mainly Faraday-rotation. The tests also
revealed that the contributions to cAEB purely from Faraday rotation are relatively insignificant away from the nominal line core
(Fig. 7). This agrees with the conclusions of Brandenburg (2019)
who found that, provided the contributions from Faraday rotation are subdominant compared with the helicity contributions,
one can detect magnetic helicity by using the EB decomposition. In the solar context, this is true away from the core of the
spectral line. Therefore, we can safely infer magnetic helicity
employing the EB decomposition. On the other hand, the spatial
pattern of B polarisation also has an interesting feature in that it
is predominantly bipolar (see Fig. 5) for almost all the inspected
ARs at all wavelength bins. This is important since any spatial
smoothing or averaging, even after multiplying with E or any
other parity-even quantity, will result in cancellation.
The formalism to obtain E and B polarisation relies on linear
polarisation, as it is directly borrowed from cosmology, wherein
Thompson scattering only generates linear polarisation. However, in the solar context, the most frequently used diagnostic
is the Zeeman e↵ect, which also generates circular polarisation, and hence Stokes V is non-zero. Stokes V carries with it
additional information about the directionality of the line-ofsight magnetic field. Except for the cases where we inferred
Stokes Q and U from the components of the transverse magnetic field through Eq. (5), Stokes V has not been used in the
present study. Including it is another possible next step to extend
the present formalism to invoke Stokes V together with the EB
decomposition.
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Appendix A: E and B decomposition
To study the polarisation signals of the cosmic microwave background (CMB), the linear polarisation signals generated through
Thomson scattering are decomposed into E and B polarisations
(Kamionkowski et al. 1997; Zaldarriaga & Seljak 1997). To
demonstrate this decomposition here, we follow the convention
and approach of Zaldarriaga & Seljak (1997), which arose out
of the need to extract power spectra based on the rotationally
invariant linear polarisation parameters. For a detailed derivation, we refer to the original article and the references therein.
Here, we focus on the small-scale limit and discuss di↵erent
conventions.
Stokes Q and U are frame-dependent quantities: a rotation
of the polarisation basis (ê1 ,ê2 ) by an angle in the plane perpendicular to the propagation direction n̂ transforms Q and U as
(Q ± iU)0 = e⌥2i (Q ± iU)( n̂),

(A.1)

with ê01 = cos ê1 + sin ê2 and ê02 = sin ê1 + cos ê2 . For a
harmonic analysis of the Q + iU over the entire sphere and given
the rotational dependence of Q and U, it is appropriate to expand
them in a spin-weighted basis as
X
(Q ± iU)( n̂) =
a±2
(A.2)
lm ±2 Ylm ( n̂),
lm

where s Yl m are spin-weighted spherical harmonic functions for
each integer s with |s|  l, which transform under rotation. For
convenience, we can define linear combinations of the above
coefficients, such as
E
alm
= (a2lm + alm2 )/2

and

B
alm
= (a2lm

alm2 )/2i.

(A.3)

Here one can also notice the parity-even and parity-odd properties of E and B; E remains unchanged, whereas B changes sign.
In this paper, we work within the confines of the small-scale
limit. That is, for a high enough degree of spherical harmonics,
we can neglect the curvature of the sphere and consider it as a
plane normal to ez . In this limit, spin-weighted spherical harmonics can be approximated in terms of exponentials as
#1/2
"
(l 2)!
1 1 2 ik·x
g2 Ylm !
g e ,
2 Ylm =
(l + 2)!
2⇡ l2
"
#1/2
2
(l 2)!
1 1 2 ik·x
g Ylm !
g e ,
(A.4)
2 Ylm =
(l + 2)!
2⇡ l2
where x is a vector in the plane normal to ez and k is its counterpart in Fourier-space, where k x + iky = kei k . Furthermore, g
and g are spin raising and spin lowering operators (see Goldberg
et al. 1967).
Thus, invoking the small-scale approximation (A.4) and
using the linear combinations defined in Eq. (A.3), we can
obtain the following expression from Eq. (A.2) (see Zaldarriaga
& Seljak 1997)
Q̃ + iŨ = (Ẽ + i B̃) e2i k .

(A.5)

The relation can also be written di↵erently in terms of the components of the unit vector k̂ = k/k as
(Ẽ + i B̃) = (k̂ x

ik̂y )2 (Q̃ + iŨ),

(A.6)

which is the relation used in the present paper.
The linear combinations in Eq. (A.3) were defined according to the convention chosen by Zaldarriaga & Seljak (1997)

Fig. A.1. Top row: illustration of the pattern of polarisation generated
by positive (red) and negative (blue) values of E following the sign convention of Zaldarriaga & Seljak (1997). Bottom row: same as in top row,
but for the sign convention of Durrer (2008).

and this is the sign convention we follow in this study. However,
there exists another sign convention followed by Durrer (2008)
and Brandenburg (2019), wherein these linear combinations are
defined as
E
ãlm
= (a2lm + alm2 )/2

B
and ãlm
= (a2lm

alm2 )/2i.

(A.7)

As a result of this convention, Eq. (A.6) acquires an additional minus sign. The sign convention chosen by Zaldarriaga &
Seljak (1997) is such that positive (negative) values of E generate a tangential (radial) pattern (see Fig. A.1a, b) and in the
case of B polarisation, positive (negative) values of B generate
an anticlockwise (clockwise) inward spiralling pattern of polarisation. A consequence of the di↵erent sign convention of Durrer
(2008) is that negative values of E now generate a tangential pattern of polarisation (see Figs. A.1c, d).

Appendix B: Examples
We performed tests with a magnetic field configuration following Sect. 2.3 of Brandenburg et al. (2019). The magnetic field
was defined as a sum of gradient- and curl-type fields:
b(x, y) = F + G,
Fi (x, y) = @i f, Gi (x, y) = ✏i j @ j g,
f = f0 cos(kx) cos(ky), g = g0 cos(kx) cos(ky).

(B.1)
(B.2)
(B.3)

