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Chapter I

Introduction
On March 2nd , 2004 ESA celebrated the successful launch of the ROSETTA spacecraft on
board an Ariane 5 launcher from Kourou in French Guyana. The aim of the ROSETTA
mission is to explore the comet 67P/Churyumov-Gerasimenko, which it should reach in the
year 2014. The spacecraft consists of an orbiter and a landing module, which is designated
to perform the first safe landing on a comet in history. ROSETTA carries on the tradition
of in-situ comet exploration started by the flybys of ICE at Giacobini-Zinner, the two VEGA
missions and Suisei who encountered Halley, the GIOTTO flyby at comets Grigg-Skjellerup
and Halley as well as the recent encounters of the DS1 mission at Borelly and of Stardust at
Wild-2.
Comets are believed to be made of very old material formed at the early stages of the solar
system evolution. Therefore, comets provide an insight into the mechanisms which have
formed our planetary system. Most comets originate from the Kuiper belt and Oort’s cloud,
located beyond Pluto’s orbit. In these regions of the solar system, water ice and many other
volatile substances are stable. Consequently, comets are rich of water ice, which contributes
around 75% of their mass. Another 25% by mass consists of dust particles which are similar
in composition to carbonaceous chondritic meteorites. Admixed are other volatiles like CO2 ,
CO, H2 CO, CH3 OH and NH3 CO. The composition of mainly water ice together with dust
lead to the picture of a “dirty snowball”.
Gravitational disturbances may alter a comet’s orbit, which then enters the inner solar system
in a strongly eccentric orbit. Somewhere between 3AU and 4AU away from the sun, the
volatiles start to sublimate and form the gas coma around the nucleus. This outgassing also
releases dust particles which are accelerated mainly by the light pressure of the sunlight to
form the bright, white dust tail of a comet. The gas, however, becomes ionised by the UV
radiation of the sun. These ions interact with the interplanetary electromagnetic field, which
is carried by the solar wind, and form the plasma tail, which appears blue in the visual range.
This interaction and plasma tail formation for the case of weakly outgassing comets is the
subject of this work.
The interaction between the solar wind or a general collisionless plasma flow with some
obstacle, may be categorised into three main aspects of the obstacle. These are the geometry—
especially the size—of the obstacle, the presence of an intrinsic magnetic field and the presence
of an ionosphere. Furthermore it is important, whether the plasma flow is sub- or supersonic,
sub- or superalfvénic or a combination of these. In the case of the solar wind interaction
with comets, which are located outside any planetary magnetospheres, however, the flow is
practically always supersonic and superalfvénic.
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The simplest obstacle is a large body without ionosphere nor intrinsic magnetic field, like the
Earth’s moon. The solar wind “interacts” with the obstacle mainly by hitting its surface and
being absorbed. Behind the obstacle a plasma vacuum evolves, which nevertheless provides
interesting physics in itself. For a large obstacle with a large intrinsic magnetic field, like
the Earth, this field governs the interaction leading to a formation of a magnetopause, which
protects the body from direct penetration by the solar wind. If the body has no intrinsic
magnetic field, but an ionosphere, this ionosphere is directly subject to the interaction with the
solar wind. This leads to the pick-up of the ionospheric ions and a erosion of the ionosphere, as
it is the case at Mars and Venus. This situation is similar to that of comets, however, the size
ratio of ionosphere to the obstacle is entirely different between planets and comets. Actually,
the size of the cometary nucleus is negligible to that of the coma. Hence, the nucleus itself
can be neglected when investigating the pick-up process and plasma tail formation. From a
plasma physical point of view, a comet consists only of its ionosphere, which makes it a nice
laboratory for the investigation of this interaction type.
Two characteristic length scales have to be considered when dealing with the solar wind
interaction with a comet. One is some characteristic scale of the coma and the other the
gyroradius of the heavy (cometary) water group ions. The scale of the coma is hard to
determine, because the ion densities basically have a 1/r 2 -profile, which is naturally scalefree. However, one could think of some criteria, like the distance from the nucleus, where the
ion density falls below some certain percentage of the solar wind proton density. The other
scale, i.e. the gyroradius of the pick-up ions, depends on several solar wind parameters. One
can introduce an “effective ion production rate”, which takes account for these dependencies.
For a strongly outgassing comet, like Halley, the coma scales are much larger compared to
the gyroradius of the pick-up ions. Due to this, the MHD picture was quite successful in
explaining the observed data. However, as Bogdanov et al. [11] pointed out, for a weakly
outgassing comet like Wirtanen, the situation regarding the two mentioned scales is vice
versa. This leads to an entirely different nature of the interaction, which is not accessible to a
single fluid MHD description. The main differences they found is the absence of the classical
plasma boundaries, like the bow shock, and the cycloidal form of the plasma tail, reflecting
the gyromotion of the cometary ions. Bogdanov et al. [11] divided the two-dimensional
parameter space spanned by the effective production rate and the Alfvénic Mach number of
the flow into three regions for “weak comets”, “strong comets” and a non-linear transition
regime. The term “weak comet” is used in that sense here, i.e. it refers to the nature of
the interaction process. Of course, being “weak” in that sense, depends strongly on the gas
production rate, and therefore on the heliocentric distance of the comet. It is no intrinsic
property.
Wirtanen was the designated target of the ROSETTA mission before the launch in January
2003 was cancelled. Therefore, the investigation of the plasma environment of this comet at
large heliocentric distances was chosen as a focus of this work. The new target ChuryumovGerasimenko was observed to have quite similar gas production rates, though being four times
larger, because it appears to be less active. Therefore, also Churyumov-Gerasimenko can be
clearly identified as a weak comet. The qualitative results presented in this work are hence
valid for both comets, whereas the quantitative results needed only minor adjustments.
As already pointed out, a single-fluid MHD description cannot model the typical features of

3
the solar wind interaction with a weak comet. This is, besides other details, mainly because
the cycloidal motion inside the plasma tail implies two completely different bulk velocities
for the solar wind and the cometary ion plasmas. However, bi-ion fluid models [95, 96, 64]
provide an adequate description regarding the global picture. Inspired by this work, the
question arose, whether kinetic effects may play a role in the problem under consideration.
To address this question, a kinetic numerical simulation model is needed. Although electronic
kinetic effects may influence the interaction, a fully kinetic model is not applicable due to the
rather large scales of the interaction region compared to the electron gyroradius. Therefore a
very fine resolution and consequently a huge simulation grid would be needed which exceeds
current computational capacities. The hybrid model, which treats the ions kinetically and the
electrons as a fluid, provides a solution to the problem. However, the GIOTTO measurements
and MHD theory have shown that at least for strong comets, the plasma boundaries vary
strongly in scale, e.g. Halley’s bow shock and the diamagnetic cavity differ by almost three
orders of magnitude in size. Such different scales can be expected for weak comets also, at least
in the transition regime to the stronger case. To do a numerical simulation which can model
such large scale variations, some kind of adaptive simulation grid is needed. This technique
is very well developed in fluid dynamics and was successfully applied to MHD simulations of
comets [36]. However, at the beginning of this work, no functioning hybrid code using some
sort of adaptive grid was available. Thus, a completely new hybrid model simulation code
was developed.
The development of a numerical simulation code of this complexity is a delicate matter.
Although the basic model is well developed and the literature is quite exhaustive, there
are numerous different approaches to the actual numerical realization. Moreover, there are
different approaches for the generalisation to an adaptive grid. Basically one can use a
Cartesian grid where the cells in regions, where high resolution is needed, are split into
smaller ones. The other possibility is the use of a curvilinear grid, which can be adapted
to the simulation geometry to yield a higher resolution where needed. Either way, the main
problem for a kinetic code is to maintain a minimum number of particles in the smallest cell.
The best way to do this is still a subject to actual research.
The code presented here is a hybrid code which is capable of using an arbitrary, curvilinear
grid in three spatial dimensions. It has been successfully applied in our working group to
the subject of weak and strong comets, investigations for interpreting CASSINI data of the
Jovian bow shock, the induced magnetosphere of Mars and the interaction of the solar wind
with asteroids.
After presenting the basic hybrid model equations in chapter II, a rather extensive discussion
of the numerical details is given in chapter III. After this, results for certain test scenarios are
presented in chapter IV to prove its correctness and stability. Chapter V gives an overview of
the basic physical mechanisms involved in the solar wind interaction with weak ionospheric
obstacles. These mechanisms are illustrated by qualitative simulation results. The quantitative results for comet Churyumov-Gerasimenko at different heliocentric distances are given in
chapter VI. These quantitative simulations were done in two and three spatial dimensions.
The results for Churyumov-Gerasimenko will give clear evidence for the importance of kinetic
effects and show various interesting plasma physical effects never been observed in-situ. Moreover, they give an insight to the particle dynamics and energy distributions, which were not
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accessible by the earlier fluid descriptions. Although the results do not claim to be an exact
prediction for the data that the ROSETTA mission will yield—due to the natural uncertainty
of several parameters—they are valuable for the interpretation of the upcoming measurements
and also for planning ROSSETTA’s final approach trajectory.

Chapter II

Hybrid Model
1

Basic equations

Like in all models describing collision-free plasmas, the starting point is the full set of the
vacuum Maxwell equations
∇·B =0
1
∇·E = ρ
ε0
1
∇ × B = 2 ∂t E + µ0 j
c
∇ × E = −∂t B

(II.1)
(II.2)
(II.3)
(II.4)

and the Vlasov equation
∂t fs + v · ∂x fs +


qs 
(E + v × B) · ∂v fs = 0 .
ms

(II.5)

fs , ms and qs are the distribution function, the mass and charge of the particles of species s,
respectively.
From the positions xp and the velocities v p of the individual particles the distribution function
fs of particle species ’s’ can be obtained. The moments j and ρ can then be computed by
summing over all species (electrons and ions):
ρ(x) =

X

qs

s

j(x) =

X
s

qs

Z
Z

fs (x, v)d3 v
vfs (x, v)d3 v

,

(II.6)
.

(II.7)

The hybrid model in general uses a statistical approach for solving eq. (II.5) with respect
to the ion compound and a fluid description for the electron compound. The displacement
current in eq. (II.3) will be neglected (Darwin approximation) and quasi-neutrality will be
assumed. In the model presented here, the electrons are furthermore assumed to be massless.
These approximations are described in the following sections.
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Quantity
Magnetic field strength
Density
Bulk velocity
Electron temperature
Ion temperature

B0
n0
u0
Te
Ti

Electron gyrofrequency
Electron gyroradius
Electron plasma frequency
Electron inertia length
Debye length
Proton gyrofrequency
Proton gyroradius
Proton plasma frequency
Proton inertia length
Alfvén velocity
Alfvénic Mach number
Electron plasma β
Ion plasma β
Sound velocity
Sound Mach number

Ωe
re
ωpe
c/ωpe
λD
Ωp
rp
ωp
c/ωp
vA
MA
βe
βp
cs
Ms

Typical value
5nT
5cm−3
400km/s
105 K
5 · 104 K
Derived value
1040Hz
380m
150kHz
2km
20m
0.5Hz
800km
3.5kHz
85km
48km/s
8
0.7
0.35
35km/s
11

Table II.1: Typical parameters for the undisturbed solar wind at 1AU. The plasma is assumed to
consist only of protons and electrons.

1.1

Quasi-neutrality

The approximation of quasi-neutrality, ne = ni , is well justified for frequencies below the
electron plasma frequency
s
e2 ne
ω ≪ ωpe =
(II.8)
ε0 me
and length scales above the Debye length
v
uε k T
u 0 B
λD = t P 2
qα nα

.

(II.9)

α

For a typical plasma under consideration the parameters of the solar wind at 1AU are given
in tab. II.1. For the interaction of the solar wind with a comet typical smallest length are
of the order of 10-100000km and typical time scales are 1s up to several hours. The above
assumptions are very well justified for this case.

1.2 Darwin approximation

1.2

7

Darwin approximation

For low frequency phenomena it is a commonly used approximation to neglect the displacement current in eq. (II.3) which then reduces to
∇ × B = µ0 j

.

(II.10)

This is often referred to as the “Darwin limit” or “Darwin approximation” (cf. [45, 122]),
although this term exactly refers to only neglecting the transverse part of the displacement current [42]. According to Hewett [42], retaining the longitudinal part is important
for non-neutral plasmas. Using eq. (II.10) is therefore consistent with the assumption of
quasi-neutrality, which is shown below.
The Darwin approximation is obviously justified if
µ0 j ≫

1
∂t E
c2

(II.11)

for the phenomena under consideration. For a frequency ω, ∂t E is of the order of ωE. For
a “collision-free” plasma, where the collision frequency νc is small compared to the electron
gyration frequency Ωe , one can neglect the Pedersen and Hall conductivities and j is of the
order of σE ′ with
e2 ne
σ=
.
(II.12)
m e νc
Using this in eq. (II.11) yields
2
ωpe
σ
=
ω≪
ε0
νc

.

(II.13)

Since for all plasmas there is νc ≪ ωpe , eq. (II.13) is always fulfilled if eq. (II.8), i.e. the
quasi-neutrality condition, holds.

1.3

Electrons

The electrons are treated as a fluid, i.e. the distribution function fe in eq. (II.5) is represented by the first two moments ne and ue , which are the number density and mean velocity,
respectively, as well as the pressure tensor Pe .
From eq. (II.5) one can derive a momentum conservation equation for the electron fluid (c.f.
[17, 122]):
(II.14)
dt (ne me ue ) = −ene (E + ue × B) − ∇Pe + ene R · j ,
where R is the resistivity tensor, which takes account for the “anomalous resistivity” due
to high frequency wave-particle scattering and instabilities which cannot be described in the
hybrid model.
Although it is possible to retain the tensor properties of Pe and R, cf. [61], it is neglected
here, i.e.
1
(II.15)
Pe = pe · 1 , R = R · 1 = · 1
σ

II Hybrid Model
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is used in eq. (II.14), where 1 is the unity matrix.

As the next level of approximation the electron mass me is assumed to be zero in the l.h.s.
of eq. (II.14):
me = 0 .
(II.16)
There are several codes using a non-zero electron mass [43, 60, 61], which has been shown
to be of some importance for microscopic effects. For the purpose of large scale and low
frequency phenomena, which are mainly governed by the ion dynamics, me = 0 is a suitable
assumption. Basically, neglecting the electron inertia means that Ωe → ∞. Therefore all high
frequency wave modes can no longer be described. Moreover the dispersion relation for the
Whistler mode is no longer limited by Ωe which tends to make hybrid models with me = 0
to become “Whistler unstable”. This further limits the validity of the model to frequencies
in the range of Ωi .
With (II.15) and (II.16) eq. (II.14) yields an explicit expression for the electric field:
E = −ue × B −

1
∇pe + Rj
ene

.

(II.17)

Using j = j e +j i = −ene ue +eni ui , the quasi-neutrality condition ni = ne = n and eq. (II.10),
eq. (II.17) becomes
E(ui , ρc , B, pe ) = −ui × B +

∇ × B × B ∇pe
∇×B
−
+R
ρc µ0
ρc
µ0

,

(II.18)

where ρc = ne is the ion charge density. The above expression is referred to as “generalised
Ohm’s law”. With this, E can be computed solely from the moments ui and ρc of the ion
distribution function fi as well as B and pe . The quantities ui and ρc are obtained from the
ion component (see next section), whereas B is computed via Faraday’s law (see below). For
pe an adiabatic law is assumed here:




ne κ
ρc κ
pe = pe0
= pe0
,
(II.19)
ne0
ρc0
where κ is the adiabatic exponent. The second equation in eq. (II.19) holds because of the
quasi-neutrality ne = ni and ρc /ρc0 = ni /ni0 .
Eq. (II.18) together with Faraday’s law eq. (II.4) yields a time evolution equation for the
magnetic field:




∇×B
∇×B×B
−R∇×
.
(II.20)
∂t B = ∇ × (ui × B) − ∇ ×
ρc µ0
µ0
The first term on the r.h.s. of eq. (II.20) is called “kinetic” or “convective” term, because it
describes the convection of the magnetic field due to the plasma flow ui .
The second term is called “Hall term” or “dispersive term”. In eq. (II.18) it describes the
electric field which arises from a effective current j due to the Hall effect. In eq. (II.20) it
includes dispersive effects in the magnetic field, which are responsible for the formation of the
Whistler mode.

1.4 Ions
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The last term is called “resistive” or “dissipative” term. It includes the anomalous resistivity
effects in eq. (II.18) and leads to dissipation of the magnetic field in eq. (II.20).
The pressure gradient term of eq. (II.18) can be shown to disappear in eq. (II.20), using
∇ × ∇ = 0 and eq. (II.19).

1.4

Ions

The hybrid model treats the ions kinetically, i.e. solving the Vlasov equation (II.5) for the
distribution functions fs of the ion species s. In a so-called “Vlasov code”, cf. [14], fs is
sampled at fixed points in phase space. With current computer capacities this can be done
in two spatial and three velocity dimensions. For a full 3D code the phase space has six
dimensions and the number of data points becomes far too large to handle.
Therefore one can solve eq. (II.5) by means of its characteristics, which are nothing else but
the equations of motion for individual particles:


dv p
qp
∇×B
(II.21)
=
+ vp × B
E−R
dt
mp
µ0
dxp
= vp ,
(II.22)
dt
where xp , v p , qp and mp are the individual position, velocity, charge and mass of a certain
particle, respectively. The index p runs over all particles. The resistive term including R in
eq. (II.21) cancels with the corresponding term in eq. (II.18), which is necessary to conserve
the overall momentum of the system [61].
The moments ρc and j i of the ion distribution function are calculated by applying eqs. (II.6)
and (II.7) for all ion species. ui is then obtained by ui = j i /ρc . One could think of ui as the
mass-averaged bulk velocity, but here it is charge-averaged, because this is the meaning of ui
in eqs. (II.17) and (II.18).

2

Normalisation

In the code which will be described in the next chapter as well as in most results presented
here, the physical quantities are normalised to certain background values:
A∗ =

A
A0

,

(II.23)

where A, A0 and A∗ are some physical quantity, the normalisation value and the resulting
dimensionless quantity, respectively.

2.1

Normalisation values

For the background magnetic field B 0 and the ion number density n0 two arbitrary values
are chosen, which represent the values of the undisturbed solar wind plasma for a particular
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Quantity
Magnetic field strength
Number density
Time
Length
Velocity
Mass density
Charge density
Mass
Charge
Current density
Electric field
Pressure

A
B
n
t
x
v
ρm
ρc
m
q
j
E
p

A0
B0
n0
t0 = Ω−1
i0
x0 = c/ωp,i0 = vA0 Ω−1
i0
v0 = x0 /t0 = vA0
ρm0 = mp n0
ρc0 = en0
m0 = ρm0 x30
q0 = ρc0 x30
j0 = en0 vA0
E0 = v0 B0 = vA0 B0
p0 = B02 /(2µ0 )

Numerical value
5nT
5cm−3
2s
85km
48km/s
8.4 · 10−3 µg km−3
8 · 10−4 C km−3
5.2 · 10−6 kg
491 C
3.8 · 10−2 µA m−2
0.24 mV/m
0.01 nPa

Table II.2: Normalisation values for all physical quantities used in the simulations (A∗ = A/A0 ).
The numerical values for B0 and n0 are chosen arbitrarily. Here, the same values as for the “reference
plasma” in tab. II.1 are used. The other numerical values are calculated according to the given
expressions. Ω−1
i0 , c/ωp,i0 and vA0 are the inverse proton gyrofrequency, the proton inertia length and
the Alfvén velocity in the undisturbed plasma.

situation. All other normalisation values are then derived from these two in such a way, that
the normalised background charge and mass density become unity. Tab. II.2 summarises all
normalisation values.