This b vector only provides the planar projection of a fully
three-dimensional solenoidal magnetic field. With this, we have
the freedom to choose a vector field with a given wavenumber
k. With such a field in a simple atmosphere, we can synthesise the full Stokes vector and compute E and B from Stokes
Q and U. The goal is to exploit the E and B decomposition of
linear polarisation to infer the characteristics of the original vector field (be it the wavenumber or the handedness of the vector field) directly from the polarisation signal. We chose three
cases: one with a b field corresponding to a pure E polarisation
( f0 = 1, g0 = 0, Fig. B.1a), a second case with a b field corresponding to pure B polarisation ( f0 = 1, g0 = 1, Fig. B.1b), and
lastly, a b field, which would result in both E and B polarisations
( f0 = cos ✓, g0 = ± sin ✓, Fig. B.1c) but of opposite handednesses
A46, page 11 of 12
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Fig. B.1. cAEE (k), cABB (k), and cAEB (k) calculated from Stokes Q and U for
case a: pure E polarisation, case b: pure B polarisation, and case c: nonzero E and B polarisations, respectively. The red curve is for k = k0 and
the blue curve for k = 10k0 . The dotted curve in panel c, corresponds
to a di↵erent handedness of the original b field resulting in cAEB (k) of an
opposite sign.
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by changing the sign of g0 . In all three cases, we repeated the
experiments for di↵erent wavenumbers, k = k0 and k = 10k0 .
As described before, we synthesised Stokes Q and U for all
these cases and computed the relevant shell-integrated spectra.
We show cEE (k) for the case of pure E polarisation, cBB (k) for
pure B polarisation, and cEB (k) for the third case where both E
and B are non-zero.
In all cases, we retrieve maximum amplitudes in the corresponding normalised correlation spectra at the chosen wavenumbers to define the b fields with k = k0 and k = 10k0 . For the last
case (Fig. B.1c) we also retrieve di↵erent signs of cEB (k) for the
opposite handednesses of the vector fields. This is due to the
B polarisation changing sign under a parity transformation. For
k = 10k0 , we also retrieve a secondary peak of lower amplitude.
This is probably an artifact resulting from the spectral synthesis,
wherein we assume a simplified atmosphere with these idealised
magnetic fields.
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The magnetic fine structure of the Sun’s polar region
as revealed by Sunrise

Credit: A. Prabhu, A. Lagg, J. Hirzberger, S. K. Solanki, A&A, Vol. 644, A86, 2020,
reproduced with permission c ESO.
Contribution to the paper: I did the data reduction and inversions, wrote the first draft
of the manuscript.
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ABSTRACT
Context. Polar magnetic fields play a key role in the solar magnetic cycle and they are the source of a significant portion of the

interplanetary magnetic field. However, observations of the poles are challenging and hence our understanding of the polar magnetic
environment is incomplete.
Aims. We deduce properties of small-scale magnetic features in the polar region using high-resolution data and specifically aim to
determine the flux per patch above which one magnetic polarity starts to dominate over the other.
Methods. We study the high spatial resolution, seeing-free observations of the north solar polar region, obtained with the IMaX instrument on-board the balloon-borne Sunrise observatory during June 2009, at the solar activity minimum. We performed inversions
of the full Stokes vector recorded by IMaX to retrieve atmospheric parameters of the Sun’s polar region, mainly the temperature
stratification and the magnetic field vector.
Results. We infer kilo-Gauss (kG) magnetic fields in patches harbouring polar faculae, without resorting to a magnetic filling factor.
Within these patches we find the maxima of the magnetic field to be near the dark narrow lanes, which are shifted towards the disc
centre side in comparison to the maxima in continuum intensity. In contrast, we did not find any fields parallel to the solar surface
with kG strengths. In addition to the kG patches, we found the polar region to be covered in patches of both polarities, which have a
range of sizes. We find the field strength of these patches to increase with increasing size and flux, with the smaller patches showing
a significant dispersion in field strength. The dominating polarity of the north pole during this phase of the solar cycle is found to be
maintained by the larger patches with fluxes above 2.3 ⇥ 1017 Mx.
Key words. Sun: magnetic fields – Sun: faculae, plages

1. Introduction
A thorough and coherent investigation of the Sun’s polar magnetic environment is a key element, not only for a better
understanding of fundamental processes in the Sun, such as
the solar activity cycle, but also for the structure of a significant portion of the interplanetary magnetic field, especially
at the minimum of the activity cycle. An inference of the
strength, orientation, and spatial distribution of the polar magnetic fields is a valuable predictor of the strength of the subsequent cycle (Schatten et al. 1978; Cameron & Schüssler 2007,
2015; Wang & Sheeley 2009). Global and long-term studies of
the magnetic activity at the poles, based on low-resolution data
or synoptic magnetic field maps, have provided insight into, the
polar coronal holes (Wang 2009), polar plumes (Gabriel et al.
2009), the source of the fast solar wind (Hassler et al. 1999;
Tu et al. 2005), and the large-scale e↵ect of the solar dynamo, or
to compare the total solar irradiance of the Sun with that of other
Sun-like stars (see, e.g. Schatten 1993; Knaack et al. 2001) or
the influence of inclination variations of Earth’s orbit on its climate (Vieira et al. 2012). See Petrie (2015) for a review of polar
fields and their influence on the solar atmosphere.
During the last decades, the polar magnetic landscape has
also increasingly been studied at the smallest observable spatial scales. For example, the presence of polar faculae harbouring kilo-Gauss (kG) magnetic fields was reported by several

authors analysing ground-based observations (Homann et al.
1997; Okunev & Kneer 2004; Blanco Rodríguez et al. 2007).
These studies were based on the inference of the magnetic
fields from observations of Stokes I and V of Fraunhofer lines
in the visible spectral range. The most comprehensive picture
of the magnetic fine structure at the Sun’s poles was achieved
using the Solar Optical Telescope (SOT, Tsuneta et al. 2008a;
Suematsu et al. 2008; Shimizu et al. 2008) on-board the Hinode
spacecraft (Kosugi et al. 2007), which enabled access to vector
maps of the polar magnetic landscape. Tsuneta et al. (2008b)
investigated the data from SOT spectropolarimeter (SOT/SP)
and found patches of unipolar magnetic flux concentrations with
field strengths exceeding 1 kG, wherein the magnetic field vector is nearly vertical to the local solar surface. They reported
ubiquitous and relatively weaker horizontal fields (i.e. parallel
to the solar surface), with no spatial correlation between the
vertical and horizontal fields. Blanco Rodríguez & Kneer (2010)
extended their previous study (Blanco Rodríguez et al. 2007) of
the polar faculae, analysing the full Stokes vector in the infrared
Fe i lines at 1.5 µm. They concluded that the detected polar
faculae did not harbour sufficient magnetic flux to account for
the global flux inferred from magnetograms (at low spatial resolution) by Svalgaard et al. (1978) or from in situ magnetic
field measurements of the solar wind by the Ulysses spacecraft
(McComas et al. 2000; Svalgaard et al. 1978). Linker et al.
(2017) estimated the interplanetary magnetic flux directly from
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synoptic magnetic maps. They isolate possible causes for the
underestimation of this estimated interplanetary magnetic flux
and pointed out that one of the possible reasons lies in the underestimation of the polar magnetic flux at the photospheric levels
of the Sun.
Ito et al. (2010), using Hinode observations, found the net
magnetic flux and average area of the kG magnetic concentrations in the polar region to be larger than the magnetic field
concentrations of the quiet Sun at lower latitudes. In the study
of Shiota et al. (2012) regarding the polar field reversals, also
with Hinode observations, they report that the large magnetic
concentrations in the polar regions harbour flux that is comparable to that of pores. In addition, they conclude that large magnetic patches with a flux 1018 Mx tend to be unipolar, whereas
smaller patches with a flux lower than 1018 Mx are relatively
flux-balanced. Therefore, the overall global polarity of the polar
regions is determined exclusively by the large magnetic patches.
Kaithakkal et al. (2013, 2015) also analysed Hinode data
to study the morphology of large polar magnetic patches and
the role of magnetoconvection in the formation and decay
of these flux concentrations. Both Shiota et al. (2012) and
Kaithakkal et al. (2015) stress that the unipolar appearance and
disappearance of the magnetic patches in the Hinode/SOT observations indicates the presence of magnetic flux below the detection limit of the instrument. Quintero Noda et al. (2016) in their
study of the polar faculae, performed height stratified inversions of Hinode data and retrieved nearly vertical kG magnetic
fields of a single polarity within polar faculae. They found these
magnetic fields spatially shifted towards the disc centre with
respect to the corresponding continuum images. More recently,
Pastor Yabar et al. (2018) also confirmed the presence of strong
vertical fields, and reported polarimetric signals compatible with
the presence of unresolved small-scale loops. In a subsequent
study, Pastor Yabar et al. (2020) extend their analysis to a larger
fraction of the north polar region close to solar maximum. They
found the physical properties of the polar region to be in agreement with those of the quiet Sun at disc centre and the low latitude east limb.
Despite the progress achieved especially during the last
decade, studies of polar magnetic fields have to fight against
some principal problems of spectropolarimetric observations:
Image reconstruction techniques employed to counter the e↵ects
of atmospheric seeing lower the signal-to-noise ratio of groundbased observations. The space-borne observatory Hinode has
insufficient spatial resolution to resolve the small-scale magnetic
patches, especially when observed at the poles at high heliocentric angles. This not only results in a strong foreshortening,
but also introduces a large intensity gradient when approaching the solar limb. Because of these difficulties, many authors
use a simplistic inversion technique based on the non-physical
stratification of temperatures in the so-called Milne-Eddington
approximation.Inthisstudywereportonouranalysisofhigherresolution, seeing-free observations of the solar polar region acquired
by the Sunrise balloon-borne observatory (Solanki et al. 2010;
Barthol et al. 2011; Berkefeld et al. 2011; Gandorfer et al. 2011)
duringitsfirstflightin2009.Byadoptinganovelapproachtoinverting spectropolarimetric data recorded at high heliocentric angles,
we retrieve magnetic field distribution and temperature stratification at a high spatial resolution. Our focus is on the small-scale
features. We specifically aim to investigate at what scales and flux
values do patches of one polarity dominate over the other, to give
the solar poles a unique dominant polarity.
The structure of the paper is as follows. We describe the
observations in Sect. 2, the details of our inversions in Sect. 3
A86, page 2 of 9