2.2

Normalised equations

The relevant equations from the previous sections have to be rewritten using the normalisation
values given above.

1. Eq. (II.10) (Modified Ampère’s law)
∇ × B = µ0 j

⇔

B0 ∗
∇ × B ∗ = µ0 n0 evA0 j ∗
x0
n0 e ∗
2
⇔ ∇∗ × B ∗ = µ0 vA0
Ω−1
j
i0
B0
mp n 0 e ∗
B02
⇔ ∇ ∗ × B ∗ = µ0
j
µ0 mp n0 eB0 B0
⇔

∇∗ × B ∗ = j ∗

.

(II.24)

Or, if one wishes to express eq. (II.10) as ∇∗ × B ∗ = µ∗0 j ∗ , it follows that µ∗0 = 1.
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2. Eq. (II.4) (Faraday’s law)
∂t B = −∇ × E
vA0 B0 ∗
B0
∂t∗ B ∗ = −
∇ × E∗
⇔
t0
x0
⇔ ∂t∗ B ∗ = −∇∗ × E ∗ .

(II.25)

3. Eq. (II.18) (Generalised Ohm’s Law)
∇×B
∇ × B × B ∇pe
−
+R
ρc µ0
ρc
µ0
∗ × B∗
j
∇∗ p∗e
B
ev
n
B02
0 A0 0
vA0 B0 E ∗ = −vA0 B0 (u∗i × B ∗ ) +
−
+ RevA0 n0 j ∗
∗
en0
ρc
2µ0 x0 en0 ρ∗c
∇∗ p∗e
B0
∇∗ × B ∗ × B ∗ 1
Ren0 ∗
−
+
j
⇔ E ∗ = −u∗i × B ∗ +
m
p
2
∗
∗
ρc
2 vA0 eB0 en0 µ0 ρc
B0
E = −ui × B +

⇔

⇔

E ∗ = −u∗i × B ∗ +

∇∗ × B ∗ × B ∗ 1 ∇∗ p∗e
−
+ η ∇∗ × B ∗
ρ∗c
2 ρ∗c

,

(II.26)

where the dimensionless quantity η = Ren0 /B0 has been introduced. Note the factor
1/2 which differs from the original equation.
4. Eq. (II.20) (Time evolution of magnetic field)
Due to eq. (II.25) the time evolution equation for the magnetic field in normalised form
can be easily obtained from eq. (II.26):
 ∗

∇ × B∗ × B∗
∗
∗
∗
∗
∗
∂t∗ B = ∇ × (ui × B ) − ∇ ×
− η ∇∗ × ∇∗ × B ∗ .
(II.27)
ρ∗c
5. Eq. (II.19) (Electrons equation of state)


ρc κ
pe = pe0
ρc0
pe0
∗
(ρ∗c )κ
⇔ pe = 2
B0 /(2µ0 )
⇔

p∗e = βe0 (ρ∗c )κ

,

(II.28)

where the dimensionless electron plasma-beta βe0 has been used, which is a measure for
the (initial) electron temperature.
6. Eqs. (II.21) and (II.22) (Equations of motion for ions)


dv p
qp
∇×B
=
+ vp × B
E−R
dt
mp
µ0

eqp∗
vA0 dv ∗p
∗
∗
∗
∗
∗
⇔
−
η∇
×
B
+
v
×
B
=
v
B
E
A0
0
p
dt∗
mp m∗p
Ω−1
i0

dv ∗p
qp∗
∗
∗
∗
∗
∗
⇔
E
×
B
−
η∇
×
B
+
v
=
p
dt∗
m∗p
dx∗p
= v ∗p
dt∗

.

(II.29)

(II.30)
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The remaining eqs. (II.6) and (II.7) are not used in their present form, since fs is not known
and would have to be obtained from the individual particle positions xp and velocities v p . An
easier way to compute ρc and ui is the “Particle-in-Cell” method with so-called “superparticles”, which will be described in the next chapter. Therefore, no corresponding normalised
equations are given here.

3

Summary

The hybrid model treats the ions as particles and the electrons as a fluid. Using massless
electrons, quasi-neutrality, the Darwin approximation and an adiabatic equation of state for
the electrons, a closed set of equations has been derived. Eqs. (II.30) and (II.29) are 6N
equations for the 6N unknowns x∗p and v ∗p , if N particles are present. Eqs. (II.6) and (II.7)
are 4 equations for the 4 unknowns u∗i and ρ∗c at each position x∗ . Finally, eqs. (II.26)-(II.28)
are 7 equations for the remaining 7 unknowns B ∗ , E ∗ and p∗e at each position x∗ .
It has been shown that this set of equations is a valid approximation for frequencies below and
around Ωp , which is the desired frequency region for the solar wind interaction with comets.
To fulfil the quasi-neutrality condition the length scales have to be large compared to the
Debye length.
The superscript ‘∗’—indicating normalised values—will be omitted in the following, except
where this distinction between physical and normalised values is important.

Chapter III

Simulation Code
1

Basic principles

The earliest implementations of the hybrid model used massless electrons and an isothermal
equation of state in one dimension [69], which were soon extended up to two spatial dimensions
[15, 40, 41]. Furthermore, also one [60] and two dimensional [43] models were developed which
take account for the electron inertia.
Later on, several authors introduced the hybrid technique to the field of astrophysics and
simulated collision-free shock waves [79, 121]. An introduction of a two-dimensional code can
be found in [121, 122]. At this time also several improvements on the numerical algorithm
have been proposed, like the predictor-corrector scheme of Harned [40], the so-called ”substepping” or “subcycling” for the integration of the magnetic field equation [116], a ”moment
method” applying a fourth order Runge-Kutta scheme in two dimensions [124] or implicit
schemes for the calculation of the electric field with the three-dimensional code QN3D [45].
Brecht and Thomas extended Harned´s algorithm to three spatial dimensions [13].
At the beginning of the last decade Matthews combined some of these ideas to develop a new
method for the integration of the field equations, the so called ”current advancement method”
(CAM) [70], and implemented this in a two-dimensional code with massless electrons. Another
more recent two-dimensional code with finite electron mass was developed by Shay et. al.
[103] and also Lipatov [62], who furthermore uses an implicit scheme for solving the field
equations, which was already extended to three dimensions [62].
A general introduction to the topic of hybrid code simulation can be found in [61, 120, 122,
123].
All mentioned codes use a Cartesian or at least orthogonal grid for simulation. Recently
a hybrid code was introduced by Kallio et al. [53, 54], which uses a Cartesian grid with
the possibility to locally enhance the resolution by dividing certain cells into smaller ones.
Another 2D hybrid code used by Terada et al. [114, 115] uses curvilinear, but orthogonal
coordinates. A code which uses a general curvilinear grid is the code by Swift [108], which
is based mainly on the method of Harned [40]. To solve the field equations in a curvilinear
grid, it adopts the method of Madsen [68].
In the view of the upcoming ROSETTA mission, simulations of the interaction of the solar
wind plasma with the cometary coma seem to be desirable. It soon became clear by earlier
simulations using the fluid model in two [11, 64] dimensions, that the draping of the magnetic
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field lines in front of the nucleus is not described correctly by two-dimensional models. Three
dimensional fluid simulations of this problem were done by Fischer [31] and hybrid simulations
by Lipatov et. al. [63]. Their results suggest that the large tail structures may be influenced
strongly by much smaller scaled processes in the vicinity of the nucleus. Therefore it is
necessary to increase the local resolution near the nucleus, which can only be done using a
code with some adaptive simulation grid. For this reason a completely new code was developed
for the purpose of this work. The technical details of this new code, which is mainly based
upon the algorithm of Matthews [70] for the time integration and the method of Eastwood
et. al. [30] for the spatial derivations in curvilinear coordinates, are described in this chapter.

1.1

Equations to be solved numerically

The four basic equations which have to be solved numerically are given by
dxs
= vs ,
dt

dv s
qs
,
=
E ′ + vs × B
dt
ms
∇ρκc
∇×B×B 1
− βe0
and
E ′ = −ui × B +
ρc
2
ρc


∇×B×B
∂t B = ∇ × (ui × B) − ∇ ×
−η∇×∇×B
ρc

(A)
(B)
(C)
.

(D)

The quantity E ′ is introduced to shorten eq. (B) by putting
E ′ = E − η∇ × B

.

(III.1)

The dash is omitted in the following to simplify the notation. However, one should keep in
mind that the symbol E throughout the whole work is used for the expression given in eq. (C),
which differs from the “real” electric field by the resistive term η∇ × B.

1.2

Basic scheme

The basic scheme used here to solve the set of equations (A)(D) is the “Particle-in-Cell” (PIC) method described in [9]. A
fixed grid is defined in coordinate space. The electromagnetic
field quantities as well as the charge densities and currents are
defined only on the nodes of this grid (shown as arrows in the
sketch), whereas the individual particles are located anywhere
in between (shown as small circles). To obtain the moments of
the particle distribution function as well as the electromagnetic
field quantities at other locations than the grid nodes, certain interpolation techniques are
used.
Fig. III.1 shows the four basic steps carried out in a PIC code. These are:

2 PIC weighting
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Gather moments
Move Particles

Solve field eqs.
Interpolate forces

Figure III.1: The four basic steps carried out in each computational cycle.

1. Gather moments. Given all particle positions and velocities, the moments of the
distribution function (densities and currents) are computed (gathered) on each grid
point by means of some PIC weighting function.
2. Solve field equations. Using the densities and currents the field equations (C) and
(D) are solved. This yields an updated electric and magnetic field vector for each grid
point.
3. Interpolate forces. For each particle the electromagnetic field quantities are interpolated from the grid point positions to the particle position.
4. Move particles. Given the electromagnetic field at the individual particle position,
the velocity and position is updated according to eqs. (A) and (B).
The actual implementation of these steps is described in more detail in the following for a
Cartesian grid. The generalisation for a curvilinear grid is given afterwards.

2

PIC weighting

The “Particle-In-Cell” (PIC) weighting refers to the method by which the moments of the
distribution function are assigned to the grid points by the statistical representation of individual particles. This is the so-called “Gather” step (Basic step 1). A detailed description is
given e.g. in [9, 123].
Given is a Cartesian, equidistant grid with grid nodes located at rqrs and a number of particles
with charge qp , mass mp , position xp and velocity v p . p counts all particles. The charge Qqrs
assigned to the grid node q, r, s is obtained by
X

Qqrs =
qp W xp , r qrs
,
(III.2)
p


where W xp , rqrs is the so-called “shape factor”. It has to fulfil the condition, that for a
single particle the sum over all Qqrs equals qp , or equivalently
X

q,r,s


W xp , rqrs = 1

(III.3)
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for any xp .

Many different shape factors are possible [9]. In this code the first order “Cloud-in-Cell”
(CIC) shape factor has been used and is therefore the only one which will be explained here.
The CIC shape factor is multi-linear. Values are only assigned to the corners of the cell the
particle is actually located in. The weight which is assigned to these cell corners is given by
the relative position of the particle inside the cell. For a Cartesian grid with equal grid step
size ∆ in each direction the positions of the grid nodes may be given by
r qrs = ∆ · (q, r, s)

,

q, r, s ∈ N0 .
(III.4)

For a given particle position vector xp = x1p , x2p , x3p the cell1 which the particle is located in
is






q ′ = x1p /∆
, r ′ = x2p /∆
, s′ = x3p /∆
,
(III.5)
where [x] means “taking the integer part of x”. The relative position inside the cell q ′ , r ′ , s′ is
ξ 1 = x1p /∆ − q ′

ξ 2 = x2p /∆ − r ′

,

ξ 3 = x3p /∆ − s′

,

.

The shape factor W can then be expressed as




 wa ξ 1 wb ξ 2 wc ξ 3
if (q, r, s) = (q ′ + a, r ′ + b, s′ + c)
W xp , r qrs =
0
else

(III.6)

,

(III.7)

where the integers a, b and c can have the values 0 or 1 and
w0 (ξ) = 1 − ξ

and

w1 (ξ) = ξ

.

(III.8)

Obviously this definition fulfils eq. (III.3) since
1
X

a,b,c=0

=

1
X

a,b=0




wa ξ 1 wb ξ 2 wc ξ 3

wa ξ

1



wb ξ

2



w0 ξ

3



(III.9)

+ w1 ξ

3



=

1
X

a,b=0



wa ξ 1 wb ξ 2

(III.10)

and with the same argument
1
X

a,b=0

wa ξ

1



wb ξ

2



=

1
X
a=0


wa ξ 1 = 1

.

(III.11)

Here and in the following a new notation for the grid node index will be used. Whenever an
index subscript is written using square brackets, the following numbers are meant to be taken
relative with respect to a “base value” (which should be clear from the context):
A[abc] = Aq+a,r+b,s+c
1

.

The indices used for each cell are defined by its lower left corner.

(III.12)
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Figure III.2: Geometric interpretation of the CIC weighting scheme in 2D. The particle divides the
cell in four rectangular areas. These areas correspond to the shape factor W (xp , rqrs ). The weight
assigned to each cell corner corresponds to the area of the opposite rectangle.

A negative value of a, b, c is written using an overline. For example
A[101] = Aq−1,r,s+1

.

(III.13)

Using eq. (III.7) in eq. (III.2) yields the charge assigned from all particles to grid node q, r, s.
To simplify this, consider only a single particle in a two-dimensional grid. The particle may
be located in cell q ′ , r ′ . The charge of this particle is then distributed amongst the four cell
corners Q[00] , Q[10] , Q[01] and Q[11] according to

Q[00] = qp w0 ξ 1 w0

Q[10] = qp w1 ξ 1 w0

Q[01] = qp w0 ξ 1 w1

Q[11] = qp w0 ξ 1 w0




ξ 2 = qp 1 − ξ 1 1 − ξ 2


ξ 2 = qp ξ 1 1 − ξ 2


ξ 2 = qp 1 − ξ 1 ξ 2

ξ 2 = qp ξ 1 ξ 2 .

(III.14)
(III.15)
(III.16)
(III.17)

P
Again, it is obviously
Q[ab] = qp . For example for ξ1 = ξ2 = 0 the particle is located at
grid node [00] and hence Q[00] = qp and all others are zero. For ξ1 = ξ2 = 1/2 the particle is
located in the middle of the cell and this yields Q[ab] = 1/4 for all corners.
This distribution has a simple geometric interpretation illustrated in fig. III.2. When thinking
of the particle as a homogenous charge cloud of the same size and form as one grid cell this
cloud is cut into four pieces as illustrated in fig. III.2. The charge assigned to each corner
is proportional to the area (or volume) of the piece opposite to the respective corner. This
interpretation is the origin of the term “Cloud in cell” (CIC).
To collect the charge density rather than the charge itself, one has to divide by the cell
volume2 ∆3 . The same applies for the current density. The contribution of one particle in
2
The “cell volume” would have to be replaced by the cell area or length in two and one spatial dimensions,
respectively. To retain the general form, the case of less than three spatial dimensions is treated in a special
manner, described later on.
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cell qrs is then given by
ρc,[abc]

1



qp X
= 3
wa ξ 1 wb ξ 2 wc ξ 3
∆

and

(III.18)

.

(III.19)

a,b,c=0

j i,[abc]

1



qp v p X
wa ξ 1 wb ξ 2 wc ξ 3
=
3
∆
a,b,c=0

One has to compute the above expression for each particle and sum everything up to obtain
the final ρc,qrs and j i,qrs at all grid points. Finally the (charge weighted) bulk velocity ui
occurring in eqs. (C) and (D) is simply given by
ui,qrs =

3

j i,qrs
ρc,qrs

.

(III.20)

Force interpolation

To update the velocity of a particle p the electromagnetic force (eq. (B)) has to be known
at the particle position xp . However, the E and B vectors are only defined on the grid. In
the code presented here, these two fields are defined on the same grid points. A detailed
discussion of the reasons for this will be given in section 6.3.
To obtain the electromagnetic field at xp , one has to interpolate the forces onto this position
(Basic step 3). It has been shown [9] that this interpolation has to be done in exactly the
same manner as the PIC weighting process to avoid unphysical self-forces.
Assume the particle to be located in cell qrs, which is again the integer part of the components
of xp . The relative position inside the cell is ξ i . The electric and magnetic field vectors are
defined at the cell corners E [abc] , B [abc] with a, b, c = 0, 1. The interpolated electric field vector
at xp is then given by
E(xp ) =

1
X

a,b,c=0




E [abc] wa ξ 1 wb ξ 2 wc ξ 3

(III.21)

and the same for B and any function defined on the grid.
Although it may seem obvious that eq. (III.21) is the inverse operation of the moment gathering in eq. (III.19), this shall be briefly proven. Suppose any function f (which may be
either a scalar or a vector) with a certain value at relative position ξ i in cell qrs. Then the
distribution onto the grid points would yield
f[abc] =

1
X

a,b,c=0





f ξ i wa ξ 1 wb ξ 2 wc ξ 3

.

(III.22)

The interpolation back onto the position ξ i is according to eq. (III.21) given by
1
X




f[abc] wa ξ 1 wb ξ 2 wc ξ 3
f ′ ξi =
a,b,c=0

.

(III.23)
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xp
vp
B, E
time level

n − 1/2

n

n + 1/2

n+1

n + 3/2

Figure III.3: Time integration scheme, first step. Leapfrog scheme of xp and v p , which are defined
n−1/2

at different time levels. v p
, xnp , B n and E n are given values (e.g. some initial starting values).
n
n
E and B are interpolated to the particle position xnp . After this the force acting on the particle can
n−1/2

n+1/2

is advanced to v p
using eq. (III.30). With the new velocity given, xnp is
be calculated and v p
advanced to time level n + 1 according to eq. (III.25). This is repeated for all particles.

Substituting eq. (III.22) into the above expression gives
′

f ξ

i



=

1
X

1
X

a,b,c=0 a′ ,b′ ,c′ =0








f ξ i wa′ ξ 1 wb′ ξ 2 wc′ ξ 3 wa ξ 1 wb ξ 2 wc ξ 3

.

(III.24)


Since f ξ i depends not on the summation indices it can be put in front. The remaining sums

yieldboth unity because of eqs. (III.9)-(III.11). This gives the original value for f ′ ξ i =
f ξi .

4

Time step algorithm

The time step algorithm used in this code is mainly adapted from Matthews [70]. This
algorithm uses a leapfrog scheme for the particle movement, a cyclic leapfrog scheme for
the magnetic field update and the so-called “Current Advancement Method” (CAM) for the
extrapolation of the ionic current. These ingredients will be described in the following sections.

4.1

Particle movement

The particle movement (Basic step 4) consists of two steps, the update of the positions
according to eq. (A) and the velocity update of eq. (B). These are two coupled ordinary
differential equations of first order. A very common method to solve this type of equations
is the so-called “leap frog” method [9, 87]. The positions xp and velocities v p are defined at
different time levels.
A full computational cycle (involving Basic Steps 1-4) is called a time step. Each time step
represents a period of real time ∆t (in normalised units). An upper index involving the letter
n states a quantity taken at time step n.
n+1/2

are
The position vectors xnp are defined at integer time step levels n. The velocities xp
defined in between these levels (fig. III.3). The position update can then be written using a
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time-centred finite differencing scheme:

− xnp
xn+1
p
= v pn+1/2 .
(III.25)
∆t
This approximates the solution of eq. (A) up to second order. Of course, one can increase the
accuracy by using higher order schemes, such as a Runge-Kutta scheme [88]. The restriction
to second order accuracy is only applied to save computational costs.
The velocity update proceeds in the same manner. Eq. (B) is discretised as
n+1/2

vp

n−1/2

− vp
∆t

=


qp
E n + v np × B n
mp

,

(III.26)

where E n and B n are meant to be taken at the particle position xnp using the force interpolation
described in the previous section.
Eq. (III.25) can be easily solved for the unknown quantity xn+1
:
p


xnp , v pn+1/2 = xnp + ∆t · v pn+1/2 .
xn+1
p

(III.27)

However, v np on the r.h.s. of eq. (III.26) is not defined in the leap frog scheme (s. fig. III.3).
n−1/2

As it is done in most other codes, v np is taken to be the average of v p

1  n−1/2
vp
+ v pn+1/2
v np =
2

n+1/2

and v p

:
(III.28)

n+1/2

:
to overcome this. This yields a semi-implicit equation for the unknown quantity v p


n+1/2
n−1/2

vp
− vp
qp
1  n−1/2
n
n+1/2
n
v
×B
=
+ vp
E +
.
(III.29)
∆t
mp
2 p
n+1/2

analytically (cf. [45]). The
Fortunately, this semi-implicit equation can be solved for v p
solution is given by




1 2 n 2 n−1/2
n+1/2
vp
=K
1 − h (B ) v p
+ h v pn−1/2 × B n + E n
4

(III.30)


i 1
1 2h n
n
n−1/2
n
n
3
n
n
n
+ h E × B + vp
· B · B + h (E · B ) · B
2
4
with

K=

1
1+

n 2
1 2
4 h (B )

and

h=

qp
∆t .
mp

By some straightforward algebra, it can be shown from eq. (III.30) that

2 
2
v pn+1/2 = v pn−1/2
if E n = 0.

(III.31)

(III.32)

Thus, the scheme is energy conserving in the absence of an electric field. This is also clear from
the fact, that the gyro-motion of a particle in a pure magnetic field is a curve of second order
(namely a circle), which is of course fully reproduced by a second order scheme. However,
n+1/2
, as the predictor-corrector scheme of [70], which
there are other methods for computing v p
do not have this property.
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xp
ρc
vp
J i , ui
B, E
time level

u+
i

u−
i

n − 1/2

n

n + 1/2 n + 1

n + 3/2

Figure III.4: Time integration scheme, second step. The moments ρc are gathered at 
time levels n

n+1/2
n+1/2
xnp , v p
and n+1. From these the arithmetic average is taken to be ρc
. The ionic currents u−
i


n+1/2
n+1 n+1/2
. Then ui
are gathered before and after the advancement of xnp to xn+1
x
and u+
,
v
p
p
p
i
is obtained by averaging. At this stage all quantities needed for the magnetic field update from n to
n + 1 are known.

4.2

Moment gathering

Recall the situation from fig. III.3. The next step needed are the charge densities and currents
at time level n + 1/2 to advance B n to B n+1 .
To explain how this is done, the equation for the moment collection eq. (III.2) is rewritten
for ρc and ui :
ρc,qrs =


1 X
,
r
q
W
x
qrs
p
p
∆3 p

ui,qrs =

,

X

1
q
v
W
x
,
r
p
qrs
p
p
∆3 ρc,qrs p

.

(III.33)

In the following, the index qrs as well as the second argument of the shape factor W will be
dropped.
From the above equations one can see that ρc depends on the particle positions xp only:
ρc = ρc (xp ) ,

(III.34)

whereas ui depends on both v p and xp :
ui = ui (xp , v p ) .

(III.35)

Using eq. (III.34), the charge density at time level n + 1/2 is taken as an average of n and
n + 1:


1
.
(III.36)
ρcn+1/2 =
ρc xnp + ρc xn+1
p
2
n+1/2

n+1/2

For ui
are needed but unknown. One would think of
the particle positions at xp
taking an average of the positions at n and n + 1 but that implies the storage of all particle
positions before and after the particle push. This would waste a huge amount of storage
capacity. Another way of averaging is therefore adopted from Matthews [70] and illustrated
in fig. III.4.
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Before and after the particle push two “mixed time level” bulk velocities are defined as




+
n n+1/2
n+1 n+1/2
x
x
=
u
=
u
u−
and
u
(III.37)
,
v
,
v
i
i
p p
p
p
i
i
These two are then averaged to yield

n+1/2

ui

=


1 −
ui + u+
i
2

.

(III.38)

In the original scheme proposed by Matthews [70], J i is used rather than ui , i.e. the division
by ρc is done after the averaging process
n+1/2

ui

=

whereas here it is vice versa:
n+1/2
ui

1
=
2

+
J−
i + Ji

1/2 ρnc + ρn+1
c



Ji+
J−
i
+
ρnc
ρn+1
c



(III.39)

,

(III.40)

which is of course different. Both methods were tried out and yielded no significant differences
except for a cold plasma. The reason is the following.
Assume a plasma with both ion and electron temperature being zero (βi = βe = 0). The
plasma flows with a uniform bulk velocity ui0 . All particles have then the same velocity
v p = ui0 . As one can see from eqs. (B) and (C), the electric field cancels the v p × B term
exactly and all particles should move force-free, if and only if ui is at all times exactly v p .
Due to the limited number of particles there is always “shot noise” in the collected currents
and densities. If one uses eq. (III.40) the noise in both moments cancel each other, which is
not the case for eq. (III.39). This leads to unphysical forces in the latter case which tend to
produce unstable small scale electro-sonic waves by amplifying the density noise. One could
object that a plasma at T = 0 is indeed unstable, but this instability is overemphasised in the
simulation due to the much stronger numerical noise level even in the case for low plasma-beta.
The experience from numerous tests strongly recommend the use of eq. (III.40).

4.3
4.3.1

Field solver
Magnetic field

The magnetic field computation is based on eq. (D). This equation has the form
∂t B = f (B, ui , ρc )

.

(III.41)

Using time centred differences again one has to solve

for B n+1 .



B n+1 − B n
n+1/2 1/2
= f B n+1/2 , ui
, ρc
∆t

.

(III.42)

4.3 Field solver

23

B even
B odd
n
j=0

1
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3

4

n+1
6
7

5

Figure III.5: Subcycling algorithm for B field advancement. The time step is subdivided in smaller
2nsc + 1 smaller steps, counted with j. Two copies of the initial field are “leapfrogged” over each other.
See text for details.

All quantities needed in eq. (III.42) are known, except for B n+1/2 itself (fig. III.4).
For the solution of eq. (III.42) different methods can be applied. As already stated, the
problem is the ignorance of B n+1/2 . The first idea may be to take B n+1/2 as an arithmetic
average of B n and B n+1 which yields an implicit expression. Unfortunately, this implicit
expression can not be solved for B n+1 . Thus, one would have to apply an implicit solving
algorithm, which is very time consuming. However, this is applicable in one (or two) spatial
dimensions.
Another way would be an iterative approach. One takes B n as first approximation for B n+1/2 ,
compute B n+1 from eq. (III.42) and then takes the next better approximation for B n+1/2 from
the arithmetic average. This is repeated until the solution converges. This is done for example
in the code by Lipatov [61].
Another widely used scheme is the predictor-corrector scheme, which basically applies the
calculation of B n+1/2 with half time step using B n (predictor step) and then taking this
B n+1/2 in the full time step calculation (corrector step) [9, 61, 87].
The method applied here is taken from [70] and called “Subcycling” (SC). It is a mixture of
the predictor-corrector scheme and the leapfrog scheme. The basic idea is to divide the whole
time step ∆t in an odd number 2nsc − 1 of intervals of length
∆tsc =

∆t
2nsc − 1

.

(III.43)

The magnetic fields defined at these smaller time steps are denoted by an upper index j
(j = 0, . . . , 2nsc − 1)) instead of n (fig. III.5).
The starting point is, of course, B n :
B j=0 = B n

.

(III.44)

B j=1 is calculated similar to a “predictor step” using a step length of ∆tsc :


B j=1 − B j=0
n+1/2 n+1/2
, ρc
= f B j=0 , ui
∆tsc

.

(III.45)
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After this a time centred leapfrog scheme is applied to these two fields with steps of length
2∆tsc :


B j+1 − B j−1
n+1/2 n+1/2
j = 1, . . . , 2nsc .
(III.46)
= f B j , ui
, ρc
2∆tsc
For j = 2nsc the above expression yields the so called “odd solution”
B odd = B j=2nsc +1

,

(III.47)

which is already located at time level n + 1 (fig. III.5). The “even solution” is obtained by a
final time step with length ∆tsc :


B even − B j=2nsc
n+1/2 n+1/2
, ρc
= f B odd , ui
∆tsc

.

The final solution for B n+1 is then taken to be the average of these two:

1  even
B
B n+1 =
.
+ B odd
2

(III.48)

(III.49)

This method is of second order accuracy [70] and has the advantage of resolving dispersive
effects in the magnetic field with a better time resolution. The use of smaller time steps for
the magnetic field advance was first introduced by Terasawa et al. [116].
4.3.2

Electric field and CAM

Unlike the magnetic field, the electric field is not described by a differential equation. It is
defined by the explicit expression eq. (C). E is a function of

E n+1 = f B n+1 , un+1
, ρn+1
.
(III.50)
c
i

(fig. III.4). This is a difficult problem to solve for all
All quantities are known, except for un+1
i
n+3/2
hybrid codes. The problem is, that also ui
cannot be calculated before E n+1 is known,
because this is needed for the velocity update to time level n + 3/2.
To overcome this, Matthews proposed the so-called “Current Advancement Method” (CAM).
should be extrapolated. The quantity u+
un+1
i
i from eq. (III.37) is the current which would
n+1/2
arise, if the particle velocity v p
stayed constant3 up to time level n + 1.
n+1
is made, which is called E ∗ by
Using u+
i , a first estimate for E

.
, u+
E ∗ = f B n+1 , ρn+1
c
i

(III.51)

With this one could (this not really done) update the particle velocities to time level v n+1
using a half time step

∆t qp  ∗
n+1/2
n+1/2
n+1
.
(III.52)
=
v
+
+
v
×
B
E
v n+1
p
p
p
2 mp

n+1 +
ui ) is also called “free streaming current”, i.e. the current which would arise, if all
J+
i (which is ρc
particles streamed “freely” without any acting force.
3
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Figure III.6: Time integration scheme,
the electric field at n + 1, first of all
 third step. To calculate

n+1/2 n+1
, ρc , B n+1 is computed. With the CAM procedure
a “mixed time-level” electric field E ∗ ui
described in the text an extrapolated current density J n+1
is obtained. This yields also un+1
which
i
i
n+1
.
is needed for the calculation of the final E

Multiplying with qp and applying the moment gathering procedure from eq. (III.2) with
yields4
weights W xn+1
p
X
p


 X
 ∆t X qp2
 ∗
n+1
n+1/2
n+1
n+1
n+1/2
n+1
qp v n+1
W
x
W
x
W
x
E
+
v
×
B
=
q
v
+
p p
p
p
p
p
p
2 p mp
p

(III.53)

or
J n+1
= J+
i
i +
where
n+1 +
ui
J+
i = ρc

,

Λn+1 =


∆t n+1 ∗
Λ
E + Γn+1 × B n+1
2

X qp2

W xn+1
p
mp
p

Γn+1 =

and

,

(III.54)

X qp2

v pn+1/2 W xn+1
p
mp
p

.

(III.55)
Λ and Γ are two new moments similar to ρc and ui . The advantage is, that these two moments
n+1 in only one loop over all particles.
can be gathered together with u+
i and ρc
From eq. (III.54) one can calculate the unknown quantity J n+1
and also un+1
by
i
i
=
un+1
i

J n+1
i
n+1
ρc

.

(III.56)

This result is used in eq. (III.50) to give E n+1 . The whole procedure described above is
sketched in fig. III.6. Matthews proves [70] this to be of second order accuracy in ∆t.
With E and B known at time level n + 1 the same situation as in fig. III.3 has been reached.
Thus, the computational cycle is complete.
4

The index qrs is again left out.
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xp
ρc
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J i , ui

u+
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Λ
Γ
B
time level

1/2

1
1/2

Figure III.7: Time integration scheme, initial step. xp , v p and B are all given at time level 1/2. ρc
1/2

1
1
and ui are obtained and the positions are updated to x1p . Further, ρ1c , u+
i , Λ and Γ are calculated
1/2
1
and B
is advanced to B . This sets up the starting point for a time step, which begins with the
calculation of E 1 using CAM.

4.4

Getting started

Before the simulation run starts, all positions and velocities as well as the initial magnetic
field are defined at the same time level. As a first step, the positions and the magnetic field
have to be advanced by half a time step to get the situation from fig. III.3.
1/2

1/2

The initial values may be defined at time level 1/2, i.e. xp , v p and B 1/2 are given5 . From
1/2
1/2
these, ρc and ui are calculated. Then the positions are advanced with a half time step to
x1p according to
∆t 1/2
x1p = x1/2
v
.
(III.57)
p +
2 p
Of course, this expression is not time-centred and therefore not of second order accuracy, but
since this is done only once, it does not influence the outcome of the simulation.
1
1
Next, ρ1c , u+
i , Λ and Γ are computed, as they will be needed for the first CAM step. After
this, the the magnetic field is advanced using a half time step to B 1 . Of course, this first
advancement of B also does not use a time centred value of ui and ρc .

This sets up the starting point for the simulation shown in fig. III.7. The electric field has
not to be known at this stage. E 1 is calculated using the CAM scheme at the beginning of
the first time step (s. below).

4.5

Summary

In the preceding sections all necessary calculations for one complete time step have been
described in the view of different “tasks” which have to be fulfilled (e.g. how to calculate B
5

How the particles are initialised will be described later.
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or E). Actually, these “tasks” are not performed in the order in which they were dealt with
above. As a summary, all steps are again listed in the order they are carried out in the code.
Initialisation
1/2

1/2

1. Initialise all particle positions xp , velocities v p
1/2

2. Gather ρc

and the initial magnetic field B 1/2 .

1/2

and ui .

1/2

3. Advance xp

to x1p .

1
1
4. Gather ρ1c , u+
i , Λ and Γ .

5. Advance B 1/2 to B 1 .
6. Set n = 1.
Time step loop n

n
1. Compute E ∗ ρnc , u+
from eq. (C).
i ,B


∗
n
n
n
n
using eq. (III.54) (CAM).
2. Compute uni u+
i , ρc , Λ , Γ , E , B

3. Compute E n (ρnc , uni , B n ).
n−1/2

4. Advance v p

n+1/2

to v p

using E n , B n and xnp in eq. (III.30).



n , v n+1/2 .
x
5. Gather u−
p
p
i
using eq. (III.25).
6. Advance xnp to xn+1
p
n+1 and Γn+1 in a single loop over all particles using the positions
7. Gather ρn+1
, u+
c
i , Λ
n+1/2
and velocities v p
xn+1
.
p
n+1/2

+
8. Average u−
i and ui to ui

n+1/2

. Average ρnc and ρn+1
to ρc
c

.

9. Advance B n to B n+1 using the subcycling scheme described above.
10. Increase n and go to step 1.
The proof for the second order accuracy of the whole time integration scheme was discussed
above. The leapfrog scheme used for the particle motion and the advancement of B is known
to be of the desired accuracy [9]. The proof for the CAM is given in [70].
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x̃1 = 1.3, x̃2 = 1.7
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Figure III.8: The “internal” coordinate system x̃i used in the simulation for the 2D case. The
location of the grid nodes (◦) is given by rqrs in the Cartesian system xi . The origin of this system is
arbitrary. Shown is the location of the point x̃1 = 1.3, x̃2 = 1.7 as an example.

5
5.1

Curvilinear Coordinates
Coordinate transformation

The developed code is able to use an arbitrary, curvilinear grid. The grid has to be ordered
and hexahedral, i.e. each grid cell is a polyhedron with six faces and eight corners. The
corners are the grid nodes, where the electromagnetic quantities are defined later on. These
grid nodes are identified by three integer numbers q, r and s. Their locations are defined by
the position vectors rqrs given in Cartesian coordinates xi (i = 1, 2, 3). The cell which has
grid node qrs as “lower left front” corner is called to be cell (qrs).
A new coordinate system x̃i is nowintroduced.
Fig. III.8 shows an example for the two
i
i
dimensional case. The
 i integer part x̃ corresponds to the cell (qrs) which the point x̃ is
i
i
located in. ξ = x̃ − x̃ defines the relative position inside this cell. With this the coordinate
transformation is defined by
i

j

x (x̃ ) =

1 X
1 X
1
X

r q+a,r+b,s+cwa (ξ 1 )wb (ξ 2 )wc (ξ 3 )

(III.58)

a=0 b=0 c=0

with
w0 (z) = 1 − z

,

w1 (z) = z

.

(III.59)

The coordinate transformation (III.58) is bijective, although the inversion x̃i (xj ) cannot be
obtained analytically. This causes some problems which will be described later.
One can view eq. (III.58) as a trilinear interpolation of the positions of the grid nodes r qrs
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inside the cell (qrs). Any given function fqrs which is defined only on the grid nodes can be
interpolated in exactly the same manner, yielding the value at any given point x̃i :
f (x̃j ) =

1 X
1 X
1
X

fq+a,r+b,s+cwa (ξ 1 )wb (ξ 2 )wc (ξ 3 ) ,

(III.60)

a=0 b=0 c=0

where fqrs may be a scalar or vector function.

5.2

Tensor calculus

This chapter only reviews some fundamental mathematics which will be needed in the following. It should be stated that the space in which all operations take place is the R3 . Thus, only
coordinate transformations in “flat space” have to be considered. All vectors and covectors
can be expressed as elements of the same space (R3 ) rather than being elements of tangential
spaces or whatever which simplifies things a lot. Therefore the terminology “vector” is used
for vectors, covectors and forms and only the “covariant” and “contravariant” components
are distinguished. For further details c.f. [33]. From this it is clear that the code is not able to
do calculations in a real curved space (or even curved space-time), which might be suggested
by the use of the metric tensor elements gij in the following.
Einstein’s sum convention is used throughout, i.e. the sum over all indices which occur twice
has to be taken.
At each grid node a set of three covariant basis vectors can be defined by
b1,qrs = rq+1,r,s − r qrs

b2,qrs = rq,r+1,s − r qrs

b3,qrs = rq,r,s+1 − r qrs

.