and present and discuss our findings in the context of the available literature in Sects. 4 and 5.

2. Observations and data reduction
We study data from two consecutive observing runs recorded on
the 16 of June 2009 starting 16:20 UT during the first flight of
Sunrise. Here we analyse data from the Imaging Magnetograph
eXperiment (IMaX, Martínez Pillet et al. 2011). IMaX recorded
the full Stokes vector in the V5-6 observing mode scanning the
Fe i 5250.2 Å line (Landé factor g = 3) at five spectral positions
located at [ 80, 40, +40, +80] mÅ (4 positions in the spectral
line), and +227 mÅ (continuum point) from a fixed wavelength
position close to the nominal line centre, with a cadence of
⇠33 s and a spectral resolution of 85 mÅ. See Smitha & Solanki
(2017) for details about the properties of the Fe i 5250.2 Å line.
Sunrise observed the North polar region of the Sun with IMaX,
field of view (FOV) being 5000 ⇥ 5000 .
These data were reduced using the standard IMaX reduction
routines described in Martínez Pillet et al. (2011). After applying the dark current subtraction and flat field correction, the
interference fringes and the e↵ect of dust particles in optical
elements were removed using a customised Fourier filter. The
smearing of the IMaX data due to the spatial point spread function (PSF) was corrected using the phase-diversity (PD) technique (Gonsalves et al. 1979; Löfdahl & Scharmer 1994). The
PD restoration, done in the Fourier domain, requires an apodisation of the FOV, that reduces the IMaX FOV by roughly 30 pixels
on all sides to 4800 ⇥ 4800 (Martínez Pillet et al. 2011). Then the
data were demodulated using the inferred polarimetric demodulation matrix. Furthermore, cross-talk removal and a simple correction for global stray-light was done by subtracting 12% of the
spatial mean of each of the four Stokes profiles from the corresponding individual Stokes profiles, that is to say the Stokes
profiles for individual spatial locations (Kahil et al. 2017).
The PD reconstructed IMaX data have a spatial resolution
of ⇠0.0015 0.0018 (the plate scale is 0.00055 pixel 1 ) in all Stokes
parameters. The noise level ( ) for PD restored data is of the
order of ⇠3.9 ⇥ 10 3 in Stokes Q, U and V signals. To minimise
the influence of noise on our inferences, we restrict our analysis
to those pixels whose signal strength in one of the three polarised
Stokes parameters exceeds 2 . These PD reconstructed data
are used for the analysis where the high spatial resolution of
Sunrise is required, these data are not binned. The unrestored
data are used for studies profiting from high magnetic sensitivity:
we achieved a noise level in Stokes Q, U and V of ⇠8.4 ⇥ 10 4
by binning the unrestored data 3 ⇥ 3 to match the pixel size
of Hinode SOT/SP (0.0016 pixel 1 ). Figure 1 shows a continuum
intensity image in the top panel and the corresponding Stokes V
image in the bottom panel from the PD reconstructed data, without the apodisation edges introduced due to the PD restoration.
In Fig. 1, both the continuum and Stokes V intensity has been
cut-o↵ at about 20 pixels before the limb, and limb darkening
has also been removed. This was done by fitting a fifth order
polynomial in µ to the continuum intensity averaged over bins
of constant µ values and using it to normalise the observations.
Our focus lies not only on the large magnetic patches
(marked by red boxes in Fig. 1) but also on smaller magnetic
concentrations distributed over the FOV, whose presence is well
visible in the Stokes V image in the bottom panel of Fig. 1.
In our analysis, we use the following patch selection criteria
(PSC): firstly we use PD restored data and retain only those pixels whose signal strength in one of the three polarised Stokes
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Fig. 1. Continuum intensity image (top) and Stokes V (bottom) recorded
by IMaX, showing nearly the entire FOV, except the apodisation edges
(see text). Red boxes indicate large magnetic patches, which we look at
closely in Sect. 4. The heliographic coordinates of the central pixel in
both images are 85 N and 75 W.

parameters exceeds 2 , additionally every patch contains at least
one pixel that has signal above 4 in either linear or circular
polarisation Stokes parameters. Then we make sure that every
patch has a minimum size of 4 contiguous pixels. To reiterate, only groups of pixels meeting all three of the aforementioned noise and size thresholds are used in the subsequent
analysis. Thus for the patches studied here, the minimum area
of the patches is ⇠0.005 Mm2 and the minimum flux per patch
is ⇠3.7 ⇥ 1015 Mx. This value is ⇠4.1 times larger than the minimum flux of 9 ⇥ 1014 Mx detected by Anusha et al. (2017). The
di↵erence can be attributed to the e↵ects of foreshortening and
the inclination of the magnetic field vector with respect to the
line-of-sight.

3. Setup of inversions
In order to interpret the Stokes profiles measured by IMaX, we
use the SPINOR (Frutiger et al. 2000) code to infer a possible
atmosphere from the spectropolarimetric measurements. Spinor
is a 1D, plane-parallel inversion code solving the set of polarised

radiative transfer equations (RTE) assuming a stratified solar
atmosphere under local thermodynamic equilibrium, wherein
parameters characterising the atmosphere are allowed to vary
with optical depth. It uses the STOPRO routines for the solution of the RTE (Solanki 1987). Lagg et al. (2010) have demonstrated that the high spatial resolution of Sunrise data allows
detecting kG fields in the quiet-Sun at disc centre without the
necessity of introducing a filling factor. We therefore use a single component atmosphere, i.e., without a magnetic filling factor,
for the inversions of the PD-reconstructed polar data. For comparison, we also invert the unrestored data with a two component
atmosphere (one magnetic and another non-magnetic stray light
component, weighted with the magnetic filling factor). Given the
limited spectral sampling of IMaX, we resorted to a relatively
simple atmosphere with a total of eight free parameters: three to
describe the temperature stratification at distinct optical depths,
height independent magnetic field vector (strength, B, inclination, , and azimuth, ), microturbulent velocity ⇠mic , and lineof-sight velocity, vLOS . As described in Lagg et al. (2010), neighbouring spectral lines might be shifted to the IMaX wavelength
in the presence of large line of sight velocities. Accordingly, we
also include the Co i line at 5250.0 Å and the Fe i line at 5250.6 Å
in our analysis with the same atmospheric model as used by
the IMaX line. The large and varying heliocentric angle in the
FOV implies that the radiation we receive, originates from progressively higher layers in the atmosphere, as we move away
from the disc centre towards the limb. To take this into account,
we placed the three nodes describing the temperature stratification at three distinct optical depths for each pixel, based on
the Eddington-Barbier (EB) relation (Hubeny & Mihalas 2014).
This relation states that, assuming the source function to be a linear function of optical depth, S (⌧) = a + b⌧ (⌧ stands for optical
depth), the general formal solution of the RTE for the emergent
radiation at ⌧ = 0 can be written as:
I(⌧ = 0, µ) = a + bµ = S (⌧ = µ).

(1)

Herein µ is the cosine of the heliocentric angle. Although in
reality the source function does not exhibit a linear dependence
on optical depth, the EB relation is a very good approximation
in the vicinity of ⌧ = 1. Therefore we placed the three nodes for
temperature at log ⌧ = [log µ, log µ 1, log µ 2.75].
To gain confidence in the reliability of the EBapproximation, we performed an additional inversion with
a di↵erent approach by emulating the limb observations as
disc centre observations. We placed the nodes for temperature
stratification at log ⌧ = 0, 1 and 2.75, as one would for
disc centre observations. However, to account for the increase
in the geometric height of the ⌧ = 1 surface, we changed the
value of the gravitational constant of the Sun for each pixel
within SPINOR from g = 27 400 cm s 2 to g0 = g · µ. This
reduced gravity artificially expands the solar atmosphere in
a similar way as the path length of an inclined line-of-sight
passing through the solar atmosphere is expanded. Figure 2 is
an illustration of the comparison between the two inversions:
the EB approach and the emulated disc centre (EDC) approach.
The y-axis shows the di↵erence between the two approaches
in retrieving the atmospheric parameters. To some extent this
di↵erence can be explained by the dissimilar numerical setups
of the two approaches, resulting in an altered convergence
path during the minimisation process. Combined with the
polarimetric noise, this produces di↵erences in the retrieval
A86, page 3 of 9
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Fig. 2. Comparison of two di↵erent approaches of inverting IMaX data
away from disc centre. Eddington-Barbier (EB) vs. Emulated disc centre (EDC) approach for four free parameters of the inversions: strength,
inclination and azimuth of the magnetic field vector and temperature.
The y-axis is the di↵erence in the retrieved parameters from EB and
EDC. The x-axis is the value of the parameter from EDC. Temperature is plotted for log ⌧ = log µ. The colour scale represents normalised
number density.

of the magnetic field parameters. The scatter in the magnetic
field strength retrieval lies within the typical range of errors for
polarimetric measurements with the noise level of our data (see
Sect. 2), however it shows a systematic o↵set of ⇠15 G. The
determination of temperature at log ⌧ = 0 is based mainly on the
continuum intensity, and therefore should not be significantly
a↵ected by polarimetric noise. For this reason, the di↵erence in
temperature retrieved by the two methods, despite being small,
must be systematic. This systematic di↵erence is clearly visible
in Fig. 2, showing the largest deviation at low temperatures, i.e.,
pixels close to the limb. We attribute systematic di↵erences,
in both the temperature and magnetic field strength retrievals,
to the continuum normalisation of the observations: the EDC
approach requires the continuum to be normalised by the
quiet-Sun intensity at disc centre by assuming a theoretical limb
darkening profile. On the other hand for the EB approach, the
continuum is normalised by the quiet-Sun intensity directly
from the observations, without any extrapolation. However, as
the magnetic field parameters lie within the typical scatter for
measurements with the given noise level, we conclude that the
magnetic field determination is robust and not dependent on
using one of the two methods.
We invert all four Stokes profiles for both, the PD restored
(i.e. corrected for smearing due to the spatial PSF) data and also
the non-reconstructed data (spatially binned to match the resolution to Hinode). We invert the entire FOV, each pixel separately, but only look at those magnetic patches meeting the
PSC mentioned in Sect. 2. We then use the PSC to segment the
magnetic field maps obtained from inversions to obtain quantities such as total flux per patch (by summing over all pixels
within a patch) that we then use in our analysis. To take into
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account the spectral resolution of the IMaX instrument as given
by the filter band-width of the Fabry-Pérot etalon, the synthetic
spectra are convolved with the spectral PSF of IMaX, approximated with a Gaussian with a full width at half-maximum of
85 mÅ (Martínez Pillet et al. 2011). We employ a form of spatial regularisation in the inversion process, in order to avoid
noisy maps for the inverted atmospheric parameters. At the
end of an inversion interim run (consisting of fifteen iterations
of the Levenberg-Marquardt non-linear least-squares minimisation), various smoothing filters are applied to the maps of the
retrieved atmospheric parameters at the respective node positions. These smoothed maps of atmospheric parameters are then
used as an initial guess for the next inversion cycle. This procedure is repeated until the value of the merit function ( 2 ) does not
change significantly anymore. 2 is defined by the squared differences between the observed and the fitted Stokes profiles multiplied a pre-defined weighting function (with di↵erent weights
assigned to the Stokes parameters).
In a last step, we transform the line-of-sight magnetic field
vector to the local solar coordinate system by employing the
approach of Tsuneta et al. (2008b, described in Sect. 3.2 of their
paper). Vertical fields are defined as fields with local inclination
angles smaller than 25 and horizontal when the local inclination
is larger than 65 . Fields with a local inclination between 25 and
65 are not included in the analysis. We thus make an assumption
that the magnetic field vector is either nearly vertical or nearly
horizontal to the local solar surface. This approach is followed to
make our results comparable to those of Tsuneta et al. (2008b).