(III.61)

Using eq. (III.60) the covariant basis vectors bi can be obtained at any point x̃i .
If the rqrs are given by some analytical formula r qrs = f (x̃i ), the basis vectors can also be
calculated analytically using
∂f
.
(III.62)
bi =
∂ x̃i
In the following all expressions are meant to be taken at each grid node. The subscript qrs,
however, will be suppressed. The result for any point x̃i can be obtained by the trilinear
interpolation (III.60).
From the covariant basis vectors bi the contravariant basis vectors bi are obtained by
bi =

bj × bk
b1 · (b2 × b3 )

.

(III.63)

The elements of the metric tensor gij and its inverse gij are given by
gij = bi · bj

,

gij = bi · bj

.

(III.64)

The determinant det gij —which is the square of the volume of the polyhedron spanned by
the bi —will be abbreviated with g:
p
√
(III.65)
g = det gij = b1 · (b2 × b3 ) .
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A vector field A is expressed using either the covariant basis bi or the contravariant basis bi :
A = Ai bi = Ai bi

with

Ai = bi · A ,

Ai = bi · A .

(III.66)

The Ai and Ai are called “contravariant components” and “covariant components” of A,
respectively.
The “physical components” Aicart (i.e. the components with respect to the Cartesian basis
ei =ei ) can be retrieved using
Aicart. = ei · A = Aj ei · bj = Aj bji
j

ji

= ei · A = Aj ei · b = Aj b

(III.67)
,

(III.68)

where bji and bji denote the ith Cartesian component of the covariant and contravariant
jth basis vector, respectively. One can also think of these matrices as the local coordinate
transformation matrices.
The basic vector operations take the form
A · B = Ai Bi = Ai B i

ǫijk
(A × B)i = √ Aj Bk
g

(III.69)
(A × B)i =

ǫijk ∂
(∇ × A)i = √
Ak
g ∂ x̃j
1 ∂ √ i
∇·A = √
gA
g ∂ x̃i
∂
Φ
(∇Φ)i =
∂ x̃i



1 ∂ √ ij ∂Φ
∆Φ = ∇ · (∇Φ) = √
gg
g ∂ x̃i
∂ x̃j

√
gǫijk Aj B k

(III.70)
(III.71)
(III.72)
(III.73)

.

(III.74)

ǫijk = ǫijk is the total antisymmetric tensor. Note, that for ∇ × A only the contravariant
components can be calculated directly. The covariant components can be obtained by
(∇ × A)i = gij (∇ × A)j

5.3
5.3.1

.

(III.75)

Transformation of equations
Particle movement

The basic concept for transforming eqs. (A)-(B) is to store the positions of the particles in
local coordinates x̃ip . This has the advantage that the integer part [x̃ip ] directly yields the cell
in which the particle is located. The relative position inside the cell is ξ i = x̃ip − [x̃ip ] and the
position in “physical space” is given by eq. (III.58).
One would think of storing also the covariant components of the velocities ṽpi instead of their
“physical components” vpi . However, one of the most time consuming calculations is the
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solution of eq. (III.30). The transformed form of this equation is longish and shall not be
written down here. It involves the use of both the co- and contravariant components of v p as
well as E and B 6 . These would have to be computed for each single particle. It therefore saves
a lot of time to leave eq. (III.30) untransformed and solve it using the physical components
of all involved vectors.
Thus, the vector fields B, E and the particle velocities v p are stored in physical components
and transformed only when needed.
Eq. (A) transforms to
dx̃ip
= ṽpi .
(III.76)
dt
As stated above, the contravariant components of v p are not known. They are obtained by
using eq. (III.66):
dx̃ip
= bi v p .
(III.77)
dt
Using time-centred differences this reads


x̃i,n+1
− x̃i,n
p
p
= bi x̃pi,n+1/2 v pn+1/2
∆t

.

(III.78)
i,n+1/2

The local contravariant basis vectors have to be interpolated to the position x̃p
using
i,n+1/2
i
is not known.
the interpolation formula eq. (III.60) with bqrs for fqrs . However, x̃p
Three possible solutions can be applied to overcome this problem. The most simple one
i,n+1/2
(which will be called “fast method”) is to take x̃i,n
. This is
p as approximation for x̃p
very fast but introduces an error, which becomes larger the more the grid differs from the
Cartesian form.
i,n+1/2

The second possibility is an iterative approach. x̃i,n
. Then
p is taken as first guess for x̃p
i,n+1/2
the basis vectors are interpolated, eq. (III.78) is solved and a new x̃p
is determined by
averaging. This is repeated until the solution converges.
The third possibility (which will be called “Cartesian method”) is to solve eq. (III.78) in
Cartesian coordinates. To do so, the position vector xnp in “physical space” is calculated using
eq. (III.58). Then xn+1
is determined using the Cartesian form of eq. (III.78). The problem
p
i,n+1
remains, to find x̃p
from this result, because eq. (III.58) cannot be inverted analytically.
This has to be done with some numerical algorithm for solving non-linear equations, which
again implies an iterative approach.
The first and last method are implemented in the code and have both been tested. For a grid
which differs only slightly from the Cartesian form the difference between the two methods
is shown in fig. III.9. This figure shows a particle trajectory for the gyro-motion of a test
particle with initial velocity vp = 1 in a fixed magnetic field B0 = 1 using a typical nonorthogonal grid. 1000 time steps with ∆t = 0.1 were performed corresponding to about 15
´i
`
The covariant components of v p and B would for example be needed for the calculation of v p × B =
√
√
1/ gǫijk ṽj B̃k . This could be avoided by using the expression gg ij ǫjkl ṽ k B̃ l , but this involves three times
more calculations due to the summation over j.
6
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Figure III.9: Particle motion in a fixed electromagnetic field. The magnetic field is oriented perpendicular to the shown plane with strength B0 = 1. The test particle has an initial velocity of vp = 1
performing about 15 full gyro-motions with a gyro-radius of 1c/ωpi . The time step size is ∆t = 0.1.
a) “Cartesian method”. b) “Fast method” (s. text for details)

full gyro-periods. For fig. III.9a the “Cartesian method” was used (i.e. solving eq. (III.78) in
Cartesian coordinates), whereas fig. III.9b shows the results for the “fast method” (i.e. taking
x̃i,n+1/2 = x̃i,n in eq. (III.78)). The “Cartesian method” exhibits perfect behaviour, whereas
for the “fast method” a small position drift is introduced in the particle trajectory. This drift
amounts roughly 2% of the characteristic length (the gyro-radius) per gyro-period. In an
actual simulation run, this error becomes even smaller, because in fig. III.9 the particle moves
about one whole cell size per time step, which is more than used for a typical simulation run
(this rather large time step was chosen to make the effect more clear).
The error seems small enough to be tolerated. Therefore the “fast method” was used for
almost all simulation runs presented in the following. The test run results presented in
chapter IV justify this choice.
5.3.2

PIC weighting and force interpolation

The advantage of the coordinate transformation defined by eq. (III.58) is that PIC weighting
and force interpolation in curved coordinates x̃i look the same as in the Cartesian case. The
field interpolation follows directly from eq. (III.60) to be
E(x̃j ) =

1 X
1 X
1
X

E q+a,r+b,s+c wa (ξ 1 )wb (ξ 2 )wc (ξ 3 )

(III.79)

a=0 b=0 c=0

and the same for B. qrs is again the index of the cell, where x̃i is located in. ξ i is the relative
position inside this cell (s. fig. III.8).
The moment gathering equations eq. (III.18) and eq. (III.19) stay also the same, except that
√
√
the cell volume has to be replaced by the local cell volume g qrs , which is g [000] using the
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“relative index notation”. This yields
1
X



qp
ρc,[abc] = √
wa ξ 1 wb ξ 2 wc ξ 3
g [000]

and

(III.80)

a,b,c=0

1



qp v p X
j i,[abc] = √
wa ξ 1 wb ξ 2 wc ξ 3
.
(III.81)
g [000]
a,b,c=0
√
Note, that in the above equations one could think of using g[abc] inside the sum. However,
then the important condition (III.3) would no longer be fulfilled. Another argument is, that
the particle under consideration is located in cell ([000]) and therefore has to be weighted
√
with the same volume g [000] onto all cell corners [abc].

In eq. (III.81) the Cartesian components of v p are used (since the velocities are stored in
Cartesian components). Therefore also the resulting j i,qrs are obtained in Cartesian components.
5.3.3

Field equations

The field equations (C) and (D) have to be transformed because of the occurring derivatives.
The transformation proceeds straightforward using the expressions (III.70)-(III.73).
The electric field from eq. (C) is best compute in covariant components because the gradient
in the expression is covariant. The transformed equations reads


1
1 √
√
β γ
β γ
κ
gǫαβγ (∇ × B) B − βe0 ∂x̃α ρc
Ẽα = − gǫαβγ ui B̃ +
ρc
2


1
√
1
β γ
κ
βδη γ
= − gǫαβγ ũi B̃ +
ǫαβγ ǫ B̃ ∂x̃δ B̃η − βe0 ∂x̃α ρc
.
(III.82)
ρc
2
As can be seen, the computation of Ẽα needs the knowledge of the co- and contravariant
components of B as well as the contravariant components of ui . To solve eq. (III.82) one
has to compute these three fields according to eq. (III.66). The electric field in Cartesian
components, as it is needed for eq. (III.30) and eq. (III.54), is obtained from the Ẽα using
eq. (III.68).
The equation for the magnetic field (D) is best expressed for the contravariant components
of B. First of all, one would like to use the identity
∇ × ∇ × B = ∇ (∇ · B) − ∆B

(III.83)

to incorporate the ∇·B = 0 condition. However the computation of ∆B is awfully complicated
in curvilinear components. An explanation for this is given in the following subsection.
Leaving the ∇ × ∇ × B term as it is, the transformed equation becomes


∇×B×B
ǫαβγ
α
− η∇ × B
∂t B̃ = √ ∂x̃β ui × B −
g
ρc
γ


ǫαβγ
1
ǫδµν
√
δ η
δµν η µ
= √ ∂x̃β
gǫγδη ũi B̃ − ǫγδη ǫ B̃ ∂x̃ B̃ν − η gγδ √ ∂x̃µ B̃ν
g
ρc
g

.

(III.84)
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The fact that ∇ × B can only be expressed in contravariant components demands the use of
the metric tensor elements gγδ in the above equation. One could express the outer derivative
√
of the metric tensor elements together with g by means of the Christoffel symbols but this
would make things only more complicated to compute. The use of the Christoffel symbols
would make sense only in the case, where they could be computed analytically from a given
grid. For an arbitrary positioning of the grid nodes it is easier to do the finite differencing of
the gγδ directly.
As can be seen, the solution of eq. (III.84) requires the knowledge of the co- and contravariant
components of B and the contravariant components of ui . Applied to the subcycling algorithm
described in section 4.3.1, this means to hold four copies of the magnetic field, i.e. two for each
the “odd” and the “even” solution. The result, however, is contravariant and is converted to
Cartesian components afterwards.
The metric tensor elements gγδ occurring in eq. (III.84) are computed only once before the
simulation starts.
5.3.4

∆B in curvilinear coordinates

In the preceeding section the problem of substituting ∇ × ∇ × B by −∆B in curvilinear
coordinates was mentioned. This is discussed here in some more detail.
In Cartesian components the Laplacian of a vector is simply the Laplacian of its components.
Therefore, the above substitution can easily be made in Cartesian coordinates. However, this
is no longer true in curvilinear components. To see why, a short derivation of the underlying
expressions is given.
First of all, the “covariant derivation” is introduced. Dα Φ is a covariant tensor of rank 1, if
Φ is a scalar function. It is given by
Dα Φ = ∂α Φ

,

(III.85)

where ∂α means the partial derivative with respect to x̃α .
Dα B β is a mixed co- and contravariant tensor of rank 2, if B β is a contravariant tensor of
rank 1. Dα B β can be expressed by
Dα B β = ∂α B β + Γβγα B γ

,

(III.86)

where the Γβγα are the Christoffel symbols, which in a metric space are given by
Γβγα =

1 βδ
g (∂α gδγ + ∂γ gδα − ∂δ gγα )
2

.

(III.87)

It is obvious, that in a coordinate system with a global basis, where the gαβ are constant,
the Christoffel symbols vanish. The covariant derivation Dα is then identical with the partial
derivation ∂α .
Furthermore a “contravariant derivation” can be defined by
D α = gαβ Dβ

.

(III.88)

6 Finite differencing scheme

35

The Laplace operator (of any tensor field) is given by
∆ = Dα Dα

.

(III.89)

Applied to a scalar function Φ this gives
∆Φ = Dα gαβ ∂β Φ




= ∂α gαβ ∂β Φ + Γαγα gαβ ∂β Φ

.

(III.90)

It can be shown [33] that for the contracted Christoffel symbol
√
Γαγα = ∂γ (ln g) .

(III.91)

With this, one has
√



1
√
ggγβ ∂β Φ
∆Φ = ∂γ gγβ ∂β Φ + ∂γ (ln g) gγβ ∂β Φ = √ ∂γ
g

.

(III.92)

It is easy to see that this expression reduces to the well-known result in the Cartesian case,
√
where gγβ = δγβ and g = 1.
The same procedure is now applied to a contravariant tensor field B β :
∆B β = Dα Dα B β

.

(III.93)

D α B β is a contravariant tensor of rank 2, which is abbreviated with Aαβ for the time being.
The covariant derivative of a second order contravariant tensor is given by
Dα Aαβ = ∂α Aαβ + Γαγα Aγβ + Γβγα Aαγ

.

(III.94)

The first two addends form a similar expression as in eq. (III.92). Substituting Dα B β for Aαβ
again yields:

√
1
gD α B β + Γβγα D α B γ
∆B β = √ ∂α
g
h√


i

1
.
(III.95)
= √ ∂α
ggαγ ∂γ B β + Γβδγ B δ + Γβγα gαδ ∂δ B γ + Γγηδ B η
g
This is the expression called “awfully complicated” in the preceeding section. The numerical
calculation of this expression would be too time consuming. This is the reason, why the
original expression ∇×∇×B was transformed in curvilinear coordinates and not the equivalent
−∆B. Note, however, that for a Cartesian grid, the above expression would just yield the
known formula for taking the Laplacian of each individual component B β .

6

Finite differencing scheme

This section deals with the representation of the continuous spatial derivations on a discrete
grid. In the code presented here, “centred differences” are used [9, 87]. Various other methods
are possible to compute, e.g. the curl of a vector. Some of these are dealt with at the end
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of this section. As it was already mentioned, here all vector operations are written using
the explicit coordinate representation and the accompanying derivatives with respect to the
curvilinear coordinates x̃i .
Generally, given a finite grid with fixed grid step size ∆, the spatial derivatives with respect
to the x1 coordinate are approximated up to second order by
f[100] − f[100]
(∂x1 f )[000] =
(III.96)
2∆
f[100] − 2f[000] + f[100]

(III.97)
∂x21 f [000] =
∆2
and similarly for x2 and x3 .
The coordinate transformation eq. (III.58) and the covariant formulation of all equations
has the nice advantage, that in the curvilinear coordinates x̃i all cells are cubes with unit
edge length, hence ∆ = 1. One could object that in curvilinear coordinates the covariant
derivation Dα has to be used instead of the partial derivation ∂α , but this is “included”
already in the formulation of the covariant equations (III.70)-(III.74). Therefore the finite
differencing representation proceeds straightforwardly by substituting all partial derivatives
in eqs. (III.82) and (III.84) according to the expressions given above with ∆ = 1.
In the code presented here, all quantities are located on the same grid points, i.e. no interlaced
grid points are used in any way. To the author’s knowledge this is unique amongst all other
codes and therefore needs to be justified. This is done at the end of this section.

6.1

Electric field equation

The equation for the covariant components of the electric field eq. (III.82) contains only first
order derivatives and is readily written using finite differences. For Ẽ1 this yields


√
3
2
Ẽ1,[000] = − g [000] ũ2i,[000] B̃[000]
− ũ3i,[000] B̃[000]
+
(
!
B̃
−
B̃
B̃
−
B̃
1
1,[001]
3,[100]
1,[001]
3,[100]
3
B̃[000]
−
(III.98)
ρc,[000]
2
2
!
)
ρκc,[100] − ρκc,[100]
B̃1,[010] − B̃1,[010]
B̃2,[100] − B̃2,[100]
1
2
−
− βe0
.
−B̃[000]
2
2
2
2
The expressions for the other components Ẽ2 and Ẽ3 are obtained by cyclic permutation of
all indices7 .

6.2

Magnetic field equation

The magnetic field equation (III.84)has the form
ǫαβγ
∂t B̃ α = − √ ∂x̃β ẼγB
g
7

.

The cyclic permutation has to be applied to the component indices as well as to the cell indices.

(III.99)
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The electric field E B has to be distinguished from the field E which is the field acting on the
particles—including the ∇pe term but not the η∇ × B term. The upper index B was chosen,
because E B is the field occurring in the calculation of ∂t B but with the ∇pe term already
omitted. It is clear, that E B is not the real physical field, but only an auxiliary quantity.
The finite differencing scheme for handling the time derivation was described in section 4.3.1.
For this algorithm it is necessary to compute the r.h.s. of eq. (III.99) from the covariant
components ẼγB . For calculating the curl of some vector field, the usually technique would
be to locate the ẼγB at some intermediate grid points. As already stated this has some major
drawbacks which are explained afterwards. For now, we consider the ẼγB to be located at the
same places as ∂t B̃ α .
Before looking at the finite differencing scheme applied to this, it is convenient to expand
eq. (III.99) for the first component α = 1:

1 
∂t B̃ 1 = √ ∂x̃3 Ẽ2B − ∂x̃2 Ẽ3B
g

.

(III.100)

For further discussion, the second term is left out and Ẽ2B as defined by eq. (III.84) is inserted
above. For simplicity, only the Hall term in Ẽ2B is shown. This yields





1
1  1
1
1
3
3
∂t B̃ = √
.
∂x̃3 . . . −
B̃ ∂x̃1 B̃2 − B̃ ∂x̃2 B̃1 + B̃ ∂x̃2 B̃3 − B̃ ∂x̃3 B̃2 + . . . − . . .
g
ρc
From the four terms above only the second and last one shall be further investigated:
)
(
!
!
3
1
B̃
B̃
1
.
(III.101)
∂x̃3
∂ 2 B̃1 + ∂x̃3
∂ 3 B̃2 + . . .
∂t B̃ 1 = √
g
ρc x̃
ρc x̃
{z
} |
{z
}
|
=A

=B

A in the above equation can be easily written using centred differences by first applying it to
the inner and afterwards the outer derivative:


1
1
B̃
B̃
B̃
−
B̃
−
B̃
B̃
1
1,[011]
[001]
1,[011]
[001]
1,[011] 
1,[011]
A[000] = 
−
(III.102)
2 ρc,[001]
2
ρc,[001]
2

However, when applying the same procedure to B, a second derivative with respect to x̃3
occurs. For the second derivative the correct expression is eq. (III.97). If one first applies
eq. (III.96) to the inner and to the outer derivative, as in the example above, this would not
yield the correct expression. This is actually one reason for using intermediate gridpoints. A
comparison between this and the method used here is given later. Here, B is expanded to
!
 B̃ 3 

B̃ 3 
B = ∂x̃3
.
(III.103)
∂x̃3 B̃2 +
∂x̃23 B̃2
ρc
ρc

Applying the product rule does not seem to make any difference. However, for finite differences
this indeed changes the outcome, as will be shown below.
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Using finite differences for the above expression yields


3
3


B̃[001]
1  B̃[001]
 B̃2,[001] − B̃2,[001]
B[000] =
−
4 ρc,[001] ρc,[001]
+

3


B̃[000]
B̃2,[001] − 2B̃2,[000] + B̃2,[001]
ρc,[000]

.