4. Results
We present here the results of the inversions using the EB
approach (Sect. 3) of IMaX data from two consecutive observation runs. We inverted the entire usable FOV. We included,
however, only those pixels that meet our size and noise thresholds (PSC) in our subsequent analysis. In Fig. 3, we compare the
distributions of vertical and horizontal fields (with respect to the
local reference frame) inferred from reconstructed Sunrise data
with the distributions inferred from Hinode data, as reported by
Tsuneta et al. (2008b). We want to emphasise here that the kG
field strengths in the Hinode data are only retrieved after applying a filling factor, whereas the IMaX data deliver these values
directly without taking recourse to such a measure.
In both observing runs, the vertical magnetic fields dominate the strong field regime and the horizontal fields are ubiquitous for field strengths below ⇠300 G. The distributions for
the vertical fields (red curve) from both data sets are in reasonably good agreement, in that both showing kG field strengths.
There are, however, a few di↵erences: Firstly, in the case of
Sunrise data the peak for the vertical fields is at ⇠170 G,
20 G higher than for Hinode. In the case of horizontal fields,
the peak in our distribution is at 148 G, 25 G higher than
for the Hinode data. Secondly, Hinode shows more strong
vertical fields, i.e. fields stronger than 600 G, compared to
Sunrise. Thus, Tsuneta et al. (2008b) in their study report
numerous kG magnetic concentrations including larger patches.
Additionally, we do not retrieve any horizontal fields higher than
⇠800 G, whereas Tsuneta et al. (2008b) do report a significant
number of horizontal kG field structures.
There are a number of reasons for these di↵erences. The
first di↵erence reflects the di↵erent noise levels in the two
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Fig. 3. Histogram of magnetic field strength, retrieved from a single
component inversion of PD restored data (left) only for the pixels meeting the noise and size thresholds described in Sect. 2. A similar histogram, digitised from Tsuneta et al. (2008b), is shown on the right for
comparison. The black lines show the distributions for all pixels, the
red lines represent pixels with fields vertical to the local surface and the
blue lines indicate pixels with fields horizontal to the surface. In both
cases the number of pixels is normalised to the maximum number of
pixels in the black line.

datasets. The steep drop o↵ in the number of pixels at lower
field strengths, for both Sunrise and Hinode, is in a regime
dominated by noise. Since the noise levels for IMaX observations are higher in comparison, the peak for horizontal fields
is at slightly higher field values. Secondly, the Hinode/SP scan
covered a significantly larger field of view, that is, 327.5200
(east-west) by 163.8400 (north-south along the line of sight) as
compared to Sunrise. Therefore, it managed to catch a larger
part of the polar scene, including the rarer larger magnetic structures with the strongest fields. The main reason for the di↵erence
is that a filling factor was used when analysing the Hinode data,
but not for the Sunrise data. Despite the high resolution of the
Sunrise mission, there are still unresolved magnetic structures,
and without using a filling factor, the inversion returns somewhat
weaker and more horizontal fields.
In a next step, we look at the morphology of the largest
magnetic patches in our observations and then analyse them
in the context of all magnetic patches in our FOV. There are
three relatively large magnetic patches embedded with bright
faculae in the FOV, marked by red boxes in Fig. 1. Figure 4
shows a closer view of two of these patches (b and c in Fig. 1).
The patches contain contiguous pixels of high magnetic field
strength, with a maximum value around 1350 G. These magnetic structures are accompanied by a facular brightening in

2.5

0.0
[arcsec]

2.5

Fig. 4. Two examples of polar faculae: continuum intensity (a and b),
magnetic flux in Maxwell (c and d) and line-of-sight inclination in
degrees (e and f ) for these patches. The black contour lines enclose
pixels which meet the noise and size thresholds described in Sect. 2.
The white arrow indicates the limbward direction.

the continuum intensity images, as can be seen in panels a
and b of Fig. 4. Dark, narrow lanes in the continuum intensity are found to lie on the disc-centre side of these brightenings, as earlier pointed out by Keller et al. (2004), Carlsson et al.
(2004) and Hirzberger & Wiehr (2005). Although present in
both features, these dark lanes are more evident in panel b of
Fig. 4. We also note that the maxima of the magnetic field
are slightly shifted with respect to the continuum brightening
towards the disc centre by ⇠0.005, in agreement with the findings of Quintero Noda et al. (2016). This shift, and the bright
and dark features can be explained in the context of the ‘brightwall’ e↵ect of Spruit (1976, 1977) and is discussed in more detail
in the next section. The corresponding line-of-sight inclination
angle of the magnetic field vectors within these patches is indicative of a magnetic field structure that expands with height (with
the field pointing into the Sun in these particular cases).
In Fig. 1 (bottom panel), there are numerous concentrations
with a significant Stokes V signal outside of the large magnetic
patches (red boxes from Fig. 1) scattered over FOV, ranging
from the smallest (4 contiguous pixels based on the size criteria) to the large magnetic concentrations with embedded faculae.
Figure 5 shows the distribution of peak field strength of patches
vs. their area (panel a) and versus their total flux (panel b). We
find that the peak field strength within a patch increases as the
total flux and also the area of the patch increases. In panel b
the field strength increases sharply for smaller patches (up to
8 ⇥ 1014 cm2 in size) with total flux of up to ⇠1016 Mx, and
above this value the increase is relatively gradual. The initial
steep increase is very likely due to the smallest patches with total
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Fig. 5. Peak magnetic field within a patch versus area of the patch (panel a) and versus total flux per patch (panel b). Each data point represents a
magnetic patch, with the colour in panel a showing its µ value and in panel b its area, corrected for the heliocentric position of the patch. In panel
a, the green curve shows the average value of the data points in logarithmic spaced bins for patches with µ  0.17 and the dotted black curve is
for patches with µ 0.17. The red curve in panel b shows the average value of all data points in logarithmically spaced bins. The plot contains all
patches from two consecutive observing runs of the full Stokes vector recorded by IMaX, which meet the PSC described in Sect. 2.