(III.104)

This procedure is done for all other terms in eq. (III.100) in the same way.

6.3

Other approaches

The finite differencing scheme with all quantities located on the same grid is the most simple
approximation. There are a vast number of more sophisticated schemes, as using intermediate
grid points [9, 70] or staggered grids [61, 87]. Two other approaches are discussed now and it
is shown, why these methods are not suitable for the equations used here although they are
very useful in other respects.
6.3.1

Intermediate grid points

As already mentioned, the use of the product rule in eq. (III.103) can be avoided by locating
the electric field ẼγB in eq. (III.99) at intermediate gridpoints. This yields a difference only
for terms which introduce a second derivative. In this section the two possibilities are shown
to be of the same order of accuracy.
For simplicity only the B-term in eq. (III.101) is investigated and ρc is assumed to be constant and therefore does not play any role in the finite differencing process. The remaining
expression


A = ∂x̃3 B̃ 3 ∂x̃3 B̃2
(III.105)
shall be investigated.

The finite differencing scheme for the above term using no intermediate grid points is given
by eq. (III.104) without ρc :




1 3
3
3
.
A1 =
B̃[001] − B̃[001]
B̃2,[001] − 2B̃2,[000] + B̃2,[001]
B̃2,[001] − B̃2,[001] + B̃[000]
4
(III.106)
Using intermediate grid points, the outer derivative in (III.105) is calculated from positions
[00 21 ] and [00 12 ]:




3
−
.
(III.107)
B̃
∂
B̃
B̃ 3 ∂x̃3 B̃2
3
2
x̃
1
1
[00 2 ]

[00 2 ]

The inner derivative at the half grid points is readily expressed in the usual way, but B̃ 3 has
to be interpolated to the half grid points. For a Cartesian grid this interpolation is simply
done by averaging the two values at the adjacent grid points. However, in a curvilinear grid
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this is more complicated, because the B̃ 3 are contravariant components with respect to the
local basis, which is different at the two adjacent grid points. Therefore one would either
have to do a “parallel transport” of the vector components which would involve the use of the
Christoffel symbols, or calculate the “physical components”, average them, and express these
again with respect to the local basis at the half grid points. Both ways are very extensive and
should therefore be avoided. For the time being, the arithmetic average is taken as a simple
approximation for the following analysis. The finite differencing expression then gives

 1


1 3
3
3
3
B̃2,[001] − B̃2,[000] −
B̃[001] + B̃[000]
B̃[000]
+ B̃[001]
A2 =
B̃2,[000] − B̃2,[001]
.
2
2
(III.108)
Now, an accuracy analysis using
B̃ 3 = exp ik3 x̃3



and B̃2 = exp ik2 x̃3



shall be applied. Introducing this in eq. (III.105) yields the analytical result

−k2 (k3 + k2 ) exp ik2 x̃3 + ik3 x̃3
.

After some straightforward algebra one gets




k33
k23
4
−k2 (k3 + k2 ) + k3 + k2 + O k2 exp ik2 x̃3 + ik3 x̃3
6
6

for eq. (III.106) (without intermediate grid points) and
h
i




−k2 (k3 + k2 ) + O k24 + O k34 + O (k2 + k3 )4 exp ik2 x̃3 + ik3 x̃3

(III.109)

(III.110)

(III.111)

(III.112)

for eq. (III.108) (with intermediate grid points)8 . The errors to the analytical result is of fourth
order in k2 , k3 (or products of these) for both expressions. The use of intermediate grid points
does not enhance the accuracy of the scheme. In fact, when using a correct interpolation for
B̃ 3 as described before, things get even worse. Therefore the use of intermediate grid points
was abandoned.
6.3.2

Staggered grids

A widely used technique [87] is to locate the different quantities at staggered grid points.
The most common, which is ideal for integrating Maxwell’s equations, is the Yee grid [126].
The location of E and B using such a grid is shown in fig. III.10 for two and three spatial
dimensions. For simplicity the discussion here is restricted to a Cartesian grid with grid point
distance ∆ = 1. All arguments can easily be applied to a curvilinear grid [30] and even to
finite element grids [66].
The idea behind the Yee grid is to identically fulfil the ∇ · B = 0 condition at any time. For
a particle code this only makes sense, if ∇ · B = 0 as well as Faraday’s law in the form of
eq. (III.100) are fulfilled for all points inside the cell. Therefore it is necessary to define an
8

Note, that usually in such an accuracy analysis the higher order terms have arguments of the form k∆,
with ∆ being the grid point distance. Here, ∆ = 1 applies because of the transformation to local coordinates.
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Figure III.10: Yee grid structure in 3D (left) and 2D (right). The circles and crosses mark the
location of the various components of the B and E field, respectively. In the 2D sketch B 3 as well as
E1B and E2B is left out, because they are not needed for the arguments in the text. The upper index
B at the E components refers to the notation of eq. (III.100).

extrapolation of the field quantities to any point inside the cell. For the simple grid structure
with all quantities located at the cell corners, this extrapolation is given by eq. (III.79). For
the Yee grid structure in fig. III.10 this is more complicated. It will be argued now, that
the only possibility to fulfil the above conditions implies that the electric field has to be
considered constant along one cell edge. This, however, introduces an electrostatic self-force
on the particles due to the ∇pe term, which is a speciality of hybrid codes. Therefore the use
of such a grid is unsuitable for the hybrid approximation. For simplicity, a Yee grid structure
for a Cartesian grid is discussed. Consequently, the vector components are written simply as
Ei and B i instead of Ẽi and B̃ i .
As shown in fig. III.10 the components of the magnetic field are located on the cell faces,
whereas the components of the electric field are located on the cell edges. The right sketch of
fig. III.10 represents the situation in 2D. For simplicity, the length of the cell edges is again
unity. A point inside the cell has the coordinates ξ 1 , ξ 2 , both running from 0 to 1. To make
things easier we start the discussion with a linear interpolation of the electromagnetic fields
to a point (ξ 1 , ξ 2 ) inside the cell:
 1
1 1
(III.113)
B 1 (ξ 1 , ξ 2 ) = 1 − ξ 1 B[0
1 +ξ B 1
]
[1 2 ]
2

B 2 (ξ 1 , ξ 2 ) = 1 − ξ 2 B[21 0] + ξ 2 B[21 1]
(III.114)
2
2



B
B
E3B (ξ 1 , ξ 2 ) = 1 − ξ 1 1 − ξ 2 E3,[00]
+ 1 − ξ 1 ξ 2 E3,[01]
+

B
B
ξ 1 1 − ξ 2 E3,[10]
+ ξ 1 ξ 2 E3,[11]
.
(III.115)

Faraday’s law at any point (ξ 1 , ξ 2 ) (all partial derivatives with respect to ξ 3 vanish) states:


∂t B 1 ξ 1 , ξ 2 = −∂ξ 2 E3B ξ 1 , ξ 2
o


n

B
B
B
B
(III.116)
+ ξ 1 −E3,[10]
+ E3,[11]
= − 1 − ξ 1 −E3,[00]
+ E3,[01]
and

o


n

 B
B
B
B
− E3,[11]
+ ξ 2 E3,[01]
∂t B 2 ξ 1 , ξ 2 = − 1 − ξ 2 E3,[00]
− E3,[10]

.

(III.117)
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This is obviously consistent with eqs. (III.113) and (III.114), if
1
B
B
∂t B[0
1 = E3,[00] − E3,[01]
]

B
B
1
∂t B[1
1 = E3,[10] − E3,[11]
]

B
B
∂t B[21 0] = E3,[10]
− E3,[00]

B
B
∂t B[21 1] = E3,[11]
− E3,[01]

2

2

(III.118)

2

.

(III.119)

2

Now, at every point (ξ 1 , ξ 2 ) there is


∇ · (∂t B) = ∂ξ 1 ∂t B 1 + ∂ξ 2 ∂t B 2

1
2
1
− ∂t B[21 0]
= ∂t B[1
1 − ∂t B 1 + ∂t B 1
]
[0 ]
[ 1]
2

= 0

2

2

2

.

Thus, when the initial B-field is divergence-free, it will be for all times later on, no matter
what E B looks like. One could also use higher order interpolation inside the cell and keep
this arguments valid. The important point, however, is that in the computation of ∇ · (∂t B)
only the values of E B from the four cell corners enter and cancel each other out. This is due
to the fact, that B 1 inside the cell only depends on ξ 1 , i.e. B 1 is constant along the cell edge
in 2D and over the whole cell face in 3D.
If one would add a linear interpolation for B 1 with respect to the ξ 2 direction, then the above
1 , B 1 , and so on. Then
arguments fail, because B 1 (ξ 1 , ξ 2 ) would then also depend on B[0
3
]
[1 3 ]
2

2

the values of E3B from adjacent cells would also enter into the calculation of ∇ · (∂t B). Since
these values fulfil no further condition, the result ∇ · (∂t B) = 0 can no longer be assured.
The conclusion is, that the ∇ · B = 0 condition can only be fulfilled exactly at every point
in the simulation box, if the components of B as sketched in fig. III.10 are assumed to be
constant all over the respective cell faces. This implies the components of E B to be constant
along the cell edges to fulfil Faraday’s law. If the EiB are constant along the cell edges, so
have to be the Ei , which are the components of the electric field acting on the particles. As
will be shown in the next section, this leads to an unphysical self-force acting on the particles
due to the ∇ρκc term in eq. (C).
6.3.3

Self-force arising from the ∇ρκc -term

ρc,[10]

ρc,[00]

E1,[ 1 0]
2

Yee grid

ρc,[10]

ρc,[00]
E1,[00]

ρc,[10]

ρc,[20]

E1,[10]
grid used here

Figure III.11: Location of the charge densities and the electric field component E1 in the Yee grid
and in the unstaggered grid (used for this work). The black circle marks a random particle located at
some ξ 1 in cell [00]. For simplicity, the case ξ 2 = 0 is shown.

Fig. III.11 compares the locations of the charge densities ρc and the electric field component
E1 for the Yee grid and the grid used here (where all quantities are located at the cell corners),
which will be called “unstaggered grid”.
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In the following the
E1 = −

∇ρκc
ρ

(III.120)

term from eq. (C) will be discussed for both grid types (the constant βe0 /2 is of no importance
here). This term is responsible for all ion-acoustic phenomena in the plasma. It is well known,
that it tends to cause instabilities in all hybrid codes [89], and therefore has to be implemented
with great care.
A particle (black circle in fig. III.11) may be located at ξ 1 directly on a cell edge (ξ 2 = 0).
The background ion charge density of the plasma shall be ρ0 . The particle contributes a small
amount ρp = qp /∆3 to this density, where ∆3 = 1 is again the cell volume (the cell has unity
edge lengths). It is assumed, that ρp ≪ ρ0 , which is fulfilled, if there are a sufficient number
of particles in the cell.
Yee grid
When using linear PIC weighting, the additional particle in fig. III.11 results in the densities

ρc,[00] = ρ0 + 1 − ξ 1 ρp and ρc,[10] = ρ0 + ξ 1 ρp .
(III.121)

The electric field is then given by
E1,[ 1 0] = −
2




1  κ
 ρκc,[10] − ρκc,[00] ≈ −
ρc,[10] − ρκc,[00]
ρ0
1/2 ρc,[00] + ρc,[10]
1

.

(III.122)


With eq. (III.121) and the abbreviations δρ[00] = 1 − ξ 1 ρp /ρ0 and δρ[10] = ξ 1 ρp /ρ0 one gets
2



κ

κ 
− 1 + δρ[00]



= −ρκ−1
1 + κδρ[10] + O2 δρ[10] − 1 + κδρ[00] + O2 δρ[00]
0

≈ −κρκ−1
δρ[10] − δρ[00]
(III.123)
0

E1,[ 1 0] = −ρκ−1
0

1 + δρ[10]

up to first order in the small quantities δρ. With the linear weighting from eq. (III.121) this
yields an electric field

.
(III.124)
ρp 1 − 2ξ 1
E1,[ 1 0] = −κρκ−2
0
2

Because E1,[ 1 0] is constant along the cell edge, the above is also the electric field acting on the
2

particle. The field vanishes for a particle located in the cell centre (ξ 1 = 1/2). Therefore, the
particle acts like a harmonic oscillator under this self-force, which triggers a strong electrosonic wave instability.
From eq. (III.123) it can be seen, that to avoid this self-force one has to put δρ[10] = δρ[00] .
This means that the charge densities are collected independently of the particle’s position.
This reflects the fact, that one has to gather the particle moments to the grid the same way
in which the fields are interpolated back to the particles [9].
Unstaggered grid
Consider the unstaggered grid on the right side of fig. III.11. The charge contributes to the
nodes [00] and [10] in the same way as in eq. (III.121). However, the electric field is calculated
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at the integer positions now, using
E1,[00] = −

ρκc,[10] − ρκc,[10]
2ρc,[00]

and

E1,[10] = −

ρκc,[20] − ρκc,[00]
2ρc,[10]

.

(III.125)

Neglecting the contribution of the small charge ρp in the denominator (ρc,[00] = ρc,[10] ≈ ρ0 )
and using the same definitions for δρ[ij] as before, one gets
ρκ−1 δρ[00]
ρκ−1
δρ[10]
0
+ O2 (δρ[10] ) and E1,[10] = 0
+ O2 (δρ[00] ) .
(III.126)
2
2

Now the electric field E1 ξ i at the particle’s position ξ i is obtained by linear weighting.
With eq. (III.121) this yields
E1,[00] = −





 
−ρκ−2
0
E1 ξ i ≈ 1 − ξ 1 E1,[00] + ξ 1 E1,[10] =
1 − ξ 1 ξ 1 ρp − ξ 1 1 − ξ 1 ρp = 0 (III.127)
2

up to first order in δρ. Thus, there is no self-force acting on the particle. Of course, this is
only true up to first order in δρ, or for the case κ = 1 (isothermal electrons). It is impossible
to construct a scheme for which this self-force vanishes identically for arbitrary values of κ.
However, the fact that for the unstaggered grid at least the linear term in δρ vanishes, is the
reason that this solution was chosen here.

7

Boundary conditions

This section deals with the different boundary conditions and their application to the field
quantities and particles.
[0, N2 + 1]

”periodic”

[N1 + 1, N2 + 1]
[N1 , N2 ]

[1, N2 ]
”inflow”

”outflow”

[01]

[N1 , 1]

[11]

[N1 + 1, 0]
[00]

[10]

”periodic”

Figure III.12: Different boundary conditions applied to a 2D grid. The solar wind flows from left
to right. The shaded area is the actual computational domain consisting of N1 × N2 grid nodes. The
dashed cells are “extra” cells added to handle the various boundary conditions described in the text.

To make the actual computations easier to handle, first of all a row of extra grid nodes at
each boundary of the simulation box is added, as shown in fig. III.12. If there are N “real”
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grid nodes, these extra nodes get the indices 0 and N + 1. During one simulation step, the
code runs only over the “real” nodes 1 . . . N . The boundary conditions now have to define,
how to fill the extra nodes with appropriate values.
The code can handle three different types of boundary conditions called “inflow”, “outflow”
and “periodic”. Fig. III.12 shows a simple application in the 2D case. The simulation box
is rectangular. At the left side, the solar wind comes in (inflow boundary), whereas at the
right side the solar wind leaves the simulation domain (outflow boundary). On the upper
and lower sides periodic boundaries are imposed. The treatment of the fields and particles at
these boundaries is as follows.

7.1

Inflow boundary

At an inflow boundary, all field quantities (E,B) as well as the densities and bulk velocities
are simply held constant. The constants are the background values of the undisturbed solar
wind. The grid nodes at the inflow boundary are called [IB]. In Fig. III.12 these would be
the nodes [0j]. Then the imposed conditions are
α
E[IB]
= E0α ,

α
B[IB]
= B0α ,

ρc,[IB] = ρc,0

and

uαi,[IB] = uαi,0

.

Note, that in the above conditions the Cartesian components of the field quantities are addressed. For a general, curved inflow boundary the E α and B α are translated into the local
√
basis by means of eq. (III.66), whereas for the densities and currents a factor of g [IB] has
to be included like in eqs. (III.80) and (III.81).
The values for ρc,0 and B 0 are given directly as simulation parameters. ui,0 follows from
the Alfvénic Mach number, which is also a simulation parameter. E 0 is calculated from
E 0 = −ui,0 × B 0 .
The particles at an inflow boundary are newly generated at each time step, i.e. all particles
which are located in the “extra cell” are deleted, and the whole cell is filled with new particles
according to the scheme described in the next section.

7.2

Outflow boundary

Outflow boundaries are usually tricky to handle, because of reflection of waves that might hit
these boundaries. To avoid this, one can adopt “absorptive” boundary conditions. However,
in all problems dealt with here, such reflection problems did not occur, because of the high
Mach number of the solar wind, which forbids waves to travel upstream. Therefore, a simple
boundary condition has been chosen.
Generally at an outflow boundary one has to extrapolate all quantities from some grid cells
near the boundary to the boundary cells. The outflow boundary cells are called [OB]. The
neighbouring cells are simply addressed by [OB − 1], [OB − 2] and so on. In fig. III.12 these
would be [N1 + 1, j], [N1 , j] etc., and similar for other locations of the outflow boundary.
There are different possibilities for an extrapolation. One can simply put the values at [OB]
to be those of [OB − 1] (zero order scheme). One can also keep the gradients fixed by linearly
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extrapolating from [OB − 1] and [OB − 2] (first order scheme) or use even higher order
extrapolations.
The zero, first and second order schemes have been tested, and no significant differences
showed up. Therefore the simplest, zero order scheme has been adopted, using
α
α
E[OB]
= E[OB−1]
,

α
α
B[OB]
= B[OB−1]
,

ρc,[OB] = ρc,[OB−1]

and uαi,[OB] = uαi,[OB−1]

.

The particles which cross the outer layer of the outflow cells are deleted.

7.3

Periodic boundaries

Periodic boundary conditions are only possible for two opposite, identical boundaries, which
are not curved. The situation will be explained for the example of fig. III.13.
N +1
N + 1/2
N
particles
1
1/2
0
Figure III.13: Application of periodic boundary conditions in 2D. Only the shaded area is filled with
particles, i.e. the “extra” cells are only half-filled. First, the particles in the blue and read areas are
“virtually copied” for each cell (s. text) to produce a periodic situation with fully filled cells. After
that the grid quantities are copied as indicated by the arrows to the right.