flux 1016 Mx not being fully resolved, thus we retrieve weaker
field strengths without introducing a filling factor. In panel a we
find the smaller patches to show a larger scatter in magnetic field
strength, which gradually decreases with increasing size as well
total flux (panel b). Since the black and green curves in panel a
are almost falling on top of each other we conclude that there is
no dependence on the µ value of the patch.
We also looked at the distribution of patch areas (black
curve) and their polarity distribution (red and blue curves) in
our FOV in Fig. 6. To determine the polarity of a patch we
summed up the Stokes V signal at one filter position for all pixels
that are classified as vertical according to the method described
in Sect. 3. The sign of this sum determines the polarity of the
patch. This polarity determination, found to be the same for all
4 filter positions within the spectral line, was only applied to
those patches that have vertical fields (the polarity of the patches
with only horizontal fields was not determined i.e. they are not
included in the red and blue curves). In 2009, the majority polarity of the North polar region was negative. We found patches of
positive polarity up to an area of ⇠2.5 ⇥ 1016 cm2 and patches of
negative polarity up to an area of ⇠1.5⇥1017 cm2 . The maximum
net flux per patch for positive polarity is ⇠2.3 ⇥ 1017 Mx and for
the negative polarity it is ⇠1.2 ⇥ 1019 Mx. Above ⇠2.3 ⇥ 1017 Mx,
patches are unipolar and negative, in accordance with the dominant polarity of the north polar region during this phase of the
solar cycle. This indicates that the large kG flux concentrations
in the polar region are responsible for maintaining the major
polarity of the polar region, in agreement with the findings of
Shiota et al. (2012). For smaller patches, we found the minority
(positive) polarity patches to dominate. This deviation from the
polarity balance is unexpected and possibly results from instrumental and viewing geometry e↵ects: Some patches with only
horizontal fields have not been included in the analysis, the disambiguation might introduce a systematic e↵ect and the calibration o↵set of IMaX zero level cannot be determined to the
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required accuracy level. In our FOV, the total flux of all positive
polarity patches is ⇠8 ⇥ 1018 Mx and for the negative (majority)
polarity patches is ⇠1.8 ⇥ 1019 Mx. The latter is reduced to a
value of ⇠3.3 ⇥ 1018 Mx when excluding the unipolar (negative)
patches larger than 2.5 ⇥ 1016 cm2 in size.
In Fig. 7, we analyse the dependence of the temperature on the magnetic field strength. Each data point in this
figure represents a pixel in the FOV; and the data points are
colour-coded according to their heliocentric angle (µ-value).
Three distinct populations can be identified, highlighted in the
three panels of this figure: One population includes the points
(solid circles; see Fig. 7a), which belong to magnetic structures
outside the large magnetic patches. This population is characterised by an increase in temperature with increasing µ-value and
a maximum deduced field strength of ⇠500 G. A second population is formed by the data points (solid asterisks; see Fig. 7b)
associated with the patch closer to the limb (box a in Fig. 1)
with µ-values between ⇠0.1–0.13, which are hotter (brighter)
and harbour higher intrinsic field strengths (>500 G) compared
to the pixels with similar µ-values lying outside of the patch.
The third population contains the data points (solid triangles; see
Fig. 7c) which belong to the two large patches closer to the disc
centre (box b and c in Fig. 1) with µ-values greater than 0.25.
This population shows the highest temperature in the entire FOV,
and also the maximum intrinsic field strength. There are pixels
with temperatures higher than 6000 K, but with field strengths of
⇠500 G and pixels with temperatures less than 5800 K but with
kG magnetic field values. This behaviour is a result of the shift in
the maxima of the magnetic field with respect to the continuum
brightening seen in Fig. 4.

5. Discussion
The high spatial resolution of the IMaX observations together
with the PD reconstruction (to correct for the spatial PSF) made
it possible to invert the observations without a filling factor. We
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Fig. 6. Histogram of the area of the magnetic patches in the FOV (black
curve) as a function of patch area. The blue (red) curve is for patches
with a negative (positive) polarity. The dominant polarity of the north
polar region in 2009 was negative.

Fig. 7. Scatter plot of magnetic field strength versus temperature. All
three panels show the same pixels but the di↵erent populations (see
text) are highlighted by colour coding with µ. The data points in the
figure are pixels in the FOV which meet the noise thresholds. Pixels
from large magnetic patches with embedded polar faculae (panels b
and c) are denoted with asterisks and solid triangles. The plot has data
points from two consecutive observing runs of IMaX.

retrieved kG field strengths in the larger magnetic patches within
the FOV. Tsuneta et al. (2008b) had resorted to a two-component
(with magnetic and straylight components) atmosphere inversion, which was necessary because of the lower spatial
resolution of the Hinode telescope. To test the need for a filling factor to invert data at the spatial resolution of Hinode, we
performed additional experiments. In these tests, we analysed
IMaX data not restored using the PD technique. We binned these
unrestored Stokes images 3 ⇥ 3, to make the spatial resolution
comparable to that of Hinode. We then inverted these unrestored
data, with the same inversion setup as described in Sect. 3. The
inversion of these spatially-smeared and binned IMaX data did

not result in the retrieval of kG fields in the large magnetic concentrations.
We see evidence of facular brightening in Fig. 4 (panel a
and b), where the locations of the strongest magnetic fields are
shifted (towards disc centre) with respect to the bright regions
in the continuum intensity. Additionally we also see dark, narrow lanes towards the disc-centre side adjacent to the bright
faculae. These features agree very well with the extension of
the “bright-wall” model of Spruit (1976, 1977) proposed by
Keller et al. (2004) and Carlsson et al. (2004). The magnetic
concentrations are in an approximate pressure balance with the
surrounding non-magnetic plasma of the same geometric height.
The increased magnetic pressure in these concentrations results
in their evacuation. The opacity decreases locally in the less
dense interiors of the magnetic features, so that the ⌧ = 1
surface is depressed. Consequently, when seen from an angle
(corresponding to a vertically oriented magnetic feature near
the limb), most of the continuum radiation emerges from the
interface of the flux concentration and the limbward granule,
explaining the slight shift in the location of the magnetic field
maxima and the continuum brightening. The appearance of the
dark lanes in front of bright faculae was thoroughly investigated by Keller et al. (2004) and Carlsson et al. (2004). Following Keller et al. (2004) the line of sight, in addition to being
dominated by the “bright-wall” of the limbward granule also
passes through the cool, dense downflowing material at the interface of the disc-centreward granule and the flux concentration,
explaining the appearance of these dark lanes.
Figure 7c highlights data points from the large magnetic concentrations (coloured solid triangles). There pixels with high
temperatures and average field strengths, as well as pixels with
kG field strengths and average temperatures can be identified.
This is yet another manifestation of the shift in the intensity
maxima and magnetic field maxima, described above. Additionally, we can see from the inclination angles between the lineof-sight and the magnetic field in panels e and f of Fig. 4 that
the magnetic field in the large magnetic concentrations expands
with height. The circular polarisation signal of these magnetic
concentrations is bipolar (see Fig. 1 bottom panel), unlike the
unipolar appearance at disc centre, consistent with the magnetic
field fanning out with height (Pietarila et al. 2010).
In addition to the large kG patches discussed above, we found
the polar landscape to be covered by magnetic patches of varying
size. Figure 5 captures the increase of magnetic field strength of
the patches with increasing magnetic flux and patch size. Smaller
patches with lower total flux show a significant dispersion in
field strengths with no kG fields. This dispersion decreases with
increasing size (flux), where the largest patches with higher flux
harbour kG fields. For smaller flux concentrations the scatter in
field strengths, and the largely weak fields can be partly understood in the context of the earlier studies of Venkatakrishnan
(1986), Solanki et al. (1996), Grossmann-Doerth et al. (1998), in
which the evacuation of these flux concentrations by the convective collapse process (Parker 1978; Spruit 1979; Solanki 1993)
is hindered by the more efficient radiative heating from the surroundings. Other factors leading to the larger scatter may be the
lower signal values in the smaller features, and the greater scatter
in inclination of weaker fields (for weak fields, small changes in
Stokes Q or U correspond to large changes in inclination and/or
B). Also we would like to note that we have very few large kG
patches in our FOV to comment on their dispersion in peak field
strength or area.
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We also found that in our FOV patches tend to have negative
polarity above a size of ⇠2.5 ⇥ 1016 cm2 (see Fig. 6), which corresponds to a flux of ⇠2.3 ⇥ 1017 Mx, and have the same polarity
as the majority polarity of the north pole in 2009. This is close to
the value reported by Shiota et al. (2012) of 1018 Mx. It implies
that the polarity of the polar regions is maintained by large kG
flux concentrations. Additionally, we found a polarity imbalance for smaller patches (smaller flux), which is in contrast with
the findings of Pastor Yabar et al. (2020), who report a balance
of polarities at smaller flux values. The lack of flux balance at
small scales in our case is surprising. We have carried out ad hoc
estimations of the required polarimetric zero level o↵set to produce such an imbalance, the results show that the imbalance
cannot be accounted for by the calibration o↵set of the IMaX
zero level. Other possible factors that could partly be responsible
for di↵ering findings of the two studies are that firstly our observations are during solar minimum, as opposed to theirs which
are during solar maximum. In addition, they employ a di↵erent
proxy to estimate polarity.
If we consider the size of the patches, we see that the largest
magnetic patch in our distribution in Fig. 6 is 2537 pixels large.
Anusha et al. (2017), in their study of small magnetic features in
the quite Sun also with the IMaX instrument, had reported the
largest feature size of 1585 pixels. The large size of the unipolar
patches in our study is compliant with Ito et al. (2010), who find
that the kG flux concentrations on the Sun’s polar region are on
average larger than those of the quiet Sun and, mostly due to the
viewing geometry, also appear brighter.
If we look at Eq. (1), the emergent intensity samples higher
layers near the limb (lower µ values), where the source function achieves smaller values, leading to lower intensity (centreto-limb variation or CLV of emergent intensity). Figure 7
captures this CLV of intensity nicely under the assumption that
we are dealing with 1D atmospheres. The pixels outside of the
large patches (panel a, solid circles) show progressively lower
temperatures with decreasing µ values. In the same figure, pixels from the large magnetic patch at the extreme limb (panel b,
solid asterisks), have weaker magnetic field and lower temperatures in comparison to the pixels from the other two large patches
(panel c, solid triangles). However, we do acknowledge that we
have a limited sample of only 3 such large patches. The field
strength of the large magnetic concentrations decreases with
height, as these structures expand due to a decrease in the surrounding gas pressure. This, coupled with the emergent radiation
sampling higher layers closer to the limb, results in lower temperatures and weaker field strengths retrieved for the limbward
large magnetic patch compared to the two large patches closer
to the disc centre. These dependencies may well be enhanced
by the finite thickness of the magnetic features. In such a case,
radiative transfer e↵ects occurring along the inclined rays lead
to reduced Stokes amplitudes and also influence the line profiles
in more subtle ways (Solanki et al. 1998).

6. Summary
In this study, we analysed IMaX observations of the North polar
region of the Sun. We invoked the Eddington-Barbier relation to
perform a µ-dependent inversion of the spectropolarimetric data
to infer the atmospheric parameters of the Sun’s polar region.
Given the high spatial resolution of the Sunrise mission, we
could retrieve kilo-Gauss magnetic fields in the large magnetic
A86, page 8 of 9