The two outmost cell rows in the figure are identified with each other. The electromagnetic
field quantities are copied from nodes with index 1 to those with index N + 1 and from N to
0:
α
α
α
α
E[i,0]
= E[i,N
E[i,N
],
+1] = E[i,1]
and likewise for B α . This makes the values for the “real” cells 1 . . . N clearly periodic.
However, the densities and currents have to be treated differently in this case.
First of all, the two outmost cell rows are only filled half with particles. Particles which cross
the layer 1/2 below are inserted at N + 1/2 above and vice versa. The densities (and also the
currents) are gathered on all grid nodes 0 . . . N . To make the situation periodic, one has to
add the contribution of grid node 0 to node N and from N + 1 to 1:
ρ′c,[iN ] = ρc,[iN ] + ρc,[i0]

and

ρ′c,[i1] = ρc,[i1] + ρc,[i,N +1]

,

This essentially means, that the particles in the lower half filled cells are virtually “copied”
to the upper half filled cells and vice versa, which creates two identical fully filled cell rows.
After this, the same assignment for the outermost grid nodes is made as for the fields:
ρ′′c,[i,0] = ρ′c,[i,N ],

ρ′′c,[i,N +1] = ρ′c,[i,1]
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and also for the currents. The quantities ρ′′c then have the desired periodicity. Note, that
this procedure has to be applied to the currents j i instead of the bulk velocities ui . The
bulk velocities have to be calculated by ui = j i /ρc afterwards, because otherwise the wrong
densities would be used.
A 2D or 1D simulation is also done on a 3D grid, with only one grid node in the according
direction using periodic boundary conditions (actually this direction consists of three layers
when taking the extra nodes into account). Using this technique wastes some storage capacity
and time—because all three layers contain the same information—but on the other hand this
method spares the necessity to apply special conditions for 2D and 1D simulations.

8

Particle administration

8.1

Superparticles

It is impossible to simulate the motion of all individual solar wind protons in a given simulation
box. Therefore, a large number Nsp of protons are merged and treated as one “superparticle”.
To keep better control of how many of these superparticles are used in one simulation run,
the number Nppc , which describes the number of superparticles which should be placed in the
smallest cell at the beginning of a simulation run, is given as a parameter.
∗ and mass m∗ of these superparticles, first notice that
To derive the normalised charge qsp
sp
∗ = m∗ .
in normalised units the charge to mass ratio of a proton equals unity, hence qsp
sp
Furthermore the normalised charge and mass densities of the initial plasma are also unity.
∗ /√g to the overall
According to eq. (III.80) each superparticle contributes a fraction of qsp
charge density. Therefore
√ ∗
gmin
∗
∗
(III.128)
qsp = msp =
Nppc

yields just ρ∗c = ρ∗m = 1, if Nppc particles are placed in the cell with smallest (normalised)
√
volume g ∗min .
∗ = en x3 q ∗ . From this N
The real charge of a superparticle is qsp = q0 qsp
sp can be derived as
0 0 sp

Nsp
where

√

√ ∗
√
n0 gmin
qsp
3 g min
= n0 x0
=
=
e
Nppc
Nppc

,

(III.129)

gmin is the volume of the smallest cell in physical units.

∗ and m∗ have
For another ion species (as the heavy ions produced by a comet), Nsp , qsp
sp
different values. How to determine these, is described in chapter V, section 3.1.

8.2

Initialisation

At the beginning of a simulation run, the whole simulation box has to be filled with solar
wind superparticles which have a certain temperature Ti,sw . This temperature is given as a

8.3 Particle coalescence

47

parameter by means of the solar wind ion plasma beta βi,sw defined by
βi,sw =

2
2
ρm0 vth
n0 kTi,sw
2 vth
=
=
2
3 vA0
B02 /2µ0
3B02 /2µ0

,

(III.130)

where vth is the thermal velocity given by
2
=
vth

3kT
m

.

(III.131)

Thus, in normalised units, βi is simply given as
2 ∗2
βi,sw = vth
3

.

(III.132)

For the undisturbed solar wind plasma an isotropic temperature is assumed. The Maxwellian
distribution function in three dimensions has the form
!
!
!
(v ∗ − u∗i )2
m (v − ui )2
3 (v ∗ − u∗i )2
= exp −
f (v) ∝ exp −
= exp −
(III.133)
∗ 2
2kT
2
βi,sw
vth
where ui is the solar wind bulk velocity.
All solar wind particles inserted at the beginning have to be assigned a velocity chosen according to the distribution (III.133). This is done with a “rejection method”, i.e. a random
v ∗ and a random number between 0 and f (v ∗ )max = 1 are chosen. If the random number is
larger than f (v ∗ ), then the chosen v ∗ is “rejected”. This is repeated until a v ∗ is “accepted”.
There are more sophisticated and faster methods to do this [88], but the “rejection method”
is more general and can be applied also to more complicated distribution functions.
The number of particles, which have to be placed in each cell is proportional to the volume
√
g(ijk) of this cell. With the quantity Nppc defined above, the number N(ijk) of particles,
which have to be placed in cell (ijk) is
√
g(ijk)
N(ijk) = Nppc √
.
(III.134)
gmin
In general, N(ijk) is not an integer. Instead of simply rounding N(ijk) , which leads to systematic errors, an integer quantity N̂(ijk) is chosen randomly among the two neighbouring
integers of N(ijk) , so that for many repetitions of this procedure hN̂(ijk) i = N(ijk) .

8.3

Particle coalescence

A basic problem in all particle codes is the statistical noise arising from the finite number of
particles, which furnish the distribution function. This problem becomes worse, when using a
curvilinear grid. Consider fig. III.14. The type of grid shown in this figure could be useful for
a global simulation of a bow shock or a magnetosphere, where one wants the grid resolution
near the obstacle to be higher than in the distant flanks.
However, to keep a reasonable level of particle noise, one has to put a certain minimum
number of particles into the smallest cell on the left. The physical number density of the
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Figure III.14: Illustration of the particle coalescence method described in the text. The main flow
direction of the particles is from left to right.

particles has to be kept constant, regardless of the cell size and form. Since the cells become
bigger to the right, this of course means, that in those cells a huge number of particles have
to be located. This leads to a great loss of computing efficiency, possibly outweighing the
gain of the curvilinear grid.
To take account for this, it is desirable to have some sort of splitting and coalescence of the
particles, to control the number of particles in each cell. Various different approaches to this
problem have been proposed [23, 59]. These methods address the general case, where the
cells become arbitrarily smaller and larger along the main flow direction. In this case, it is
necessary to have some algorithm for splitting the particles as well as for the coalescence. In
the course of this work the only occasion, where these techniques were useful, was a type of
grid like that in fig. III.14, where only the particle coalescence makes sense.
To deal with this, one or more so-called “averaging zones” were introduced. Such a zone
is shaded grey in fig. III.14. When a superparticle enters this zone, a “partner”, which is
“close” in phase space is searched for (a more precise definition of “close” is given below).
Both particles are then deleted and replaced by a new one with twice the numerical weight,
i.e. twice the charge and twice the mass. The position and velocity of this new particle are
the respective averages of the two old ones.
To look for a suitable partner is a N 2 process, if one runs over the whole list of particles
every time a partner is needed. Since this would be too expensive another search strategy is
applied. If a particle enters the averaging zone, it is put on a “search list”. Another particle
entering the zone runs only over this search list to find a partner. If this fails, it puts itself
at the end of the search list. Because there are only a few particles in the averaging zone at
a time, this algorithm is much faster.
However, there is a problem in this coalescence process, namely the conservation of overall
energy and momentum. If the two old particles had mass m and velocities v 1 and v 2 , respectively, then the new particle has mass 2m and velocity 1/2(v 1 + v 2 ). While this conserves
momentum, the kinetic energy of the new particle is smaller, because


2

1
2m
(v 1 + v 2 ) ≤ m v12 + v22
2

⇔

1
1
v 1 · v 2 ≤ v12 + v22
2
2

,

(III.135)

which is always fulfilled. It is clear, that this energy loss becomes smaller, the less the two
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Figure III.15: Results of a one-dimensional run with one “averaging zone” to illustrate the energy
loss due to particle coalescence. (a) Mean square of thermal velocity. (b) Density of particles, which
are not coalesced. α is a measure of the largest allowed distance in velocity space.

initial velocities differ. Thus, only particles are chosen for coalescence, if
2
|v 1 − v 2 |2 < αvth

and

|x1 − x2 | < β

.

(III.136)

The parameter β is chosen to be one or two cell sizes. For a reasonable choice of α refer to
fig. III.15. For this figure a one-dimensional test run has been performed, where one averaging
2 , which is a measure for the temperature
zone is placed in the middle. Fig. III.15(a) shows vth
and therefore the overall particle energy. Fig. III.15(b) shows the density of the particles,
which were not coalesced when passing the averaging zone. As one can see, for α = 0.1, the
energy loss is negligible but on the other hand only 60% of the particles have found a suitable
partner. For α = 0.5 nearly all particles find a partner, but the energy loss is almost 10%.
Whenever this feature was used in this work, a typical value of α = 0.2 was chosen.

9

Numerical stability

This section describes some simulation parameters which appear to be critical for numerical
stability. Further parameters for some sort of obstacle, e.g. the comet or a planet are described
later. In appendix A the technical implementation for passing these parameters to the code
is described.

9.1

Time step and subcycling

The main time step ∆t is used for the particle position and velocity update. This time step
is divided into Nsc intervals which are used in the subcycling method for the magnetic field
calculation. Both time step intervals have to fulfil the Courant condition [9, 61], which in D
spatial dimensions reads
∆x √
(III.137)
> D Vmax ,
∆t
where ∆x is the smallest cell size occurring in the simulation and Vmax is the largest physical
velocity to be expected.
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To fulfil this condition is necessary to maintain numerical stability. For the high Mach number
plasma flows used in the simulations done in this work, the largest physical velocity is usually
the particle velocity itself. In that case, one can read condition eq. (III.137) as “No particle
should move further as one cell per time step”.
Because of the wave velocities being lower than the particle velocities, the Courant condition
is always fulfilled regarding wave propagation if it is fulfilled for the particles. However, in
regions with very low plasma densities, the wave velocities may become significantly higher. It
is therefore necessary to use the smaller time step in the magnetic field update to compensate
for this. If large regions with low plasma density are to be expected, it is therefore useful to
increase Nsc . For most simulations done here, Nsc = 7 proved to be sufficient.

9.2

Minimum plasma density

The growth of the Alfvén velocity with decreasing plasma density mentioned above, becomes
infinite, when the plasma density approaches zero. It is clear, that in this limit the hybrid
approximation must fail, as can be seen for example from eqs. C and D, where ρc appears in
the denominator. It is therefore necessary to ensure ρc > 0. This can be done by setting the
parameter ρmin to some small finite value. After each calculation of ρc , the code replaces all
occurrences of ρc < ρmin by ρc = ρmin . A value of ρmin = 0.05 has proven to be adequate for
the simulations done in this work.

9.3

Magnetic diffusion

As will be shown in section IV.3, it is unavoidable, that magnetic field structures with a
characteristic length scale comparable to the grid size can not be modelled correctly by any
numerical approach. It is therefore necessary for numerical stability to damp small wavelength
structures. This can be achieved in several ways. One is to use the diffusion term involving
η in eq. (D). In that equation η is a measure for the inverse magnetic Reynolds number.
In a collisionless plasma η should be identical to zero. A small positive value arises due
microscopic effects, like wave-particle scattering, which cannot be modelled in the hybrid
approximation. However, for numerical stability, this value has to be chosen somewhat larger
than the real value. Winske and Omidi [122] give a “rule of thumb” for an appropriate choice
of η, by limiting the diffusion length to a certain percentage of the cell width, which should
be 10%-20%. In the dimensionless units used here, the diffusion length is given by η/Vc [57],
where Vc is some characteristic velocity. Choosing the particles initial bulk velocity up0 as
the characteristic velocity, η should be chosen to fulfil the condition
η < up0 · p · ∆x

,

(III.138)

where ∆x is the smallest cell size and p = 0.2 reflects the 20%-rule given by Winske and
Omidi [122].
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Smoothing

Another way of damping small wavelength magnetic field structures is a simple smoothing
procedure, which can be applied to the magnetic field and also the electric field to reduce the
noise, which usually occurs due to the statistical particle noise.
In the code used here, a nearest neighbour smoothing procedure was applied. Given a nu′
merical quantity fqrs defined at all grid points qrs, the smoothed field fqrs
is calculated
by
1
X
2
2
2
1
′
f[000]
=
(III.139)
f[ijk] · · 2−(i +j +k ) .
8
i,j,k=−1

The old value f[000] is weighted with 1/8 in the above equation, the nearest neighbours with
1/16 and so on. It is easy to check, that these weights sum up to unity. After calculating all
′
fqrs
in this manner, the final field Fqrs is calculated by
′
F[000] = (1 − ηsm )f[000] + ηsm f[000]

,

(III.140)

where ηsm is a parameter which measures the amount of the final smoothing.
It is usually not necessary to apply both smoothing and additional magnetic field diffusion
to ensure numerical stability. It has turned out, that using no smoothing and a finite value
for η works best in two spatial dimensions, whereas in three spatial dimensions it is better to
use η = 0 and apply a small value for ηsm .
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Chapter IV

Test runs
To prove that the code works correctly four different test results are presented in this chapter.
The first one (section 1) is the most basic test for all plasma simulation codes, showing that
the basic linear MHD waves, i.e. Alfvén mode and the fast and slow magnetosonic wave
modes, do have the correct dispersion relations. Section 2 describes a long term run, in which
the particle energy and momentum conservation are tested. The third example (section 3)
tests the frozen-in condition of the magnetic field. It will be shown that small magnetic field
structures do not exhibit the correct behaviour, which is one of the major numerical problems.
A rigorous discussion of this effect will be given. In section 4 the flow of the solar wind around
an obstacle is tested in two different ways, first with the obstacle being at rest and the solar
wind flowing around it and then vice versa. These two possibilities should yield the same
results due to Lorentz invariance. However, the Lorentz invariance is only valid for velocities
very small compared to the speed of light. The code is not Lorentz invariant in the sense that
it would correctly deal with relativistic particle energies. The last test in section 5 compares
a run using a Cartesian grid with a run on a curvilinear grid and also with a test run using
the particle coalescence method.

1

MHD waves

In this section the propagation of MHD waves in a magnetised plasma is investigated. If the
vector k forms an angle θ with the background magnetic field B 0 , the propagation velocities
are [17, 57]
B0
vA = vA0 cos θ with vA0 = √
(IV.1)
µ0 ρm0
for the Alfvén mode and
2
vf,s

1
=
2



q
2
2
2
2
2
2
2
2
vA0 + cs ±
vA0 + cs − 4cs vA0 cos θ

(IV.2)

for the fast (with sign +) and slow (−) magnetosonic wave mode, respectively. cs is the sound
velocity in the plasma, which is given by
r
p0
,
(IV.3)
cs = κ
ρm0
where p0 = pth,i + pth,e is the overall thermal pressure, consisting of the contributions pth,i ,
pth,e from the ions and electrons, respectively. κ is the adiabatic exponent. For the test
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results shown here, this was chosen to be κ = 1 (isothermal). According to eq. (III.130) these
pressures can be expressed by means of βi and βe which gives
cs =

s

(βi + βe )B02
κ
= vA0
2µ0 ρm0

r

βi + βe
κ
2

c∗s

⇒

=

r

κ

βi + βe
2

,

(IV.4)

where c∗s is the sound velocity in normalised units.
To test if the codes reproduces eqs. (IV.1) and (IV.2) a set of 1D simulations1 with different
values of θ between the x-axis and the background magnetic field have been carried out. The
simulations use 200 cells of length ∆x = 0.2c/ωp,i . Furthermore, periodic boundary conditions
were chosen.
At start the “box” is filled with solar wind particles using βe = 0.8 and βi = 0.1. The relative
low value of βi is chosen to keep the damping of the wave amplitudes small, whereas the high
value of βe is necessary to have a reasonable value for cs . The electrons were assumed to be
isothermal (i.e. κ = 1), which is justified when dealing with small amplitude waves.
The initial background magnetic field is chosen as
B 0 = B0 (cos θ, sin θ, 0)

.

(IV.5)

To this background field a harmonic disturbance with k0 = π/4 is superimposed in the Bz
component (i.e. transverse to the background field). The amplitude of this disturbance is
0.1B0 . All other quantities, such as density etc., were constant at start. This initial setup is
not self consistent, which leads to the formation of all three wave modes with the given value
for k0 (and possibly also other values for k).
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Figure IV.1: Test of linear MHD wave propagation. (a) Power spectrum of the transverse magnetic
field component Bz for the initial k0 value. (b) Same as (a) for the proton density. (c) Resulting propagation velocities ω/k0 (under the assumption of a linear dispersion relation) plotted as a
Friedrichs diagram for different values of θ. The theoretical curves (solid lines) were obtained from
eqs. (IV.1)-(IV.4) with the simulation parameters βi = 0.1 and βe = 0.8.
1

Although only one spatial dimension is used, the fields still have three components of course.
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The simulation runs for 1500 time steps with step-size ∆t = 0.1Ω−1
i . The Bz component
as well as the proton density is recorded at each grid node and each time step. These (x, t)
datasets are then transformed into (k, ω) space using a Fourier transformation. The resulting
power spectra for the initial k0 value and θ = 30◦ are shown in fig. IV.1. In the spectrum of
Bz only one peak is visible, which is identified with the Alfvén mode. The slow and fast mode
yield two further peaks in the density spectrum, as was to be expected. These peaks were
taken to calculate the according wave frequencies and propagation velocities. The resulting
frequencies are well below Ωi . Thus the propagation velocity of the waves can be calculated
simply from ω/k, because of the linear dispersion relation of all three modes in this regime,
i.e. group and phase velocity are identical.
The result is shown in fig. IV.1(c) for different values of θ in a common Friedrichs diagram. As
can be seen from the figure, the numerical results are in good agreement with the theoretical
expectations from eqs. (IV.1) and (IV.2).

2

Energy and momentum conservation

Because energy and momentum are the most important conserved quantities in all physical
problems, it seems absolutely necessary to have these quantities exactly conserved in a numerical simulation. However, this is not possible in a particle simulation. This is because of
the statistical representation of the distribution function. Due to this statistical noise, the
distribution function can never be an exact thermal distribution, thus, always “numerical”
free energy is present in the system, which can be converted in wave energy. This wave energy
can in return be absorbed by the particles, leading to an overall energy increase and heating
of the plasma.
The exact conservation of momentum is also impossible to achieve because of the linear
interpolation of the fields between the grid points and because of the statistical behaviour
of the particles. However, besides statistical variations the long term mean value of the
momentum should stay constant.
Besides this, Rambo [89] has carefully investigated the heating problem due to the electron
pressure gradient term occurring in eq. (C). This term incorporates another problem. The
statistical noise in the particle density is independent of the characteristic scales used. However, since this term is a spatial gradient, with smaller spatial length scales, the noise in
the electric field becomes larger. Therefore, this heating effect is especially important when
looking at small scales, which is the case for weak comets.
Another source of heating and overall energy increase is the numerical error introduced by the
velocity advancement in eq. (III.30). As already stated there, this algorithm is only energy
conserving if the electric field vanishes. If this is not the case, the overall energy tends to
increase, which can become a quite large effect [70].
Fig. IV.2 shows the results for a long term 3D simulation run with parameters given in the
figure. The box is a cube with all boundaries being periodic, i.e. no particles leave or enter
the box after start. The flow is superalfvénic and an initial magnetic field perpendicular to
the initial flow is imposed. At each time step the three velocity components of all particles
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Figure IV.2: Test of momentum and energy conservation. Results of a long term (10000 time steps)
3D simulation of an undisturbed superalfvénic flow in a fully periodic cubic box. The plasma flows
in positive x-direction with an initial bulk velocity ux0 = 5vA , the initial magnetic field is oriented in
y-direction. See text for details. (a) mean velocity hvi for the x, y and z-direction, respectively. hvx i
is shifted downwards by ux0 . (b) mean squared thermal velocity hvi2 i − hvi i2 for all three directions
i = x, y, z. The black line is the theoretical value of βi /3. Simulation parameters: 30 × 30 × 30
cells, Cartesian grid, ∆x = ∆y = ∆z = 0.2c/ωp,i , ∆t = 0.01Ω−1
i , Nppc = 15, ηsm = 0.05. Plasma
parameters: MA0 = 5, βi = βe = 0.4, κ = 2, η = 0.1.

which are located in the centre cell are recorded. Afterwards the first and second moment of
the velocity distribution represented by those particles is computed. To reduce the noise the
values for 50 time steps are averaged. Fig. IV.2(a) shows the first moment which is a measure
of the average momentum. Besides some statistical noise, all three momentum components
are conserved for the complete simulation time. Fig. IV.2(b) shows the results for the mean
squared thermal velocity in normalised units, which according to eq. (III.132) should be
βi /3 for each component. This quantity is a measure for the thermal energy and hence
the temperature of the ions. Fig. IV.2(b) exhibits a significant cooling for the components
perpendicular to the magnetic field, and a slight cooling in the parallel component.
This cooling is a result of the finite value of the resistivity η = 0.1 and the smoothing of
the magnetic field by 5% (ηsm = 0.05), which adds additional numerical diffusion in the
magnetic field. The smoothing simply reduces the wave energy which is generated by the
particle statistics as explained above. Thus it results in an overall energy loss. The resistivity
introduced by η has the same effect, but can also be viewed from a more physical standpoint.
The heat generated by the resistivity should heat the protons as well as the electrons. In the
hybrid approximation used here, the electrons are modelled as an adiabatic fluid (the value
κ = 2 instead of κ = 5/3 for the adiabatic exponent is explained in section V.4.3). Because
the electron density is constant, so is the electron temperature. Hence, the electrons act as a
thermal bath of infinite heat capacity which absorbs all heat generated by the resistivity.
If one chooses η = ηsm = 0 the protons get heated throughout the simulation as explained
above. Such results are not shown, because the simulation quickly becomes unstable because
of numerically unstable artificial upstream waves described in the next section. The results
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shown here should show that the heating effects described above can be compensated by a
suitable choice of η and ηsm .
Although the cooling shown in fig. IV.2(b) seems to affect the results of a simulation significantly, in fact it does not. In the simulation runs presented in this work, the box is not
periodic in the flow direction of the plasma, i.e. the cooled plasma normally leaves the box
and is replaced by new plasma with the correct initial temperature. For the parameters of
fig. IV.2 the plasma would stay in the box for only about t = 6/5Ω−1
(the length of the
i
box is 6c/ωp,i and the plasma bulk velocity is 5vA0 ). As can be seen from the figure, in this
rather short time the temperature stays practically constant. Therefore this result has to be
regarded as a successful test.

3

Frozen-in condition

If the electron pressure gradient as well as the resistive term are neglected, the electric field
is given by
(IV.6)
E = −ue × B
in a reference frame at rest (e.g. a satellite whose velocity is small compared to the solar
wind speed). In a reference frame moving along with the electrons, this implies E ′ = 0, hence
∂t B ′ = 0. Thus, in this reference frame the magnetic field is temporally constant, i.e. it is
“frozen in” in the solar wind electron flow. As a result, the dispersion relation for a wave of
the form exp[i(kx + ωt)] should be ω = −ue k, if the electrons move with velocity ue in the
reference frame under consideration.
To test this, a 1D simulation run, where the plasma moves with ue = ui = u = 10vA in
positive x-direction was performed. The cell size and time step are ∆x = 4x0 and ∆t = 0.1,
respectively, which satisfies the Courant condition (III.137). The background magnetic field
is oriented in y-direction, i.e. perpendicular to the flow. A small initial random “white noise”
disturbance is added in the direction of the background field. The whole run lasts for 1000
time steps. The complete magnetic field is recorded for all time steps, but shifted for ue ∆t
after each step to obtain the data in the plasma rest frame. The resulting By (x, t) data is
again Fourier-transformed afterwards. The obtained power spectrum is shown in fig. IV.3.
In the plasma rest frame there is u = 0. Hence, a perfect “frozen in” magnetic field should
yield a “wave mode” with ω = 0, independent of k. Other wave modes are suppressed in
this simulation run, because the plasma is cold (βi = βe = 0) and the initial disturbance is
parallel to the background field. However, fig. IV.3 shows strong deviations from the ω = 0
relation.
This is an inherent problem of the numerical solution of the underlying transport equation,
which in a 1D situation (∂y = ∂z = 0) simply reads
∂t By = −(∇ × E)y = −∂x (ue × B)z = −u∂x By

,

(IV.7)

where ue = ui = u, and u = ux = const. is assumed. Using a simple centred differences
scheme with respect to x and t on an equidistant grid with step size ∆x and time step ∆t,
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k[ωp,i /c]
Figure IV.3: Dispersion relation in the plasma rest frame obtained from a 1D simulation of a cold
plasma with an initial longitudinal disturbance in the magnetic field. In reality this should be a
horizontal line, but the deviation from this is inevitable and explained in the text. The solid line
represents the expression of eq. (IV.12) with the Doppler term uk added.

eq. (IV.7) is discretised as
Bjn+1 − Bjn−1
2∆t

n − Bn
Bj+1
j−1
= −u
2∆x

,

(IV.8)

where Bjn denotes the value of By at position xj = j∆x and time tn = n∆t. Substituting
Bjn = exp [i(kxj + ωtn )]

(IV.9)

in eq. (IV.8) yields
∆x
sin k∆x
= −u
.
(IV.10)
∆t
sin ω∆t
k∆x becomes always large, because kmax = 2π/∆x, whereas ω∆t for the mode under consideration can be made arbitrarily small, by choosing ∆t small enough to make ωmax ∆t = ukmax ∆x
small. which is simply the Courant condition. Therefore one can take sin ω∆t ≈ ω∆t yielding
ω=−

u
sin k∆x
∆x

.

(IV.11)

For k ≪ kmax this can be expanded to
ω = −uk + u

k3 ∆x2
+ ...
6

.

(IV.12)

When transforming this to the plasma rest frame a term uk has to be added which gives the
expression plotted as a solid line in fig. IV.3.
When one uses another numerical scheme for discretising eq. (IV.7) this problem still persists.
Fig. IV.4 shows the same spectra as before for a fourth order Runge-Kutta scheme [88] and
an upwind differencing scheme [22]. The data is here taken in the frame, where the plasma is
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Figure IV.4: Same as as fig. IV.3 for two other numerical integration schemes applied to the magnetic
field. Unlike fig. IV.3 a reference frame, in which the plasma moves with velocity v = 10vA is chosen
here. The integration schemes are (a) Fourth order Runge-Kutta and (b) Upwind differencing. The
solid lines represent eq. (IV.11)

.
moving. Therefore no uk-term has to be added and the solid lines represent the unexpanded
relation eq. (IV.11).
From this figure it can be seen that by using an upwind differencing scheme only numerical
diffusion terms (i.e. terms with even order in k∆x) are introduced, which damp the waves
with large k, whereas the Runge-Kutta method yields almost the same result as before. There
is no differencing scheme, in which the numerical dispersion relation would always agree with
the theoretical straight line. The effect is inherent to the finite spatial discretisation in the
same way as the dispersion relation for electrons becomes deformed in a crystal grid. However,
to overcome this problem one can perform a simulation, where the plasma is at rest, and the
obstacle travels trough the plasma in opposite direction. This “trick” will be described in the
next section.
As an example for the consequences of the numerical dispersion, consider again fig. IV.3. The
numerical dispersion relation implies, that small structures in the magnetic field (corresponding to large absolute values of k) are not convected with velocity u, but are travelling faster
or slower than that. The k3 term in eq. (IV.12) can even become larger than the first order
term, which means, that very small structures travel “upstream”, i.e. against the bulk plasma
flow. What happens then is shown in fig. IV.5. This figure shows the simulation results for a
flow around an obstacle. The details are of no importance here. Note only the strong waves
with small wavelength travelling upstream in fig. IV.5(a). To get rid of these waves one has
to add some diffusion in the calculation of the magnetic field. This can be done by choosing a
small value for the diffusion constant η, or by adding some numerical smoothing as described
in III.9.4. The result in fig. IV.5(b) shows the same run with η = 0.1, where the upstream
waves have disappeared, but the magnetic field structures have become less sharp in return.
As a consequence of all this, one always has to keep in mind that structures with a charac-
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Figure IV.5: Demonstration of the numerical “upstream waves” described in the text. Both panels
show the magnetic field strength (normalised to the initial, undisturbed magnetic field strength) for a
2D simulation of a superalfvénic (MA = 10) solar wind flowing from left to right around an obstacle.
The details of what can be seen here are not important. (a) Results with no diffusion (η = 0). Note
the presence of strong numerical disturbances (artificial “upstream waves”). (b) Same as (a) with
some diffusion in the magnetic field (η = 0.2). No additional smoothing was used. The x- and z-axes
are labelled in cell units to show that the numerical disturbances have a length scale of the order of
the grid cell size.

teristic scale of the order of less than two or three grid cells are always modelled incorrectly
by any numerical approach.

4

Lorentz invariance

As already stated above the name of this section may be somewhat misleading. The code is
not Lorentz invariant in the sense that it could handle relativistic particle energies. However
there should be a relativistic invariance in the sense that the results have to be independent
of the chosen frame of reference.
For a Lorentz transformation with |u| ≪ c, the electromagnetic field quantities transform like
B′ ≈ B

,

E′ = E + u × B

,

(IV.13)

hence, the magnetic field structures should be the same in all frames of reference.
To demonstrate this, two simulation results of a flow around an obstacle are presented. In
the “obstacle rest frame” (ORF) the obstacle is at rest in the centre of the box and the solar
wind flows around it, whereas in the “solar wind rest frame” (SWRF) the solar wind is at
rest and the obstacle moves in the opposite direction with the same velocity as the solar wind
does in the ORF case.
The shown results anticipate some of the results discussed in more detail later on. The
physical aspects are again of no importance here and will not be described. However, some
details of how the obstacle is generated are outlined qualitatively. The more complicated
quantitative details are dealt with later on.
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Figure IV.6: Illustration of the boundary treatment for the SWRF simulation. The red dot marks
some obstacle particle, which moves to the left, the green dot represents a SW particle, which is at
rest. The blue line symbolises some field structure, e.g. a bow shock. (a) Starting point. (b) After
three time steps the obstacle together with the attached field structure has moved one grid cell to the
left. (c) All particles and field quantities are moved one cell to the right where periodic boundary
conditions are imposed. (d) Some space at the left “inflow boundary” is “overwritten”.

The obstacle consists of a second ion population with a mass of 16mp . A certain number of
these “heavy ions” are inserted at the obstacle’s position at each time step according to some
spatial distribution. In the ORF simulation the heavy ions are generated with zero initial
velocity and the plasma has the initial bulk velocity ux0 . In the SWRF simulation the heavy
ions are generated with the initial velocity −ux0 and the plasma bulk velocity is zero.
The ORF run uses a simulation box with an inflow boundary to the left and an outflow
boundary to the right. All other boundaries are periodic. The SWRF run needs some
special boundary treatment illustrated in fig. IV.6. Assume a starting situation as shown
in fig. IV.6(a). Some heavy ion which is part of the obstacle is marked as a red dot. It moves
to the left with some velocity −ux0 . Some electromagnetic field structure, e.g. a bow shock
front has formed, marked as a blue line in the figure. Some solar wind particle, which is at
rest in the SWRF is shown as a green dot. After some time steps (three in the figure as an
example) the heavy ions as well as the attached field structures have moved somewhat to the
left. The travelled distance is −N ux0 ∆t, where ∆t and N are the time step length and N = 3
is the number of time steps. The resulting situation is illustrated in fig. IV.6(b), where it is
assumed that the travelled distance is just one cell width (why this is necessary will become
clear shortly). If one did continue with the simulation like this, the obstacle would cross the
left boundary and run into its own wake. To avoid this, all simulation data (i.e. all particles
and also all electromagnetic field quantities) are moved one cell to the right, as shown in
fig. IV.6(c). This is done using periodic boundary conditions for the left and right boundary.
The situation is now the same, as if the solar wind would have been moved together with
its frozen in magnetic field. However, due to the periodic boundary conditions, some part
of the wake attached to the obstacle appears at the left side of the box. This part is simply
“overwritten” in a last step, by filling all cells in some area (marked green in the the figure)
with new solar wind particles and setting all field quantities to their initial background values.
After this last step the situation is the same as if the solar wind would have moved instead of
the obstacle, and as if the left and right boundary would be an inflow and outflow boundary,
respectively.
Fig. IV.7 compares the results for two 2D runs with same parameters in the ORF (left
panels) and the SWRF (right panels). Again, the parameters for this run as well as the
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Figure IV.7: Comparison of two 2D simulation runs with the same parameters in the ORF and the
SWRF, respectively. See text for details. The solar wind flows from left to right with MA = 10. In the
centre there is an obstacle consisting of a source of heavy ions with mass 16mp . All other parameters
are of no importance here. (a)-(c) Heavy ion density, magnetic field strength and the x-component of
the plasma bulk velocity for the ORF. (d)-(f) Same for the SWRF. Both runs yield the same global
results, proving the Lorentz invariance of the code. The differences in the details are discussed in the
text. The flow velocities in (c) and (f) differ by the relative velocity ux0 = 10 of the two reference
frames.
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physical details will be discussed later. From top to bottom the figure shows the heavy
ion density, the magnetic field strength and the plasma bulk velocity with respect to the
x-direction. All quantities are given in normalised units. The background magnetic field is
oriented perpendicular to the plasma flow, pointing inwards in the figure.
The global results for the heavy ion density and the magnetic field structure are roughly
the same in both runs, as it should be. Also the plasma velocity structures fig. IV.7(c)
and (f) are the same, despite the fact, that they differ by the relative velocity ux0 of the
two reference frames, which was chosen to be ux0 = 10vA . This demonstrates, first of all,
the desired invariance under change of the simulation rest frame. However, there are some
differences in the details. These are due to the fact, that in the SWRF the transport of
the frozen in magnetic field discussed in section 3 is “perfect”, because the solar wind does
not move. In the ORF the solar wind moves, hence the numerical artifacts occur due to
the “imperfect” magnetic field transport. As discussed in section 3, these numerical artifacts
tend to transport structures of smaller wavelength slower or faster than they should. As
can be seen from fig. IV.7(e) even in the “perfect” case there are some waves in the tail
region (lower part of the pictures), visible in the magnetic field as well as in the heavy ion
density. In fig. IV.7(b) these waves are much more pronounced, because the small wavelength
components of these waves travel faster or slower than the main structure, which tends to
enhance the overall wave amplitudes. This is very similar to the steepening of water waves,
because the “imperfect” dispersion relation of fig. IV.3 adds a wavelength dependent velocity
to the governing plasma equations which are non-linear in the magnetic field amplitude.
Another difference in the details is visible in the upper region of (b) and (e) in fig. IV.7. In
that region some very sharp Mach cones are visible (which will be discussed in more detail
later) in the magnetic field structure. As was also stated in the previous section, such small
structures in the magnetic field are incorrectly treated in the ORF due to the “imperfect”
magnetic field transport also.
One can view the results of the SWRF as the “correct ones”, whereas the ORF results are
somewhat distorted. Note, that the ORF is the one which is normally chosen by almost
all plasma simulations known from the literature. Consequently, one concludes, that the
SWRF is the better choice. However, the “perfect” magnetic field transport does only work,
because the field structures are moved “by hand” one cell to the right after some time steps,
as indicated in fig. IV.6(c). This does not work, if the cell width does not equal N ux0 ∆t.
In that case the same incorrect dispersion relation of fig. IV.3 will occur as in the ORF, so
both rest frames yield the same numerical artifacts. In a Cartesian grid, one could, of course,
always choose ∆t or ∆x to match the required equality, but in a general curvilinear grid the
cell width ∆x depends on the location. Therefore, it is impossible to use the advantage of
the SWRF technique in a curvilinear grid. This is why in the following only the ORF will be
used.
To summarise, one can choose between the SWRF and a Cartesian grid and the ORF and
a grid which is adapted to the actual problem. Which one is the better choice depends on
the problem. The latter method is only advantageous, if the possibility to enhance the grid
resolution in some certain area of interest outweighs the loss due to the numerical artifacts. In
that case these artifacts have to be eliminated by imposing some smoothing to the magnetic
field. Moreover, the use of a curvilinear grid is much more costly regarding computation
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Figure IV.8: Four examples of grid types which were successfully tested to work with the code. All
grids are 2D with 40 × 40 cells with a box of dimensions Lx = Ly = 20. Type A and C have been used
in this work for simulations of weak comets with the nucleus being located in the grid centre, where
the resolution is higher. Type B has been used for some global simulations of strong comets and is
adapted to the typical parabolic bow shock form. Type D has been used the plasma flow around Mars
[12], which was not part of this work. The particle coalescence method described in section III.8.3 has
only been used with the grid type B.

efficiency, which will be discussed in the next section.

5
5.1

Curvilinear grid and particle coalescence
Grid definitions

Fig. IV.8 shows four examples of non Cartesian grids, where the shown type A is still orthogonal, but not equidistant. All other types are non-orthogonal. The grids in the figure are all 2D
grids with 40×40 cells. In the following the formulas from which these grids have been derived
are given for the case of a 3D grid with box dimensions Lx , Ly , Lz divided into Nx × Ny × Nz
grid cells. rijk is the location of the grid node i, j, k, where i, j, k = 0, . . . , Nx , Ny , Nz .
Type A
This grid is still orthogonal and has the advantage of a high resolution in the centre. This
grid type was used in some cases for weak comets, where the cometary nucleus was located
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in the high resolution area. The x-coordinate of the grid node’s position r ijk is given by

1
r ijk,x = Lx · ǫx · αǫ2x + 1 − α
2

,

ǫx =

2i
−1 ,
Nx

(IV.14)

and similar for the y− and z-coordinates. α is a parameter which influences the amount of
resolution enhancement in the centre. For α = 0 eq. (IV.14) describes an equidistant grid.
For i = Nx /2 there is rijk = (0, 0, 0). Hence, the origin is located in the box centre.
Type B
This grid is suitable for a global simulation of a strong comet, where a bow shock is formed.
Also the particle coalescence method described in section section III.8.3 can be applied here.
The grid node positions are given by


r ijk = (Lx + x0 ) · s − x0 , Ly



1
j
−
Ny
2



, Lz



1
k
−
Nz
2



,

s=



x0
x0 + Lx

1−

i
Nx

,

(IV.15)
where x0 < 0 is the x-coordinate where all grid lines would intersect. The smaller one chooses
the amount of x0 , the smaller becomes the left side of the cone shaped grid. The origin is
located on the left side of the grid in this case.
Type C and D
The type C and D grids of fig. IV.8 are based on the same concept. Both grids are asymptotically orthogonal at the boundaries. This is needed to impose periodic boundary conditions,
which is not possible for a grid like the type B grid. The areas of higher resolution are areas
of certain interest, like the close vicinity of the cometary nucleus in the centre of grid type C,
or the ionosphere of a planet like Mars in grid type D.
Both grids are derived from a Cartesian, possibly non-equidistant, grid by modifying the
C
radial distance from the centre of the grid points by some arbitrary function f (r). Let rijk
be an Cartesian grid given by





 
i
j
k
1
1
1
C
−
−
−
Lx ,
Ly ,
Lz
(IV.16)
rijk =
Nx 2
Ny
2
Nz
2
C = rC
and rijk
ijk the radial distance of grid point i, j, k.

The new radial distance is then taken to be
 2i(i − Nx ) 2j(j − Ny ) 2k(k − Nz )
C
C
′
+ f rijk
= rijk
rijk
·
·
·
Nx2
Ny2
Nz2

,

(IV.17)

′
C at the boundaries i, j, k = 0 and i, j, k =
where the last three factors cause rijk
to be rijk
Nx , Ny , Nz , and are equal to 1 in the centre. The new grid node position is then

r ′ijk =

′
rijk
C
rijk

rC
ijk

.

(IV.18)
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Note, that f (r) = 0 means no modification, f (r) < 0 means “moving the grid points towards
the centre” and f (r) > 0 means “moving away from the centre”.
For grid type C in fig. IV.8 the defining function f (r) is
fC (r) = αr − r

,

(IV.19)

where α is a free parameter which adjusts the amount of modification. In fig. IV.8 a value of
α = 0.4 was used.
Grid type D is defined by
fD (r) =

H
1 + exp [J (r − R)]

,

(IV.20)

with parameters R, J and H. For fig. IV.8 the values R = 0.145, J = 20 and H = 0.15 have
been used.

5.2

Test results for different grid types

In this section some test runs with different curvilinear grid types are compared to the same
runs using a Cartesian grid. Again, the physical details will be discussed in another context
later on.
Type A grid
Fig. IV.9 shows three different results obtained by using three different grids for the same
parameters. Shown is the heavy ion density in the plasma tail of a comet. The solar wind
flows from left to right, and the background magnetic is perpendicular to the flow, pointing
inward in the figure. Leaving the physical properties aside for the moment, what is important
in this figure, is the comparison of the two panels (b) and (c) in fig. IV.9 with the “reference
run” (a). The “reference” run uses a Cartesian, equidistant grid consisting of 160× 160 cells
in 2D. For the results of panel (b) the same grid with half the resolution (80 × 80 cells) was
used. The grid used for panel (c) is of type A, consisting also of 80 × 80 cells with α = 0.5.
First of all, run (c) and (a) exhibit the same global features, regarding the absolute density
values and the width of the tail. This proves the code works correctly on a type A grid.
Moreover, the pictures illustrate the advantage of using a non-uniform grid. Runs (b) and (c)
use the same number of grid cells, and therefore use the same amount of memory and time2
for the computations. However, if compared to the high-resolution picture (a), the details
are better reproduced in (c) than in (b). This is especially visible in the upper part of the
tail, where run (b) produces a much higher density (like a second tail), which is not correct
according to the “reference” run (a). This “secondary tail” is a numerical artifact, which will
be described in some detail later. Although the resolution in (c) is lower on the outer parts
than in (b), it is higher at the centre. As the results of fig. IV.9 show, the overall behaviour
even in the outer parts are determined by what happens near the centre. This is typical for
the case of a comet.
2

The code used in this work treats every grid as curvilinear, even if it is Cartesian. Hence the numerical
overhead stays the same, whether one uses a curvilinear grid or not. Of course, a code which is optimised for
Cartesian grids could perform the computations for (b) faster. The numerical overhead could not be estimated
because no comparable code was available.
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Figure IV.9: Results of three different 2D runs with same parameters on different grids. Shown is
the heavy ion density for a cometary plasma tail. (a) 160× 160 equidistant cells. This picture should
be taken as the “reference”. (b) 80×80 equidistant cells. (c) 80×80 cells, grid type A with α = 0.5.
The global picture is the same for all three grids. However, the details of (a) are reproduced better
with the use of a non-uniform grid as in (c) than with an equidistant grid as in (b).
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Figure IV.10: Results of two different runs with same parameters using a 2D grid with 200 × 200
cells. Shown is the heavy ion density in the plasma tail of a weak comet. (a) Cartesian, equidistant
grid. (b) Type C grid (non-orthogonal) with α = 0.3.
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Figure IV.11: Comparison of two 2D runs on an equidistant grid of 100 × 100 cells with and without
particle coalescence. Shown are the solar wind densities. The background magnetic field lies in the
plane pointing in positive z-direction. (a) Without particle coalescence. A set of Mach cones is formed.
(b)-(d) The same run using the particle coalescence method described in III.8.3. Shown are the charge
densities of (b) the incoming particles, (c) the particles after one coalescence process and (d) after two
coalescence processes. Putting (b)-(d) together yields the original picture (a).

To emphasise the advantage of the non-uniform grid, run (a) in fig. IV.9 uses 2D times more
cells and also 2D times more particles than run (c) in D spatial dimensions. However, the
main features are reproduced correctly in (c). Consequently, using a grid of type A saves
about 2D times storing capacity and computation time. On the other hand, the use of a
non Cartesian grid produces some overhead in the computations which counters the efficiency
regarding speed. However, the advantage in saving storing capacity still remains. For 3D
simulations, the typical amount of memory used for a 100 × 100 × 100 grid exceeds already
2GB, mostly due to the large amount of particles needed. Hence, saving storing capacity is
crucial.
Type C grid
The grid used for fig. IV.9(c) is still orthogonal. To prove, that the code handles also a nonorthogonal grid, a similar comparison is made for the use of grid type C. Again, two different
runs with same parameters are performed using a Cartesian grid as well as using a type C
grid. The results are shown in fig. IV.10. Again, the physical details are of no importance
here, and will be discussed later. The global picture is the same for both grids, as can be seen
from fig. IV.10. Due to the increased resolution in the centre in fig. IV.10(b), some details
are visible, which cannot be resolved by the Cartesian grid (a).
However, it must be admitted, that in this case some of the structuring may only be due to
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numerical noise. The particle noise is somewhat higher in the centre of panel (b), because
the cells are smaller and contain less particles. To compensate for this, the overall solar wind
particle number would have to be increased compared to the Cartesian grid. On the other
hand, in this special case, the second, heavy ion population is dominant anyway. Therefore,
one does not need to increase the solar wind particle number significantly. Due to this, the
use of the curvilinear grid still provides a large gain in computing efficiency.

5.3

Test results for particle coalescence

To test the effects of the particles coalescence method described in section III.8.3, two runs
with and without this feature are presented in fig. IV.11. In the figure, panel (a) shows the
charge density of the solar wind (flowing from left to right) around a small, immobile obstacle.
The magnetic field lies in the simulation plane pointing in positive z direction. Due to the
obstacle a set of Mach cones is formed. The physical details of this effect are described later.
Panels (b)-(d) show the results for the same situation but using the particle coalescence
method. Two averaging zones at 1/3Lx and 2/3Lx are placed along the x-axis. Panel (b)
shows the charge density of the incoming solar wind particles. These particles are coalesced
in pairs at the first averaging zone. Hence, the charge density of the incoming particles drops
to nearly zero after this point. Panel (c) shows the density of the newly formed particles,
which consequently is zero before the first averaging zone. These particles again undergo a
coalescence process in the second averaging zone, forming the third “particle generation”,
whose density is shown in panel (d).
Putting (b)-(d) together yields the same picture as (a). This proves the particle coalescence
process to work correctly. However, as already mentioned in section III.8.3, for a Cartesian
grid like that in fig. IV.11 the particle coalescence method does not make much sense. It is
only used here to show that the algorithm works.
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Chapter V

From a weak to a strong comet
1

Introduction

Fig. V.1 shows a photograph of comet Hale-Bopp.
Although this chapter deals mainly with “weak
comets”1 , Hale-Bopp is actually a strong comet.
However, there is no such photograph of a weak
comet which shows the features that fig. V.1
should demonstrate.
On the picture one cannot see the actual
cometary nucleus itself, but only the cometary
tail. The tail is basically directed anti-sunwards,
which was an important hint towards the discovery of the solar wind [7]. The picture exhibits
two clearly distinguishable parts of the tail. The
white part is formed by macroscopic dust particles which scatter the white sun light. These Figure V.1: Comet Hale-Bopp photographed
are basically accelerated by the photon pressure near Red Rock Canyon Park in March 1997.
and collisions with solar wind particles. The blue The bright, white dust tail and the blue
plasma tail are clearly distinguishable.
part is the so-called plasma tail, which is formed
by atomic ions or ionised molecules of different
species. The blue light originates from recombination processes. This plasma tail is the focus
of the results presented in the following. Because the dust is believed to be electrical neutral,
it should not interact strongly with the plasma tail, hence, can be completely left out in the
following considerations. The plasma tail is formed due to the interaction of the solar wind
plasma with the heavy ions originating from the comet.
The mechanism which generates the heavy ions will be described in section 2. This section
also provides a short review of what is known from the tail formation of weak and strong
comets. Section 3 describes the numerical details for modelling the heavy ion source and
the interaction with the solar wind. Section 4 finally gives an overview of the basic physical
mechanisms of the plasma tail formation of weak comets, which are necessary to interpret the
results of the next chapter. Also some new details are discussed and compared to the case
of stronger comets. This chapter should serve merely as an introduction to the quantitative
results for comet Churyumov-Gerasimenko given in the next chapter.
1

The definition of “weak” will be given soon.
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2

Physical properties of comets

This section will give a short introduction to the physical properties of comets. For a more
complete overview cf. [47].

2.1

Nucleus and neutral gas coma

The constituents of a cometary nucleus are not known exactly. The only information available
are the constituents of the cometary atmosphere, the coma. From spectral observations it is
known, that water vapour is the main constituent in the gas coma. Other volatiles are CO2 ,
CO, H2 CO, CH3 OH and NH3 CO. From that composition and the observations of the dust
tail, one can conclude, that water ice and the mentioned frozen volatiles should contribute
75% to the mass of the nucleus, whereas the remaining 25% by mass are dust particles, similar
in composition to carbonaceous chondritic meteorites.
At some heliocentric distance, presumably somewhere between 3AU and 4AU, the volatiles
start to sublimate, namely CO first and H2 O together with the other volatiles later on. For
the heliocentric distances under consideration here, however, it is assumed, that H2 O is by
far the dominant gas component. The production rate, i.e. the number of gas molecules
produced per second, can be determined either by observation of the dust tail, assuming
some gas to dust ratio or by direct spectral observations. However, one has to rely on certain
model assumptions for the gas distribution and velocities to calculate an overall production
rate from the observed data.
Several models have been developed to calculate the gas production rate of a certain comet
“ab initio”, i.e. from some—possibly unknown—properties of the nucleus. Due to different
temperatures on the dayside compared to the nightside of the nucleus, the gas density is
asymmetric. The exact distribution, however, depends on the size and shape of the nucleus
as well as its rotational period, which can be determined to a certain extent by light curve
variations. Several other parameters, which are more or less uncertain, e.g. the thermal
conductivity [58] or porosity of the cometary material play an important role, which limits
the reliability of the theoretical models. Moreover, the discovery of gas jets in the inner coma
of Halley lead to the assumption, that the cometary surface itself is not homogenous, but
consists of active and inactive regions. However, recently Szegö and Crifo [27, 109] proposed
a model, which assumes a homogenous surface and explains the presence of jets only by the
influence of the shape on the gas dynamics. The gas dynamics is rather complicated, because
directly above the surface, inside the Knudsen layer, one cannot use a fluid approximation
due to the non Maxwellian distribution function of the freshly generated gas molecules [29].
The correct kinetic modelling, however, is necessary for the computation of the exact density
distribution and velocity field.
Although these detailed investigations are of great importance for the interpretation of the
upcoming ROSETTA measurements near the nucleus, they play a minor role for the plasma
interaction scales. These scales range from some tens of km for a very low production rate
up to several thousands of km for low and moderate production rates. At these distances,
the gas coma is almost isotropic. Moreover, including such effects may yield somewhat more
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precise quantitative results, but would complicate the interpretation of the basic physical
mechanisms, which are the main focus of this work. Therefore, in all simulations, an isotropic
neutral gas coma was assumed, although the code is capable to handle any given neutral gas
distribution. This could be a possible future extension.
Suppose the overall production rate of some neutral atoms or molecules is G. As stated
above, the cometary nucleus as well as the outgassing process is supposed to have spherical
symmetry. The radius of the cometary nucleus is r0 , the outgassing velocity ug is constant,
i.e. deceleration due to the comet’s gravity is neglected.
To derive the number density of neutral particles n(r) as a function of radial distance from
the centre of the nucleus, consider a spherical shell of inner radius r and thickness dr. The
number of neutrals in such a shell is
N (r) = 4πr 2 n(r)dr

.

(V.1)

These particles move radially outwards with velocity ug . If there were no losses due to
ionisation processes, N (r) would be constant with respect to t and r. However, in the time
interval dt a number of N (r)νdt of these particles becomes ionised, where ν is the ionisation
rate. With dr = ug dt this yields


ν(r − r0 )
,
(V.2)
N (r) = N0 exp −
ug
where N0 = N (r0 ) is the number of neutrals in the shell adjacent to the nucleus’ surface.
This is only true if ν does not depend on r, which is the case for an atmosphere which is
dense enough, so that a significant amount of UV radiation would be absorbed (cf. [118]).
In the innermost shell in a time interval dt = dr/ug , N0 = Gdt neutrals are produced. Using
this and eq. (V.1) in eq. (V.2) gives


ν(r − r0 )
G
exp −
, r ≥ r0
(V.3)
n(r) =
4πr 2 ug
ug
for the neutral gas number density. The exponential dependence can be neglected in most
cases. For example, with ν = 10−6 s−1 and ug = 1km/s, the exponential drops off to 1/e at
a distance of r − r0 = 106 km. At that distance, however, the 1/r 2 term has already dropped
off by a factor of 1012 ! Therfore, the exponential part in eq. (V.3) will be left out in the
following.

2.2

Plasma environment

This section summarises some of the present knowledge on the interaction of the solar wind
with a cometary plasma. Of course, this is a vast field, and only some key points are presented.
For an overview of this topic see [48].
2.2.1

Ion production

The neutral gas does not interact with the solar wind, except for possible collisions. This
effect is considered later. The main interaction originates from the ions produced by some
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ionisation process. In this work, only UV photoionisation is taken into account, using the
common value of ν = 10−6 s−1 at 1AU [73, 36]. However, there are more detailed investigations
for other ionisation processes as well as charge exchange processes. Although these effects
may become significant for quantitative details in certain cases, they should be negligible for
the global picture of the interaction. Furthermore, an exact value of ν does not guarantee an
exact value for the overall ion production rate of a particular comet, because the uncertainty
in the production rate G is much larger.
The number density growth rate at given distance r ≥ r0 is obtained from eq. (V.3) as
∂nh (r)
νG
=
∂t
4πr 2 ug

,

r ≥ r0

,

(V.4)

where nh (r) is the number density of the heavy (cometary) ions2 . Sometimes a source profile
of the form 1/(r 2 + a2 ) is used to avoid the singularity at r = 0 [63, 11]. However, this is not
necessary, because one only has to incorporate the source for r ≥ r0 . Also in some results
presented later on, the value of r0 has to be chosen larger than the real value to avoid strong
gradients near the nucleus. This will be discussed later.
2.2.2

Mass loading

Neglecting collisions for the moment, the newly generated heavy ions described by eq. (V.4)
have the radial velocity ug in the cometary rest frame and u0 = MA0 vA0 in the solar wind
rest frame. If there is a magnetic field component B ⊥ perpendicular to this flow direction,
the heavy ions are “picked up” by the solar wind. This pickup process has been investigated
in great detail, cf. [19, 110] and will be summarised in section 2.2.3. This process leads to the
incorporation of the heavy ions into the solar wind flow, which is called “mass loading”. The
physics of mass loading can be treated in the MHD approximation, where one assumes an
instant pickup of the heavy ions, cf. [110]. This basically means the finite gyroradius of the
pickup ions is neglected. This treatment can explain the plasma structures for strong comets
like Halley remarkably good [8, 25, 36, 49, 99, 119]. A short summary of these results will be
given in section 2.2.4.
However, for the case of weak mass loading, where the heavy ion densities as well as the spatial
scales are smaller, one cannot further treat the plasma as one fluid, but has to consider it as
a two-fluid system, one for the solar wind and one for the pickup ions [11, 94, 96, 95]. This
is mainly due to the fact, that the two components do not always flow in the same direction
and with the same velocity, as it is assumed in the MHD model of mass loading. This gives
rise to nonlinear bi-ion wave modes and a different flow pattern for the heavy ions [95, 98].
These effects are crucial for the case of weak comets and will be summarised in section 2.2.5.
Even though the bi-fluid model is a great advancement, it still suffers from the fact, that the
velocity distribution function of the pickup ions as well as the solar wind ions, is supposed
to be thermal. This is not true, as will become clear from section 2.2.3, but also from the
further results presented in this work. To investigate the consequences of this, the use of a
hybrid model is mandatory. Some results for weak [63, 64, 65] and strong [44] comets using
2

Throughout this work, the terms “cometary ions” and “heavy ions” are synonymous.
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this technique are already available and will be compared to the results of this work whenever
it is appropriate.

2.2.3

Pick-up process

The pickup process described in the previous section shall be investigated for the case of a
single heavy ion with mass mh and charge qh put in the solar wind at rest. The equation of
motion for this ion in SI units is
ẍ =

qh
(E + ẋ × B)
mh

.

If the solar wind is undisturbed, the electric field is given by
E = −up × B, where up is the solar wind proton bulk velocity.
The solution of this equation for x(t = 0) = 0, ẋ(t = 0) = 0,
up = (up , 0, 0) and arbitrary magnetic field B = (B1 , B2 , B3 )
is easily obtained and given by
x1 (t) =
x2 (t) =
x3 (t) =


up  2
B2 + B32 (Ωh t − sin Ωh t)
(V.5)
2
Ωh B
up
{B1 B2 (sin Ωh t − Ωh t) + B3 B (1 − cos Ωh t)}
Ωh B 2
up
{B1 B3 (sin Ωh t − Ωh t) − B2 B (1 − cos Ωh t)}
Ωh B 2

where B = |B| and Ωh = qh B/mh is the gyrofrequency of the
heavy ion. From this follows x · B = 0 for all t. Thus, the
picked up heavy ion moves in a plane perpendicular to the
magnetic field. Without losing generality one can therefore
put B3 = 0 to obtain the more familiar expressions
x1 (t) =
x2 (t) =
x3 (t) =

up⊥ sin Θ
(Ωh t − sin Ωh t)
Ωh
up⊥ cos Θ
(sin Ωh t − Ωh t)
Ωh
up