patches without resorting to a filling factor. This also led to a
confirmation of the distribution of vertical and horizontal magnetic fields in the polar region, which was first reported by
Tsuneta et al. (2008b). The large patches are unipolar (above a
total flux per patch of ⇠2.3 ⇥ 1017 Mx) and contribute to the
dominant polarity of the north polar region, which was negative at this phase of the solar cycle. In addition to the large
patches housing polar faculae, we also found the polar landscape in our FOV covered with magnetic patches of varying
size. These patches, ranging from ⇠0.002 (4 pixels) in size (limited by the size criteria, spatial resolution) up to the large kG
flux concentrations (2537 pixels), exhibit increasing magnetic
field strength with size and magnetic flux. These smaller patches
show both magnetic polarities. It will be quite interesting to trace
the evolution of patches of both polarities in the hope of uniquely
identifying the mechanisms which maintain the abundance of
majority polarity patches during solar minimum. Such a study
is best carried out with data from a vantage point outside the
ecliptic plane, such as those we expect from the SO/PHI instrument (Solanki et al. 2020) on board the Solar Orbiter mission
(Müller et al. 2020).
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5 Conclusions
This thesis is a first step towards providing some observational constraints based on magnetic helicity for the solar dynamo. From the perspective of turbulent dynamo theory,
as delineated in Chapter 3, the ↵ e↵ect is expected to be an important inductive mechanism for the Sun’s magnetic field. However, obtaining observational confirmation of the
↵ e↵ect’s role is not straightforward. In its presence, a certain distribution for the sign of
magnetic helicity with spatial scale and position is predicted by theory, summarised by
the HSR. To ascertain the relevance of the ↵ e↵ect in the solar dynamo, we have to infer
the spatial distribution of magnetic helicity from observations. This is not an easy task,
as seen in Chapter 2, the vector potential in the definition of magnetic helicity is not an
observable quantity, and cannot be uniquely determined without making an explicit gauge
choice.
With these motivations, in Section 4.1, we adopted the Cartesian two-scale approach
developed by Brandenburg et al. (2017), and used it to infer magnetic helicity spectra in a
gauge invariant manner. We found the magnetic helicity spectra to be bihelical, with signs
in accordance with the HSR. Although, evidence for this was already reported by Singh
et al. (2018), their results were in contradiction to that of Brandenburg et al. (2017) for
the declining phase of the solar cycle. To settle this debate, we used data from di↵erent
instruments and found evidence for the HSR, which is robust against instrumental e↵ects
during the early declining phase of the solar cycle. We also found the spectral slope at low
wavenumbers to be less steep with increasing spatial resolution of the data. Violations of
the HSR, that is signs of helicity opposite to what is statistically expected from theoretical considerations, are reported in the early rising phase of solar cycle 24. By means of
applying Tukey windows on the synoptic maps, we were able to demonstrate that ARs
contribute significantly to the reversed sign of helicity at intermediate scales. More importantly, we could recover the global spectrum of magnetic helicity, only by correlating
AR magnetic fields. We interpret this as an observational evidence of an intimate relation
between small-scale and large-scale magnetic helicity in the presence of an ↵ e↵ect, as
seen in Section 3.2.4. A future direction is to extend this study over a much larger sample
of CRs, spanning the duration solar cycle 24, for data obtained from di↵erent instruments.
There is a possible connection between the complexity of an AR and its tendency to carry
the reversed sign of magnetic helicity. By means of the masking experiments, we intend
to clarify this relation between the complexity of an AR and its intrinsic magnetic helicity.
In the work of Brandenburg et al. (2017), Cartesian geometry is assumed. To go beyond the limitation of planar geometry, we extended their formalism to spherical domains
in Section 4.2. Using an angular correlation function and a wide variety of tests, we are
able to demonstrate that it is possible to reliably infer magnetic helicity spectra on spherical surfaces. We do this in a gauge invariant manner, using only magnetic field data on
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such surfaces. This formalism is readily applicable to both solar and stellar data. State-ofthe-art magneto-convection models of stars are available in spherical geometry, and most
of these models numerically integrate the induction equation expressed in B. A promising
line of future investigation, with this new formalism, is to compare the magnetic helicity
from these models with that inferred from observations.
The synoptic maps of the Sun represent a CR, and therefore take the duration of a
solar rotation, approximately 30 days, to be recorded. Our new formalism can be directly
applied to vector magnetograms which are available in spherical geometry and with a
much higher cadence (on the order of minutes). There is some evidence for proxies based
in magnetic helicity, as possible indicators of eruptivity of solar ARs (Pariat et al. 2017,
Thalmann et al. 2019). However, in these studies, they use computationally intensive,
gauge-dependent methods to compute magnetic helicity. Another future project is to use
our angular-correlation-based formalism, and compute these helicity-based proxies efficiently. Furthermore, using the higher cadence vector magnetograms, it allows us to test
the reliability of these eruptivity proxies with longer time series data.
The above methods to infer magnetic helicity use the magnetic field data as input. This
data is usually obtained using Zeeman e↵ect as a diagnostic by means of spectropolarimetric inversions. However, the Zeeman e↵ect bears an intrinsic ⇡-ambiguity, that is the
orientation of transverse component of the magnetic field vector can only be determined
as an arrow-less vector in the LOS frame of reference. Thus, if the magnetic field vector
cannot be reliably determined, the magnetic helicity computed from it is also unreliable.
To avoid this ⇡-ambiguity, we successfully tested a proxy for magnetic helicity based in
linear polarisation, in Section 4.3. We decomposed linear polarisation measurements of
ARs into parity-even, E, and parity-odd, B, contributions. We found correlations of B
with a parity-even quantities like E or temperature, to carry the same sign as that of the
small-scale helicity in both hemispheres, that is negative (positive) in the north (south).
For cases where reliable spectropolarimetric inversions of magnetic field are unavailable,
this EB based approach is a promising proxy for magnetic helicity.
In Chapter 3, we saw that for closed systems, conservation of magnetic helicity imposes constraints on the saturation time scale of the large-scale field. Small-scale helicity
fluxes can provide a means to avoid this resistively slow saturation for open systems, such
as the Sun, and thus prevent the quenching of the large-scale solar dynamo. The solar
ARs upon emergence at the surface, decay and over time are advected to the polar regions
via transport processes (Wang 2009). Consequently, AR flux contributes to the open flux
at the Sun’s polar regions, which are also a major source of the fast solar wind (Hassler
et al. 1999, Tu et al. 2005). These ARs carry small-scale magnetic helicity. Therefore,
the polar regions are a potential candidate for small-scale helicity fluxes out of the system. Very little is known about the rate of change of helicity at the Sun’s poles. A future
project is combine the tools, correlation functions and the EB based approach, to infer
magnetic helicity from polar observations. In order to make this possible, higher cadence
and reliable observations of the Sun’s poles are absolutely essential.
Our knowledge of the Sun’s polar magnetic environment is not yet complete, as the
viewing geometry, the steep intensity gradient at the solar limb, and associated foreshortening present formidable challenges for spectropolarimetric inversions. For the BL approach to model the solar dynamo, the polar fields hold a place of importance. The surface
polar fields are an important source term for the toroidal field of the subsequent cycle.
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This result was proposed by Cameron and Schüssler (2015), using synoptic magnetogram
data in their work. The lower resolution of synoptic maps exacerbates the hurdles involved
in observing polar magnetic field. In conclusion, there is definitely a need for better magnetic field data of Sun’s poles. With these goals, using high resolution observations captured by the balloon-borne Sunrise mission, we were able to present an improvement of
the inversion scheme by relying on the Eddington-Barbier approximation. This is crucial
as it accounts for the electromagnetic radiation emerging from progressively higher layers
when observing the solar limb from the ecliptic plane. This improvement will aid a better
retrieval of polar magnetic field from the next generation of solar telescopes.
DKIST, in particular, the current largest solar telescope, can provide an even better
resolution from the ground due to its four times larger aperture in comparison to Sunrise.
Another exciting opportunity is with the Solar Orbiter mission (SO, Müller et al. 2020),
which allows for observations of the Sun from a di↵erent vantage point, away from the
Sun-Earth line. The observations from these two vantage points avoids the need for disambiguation of magnetic field data, thus making it possible to have more reliable synoptic
maps. Additionally the SO mission, in a few years time, will view the Sun’s poles from
outside the ecliptic plane. This opens up avenues for a better characterisation of the polar
region. With better synoptic maps and polar field data available in the near future, in combination with the various tools and improvements we developed in this thesis, the goal to
provide reliable magnetic helicity constraints for the solar dynamo is within reach.
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Ameya P. Prabhu: Towards constraining the solar dynamo
with observational studies of the Sun’s magnetic field
A complete understanding of the physical mechanisms responsible for
the solar magnetic field is yet to be attained. The origin of the Sun’s
magnetic field, with its spatio-temporal coherence, is attributed to a
dynamo mechanism operating within its convection zone. The solar
dynamo operates in a turbulent regime, this presents a considerable
difficulty for realistic numerical modelling and makes analytical treatment intractable. A step towards gaining a better understanding of the
solar dynamo is by providing observational constraints for theoretical
predictions. This is the path is adopted in this thesis. The theory of
turbulent dynamos predicts the presence of an ↵ effect as an important ingredient of the solar dynamo. The ↵ effect generates magnetic
helicity of opposite signs on small and large scales, accompanied by
a further sign change upon crossing the solar equator, known as the
hemispheric sign rule (HSR). Providing evidence for such a HSR, lends
indirect confirmation for the role of the ↵ effect in generating and maintaining the solar magnetic field. However, inferring magnetic helicity
from observations is a challenging task. In this thesis, we use existing
methods, as well as develop newer ones, with the aim of characterising
solar magnetic helicity. We find evidence for the HSR, robust against
instrumental effects. Fluxes of helicity from the Sun’s poles are postulated to be crucial for the survival of the solar dynamo. Thus, in this
thesis we also present an observational study of the solar polar region.
In the near future, with the availability of high resolution observations
of the Sun’s poles, the techniques developed in this thesis provide a
promising framework to observationally constrain fluxes of magnetic
helicity.

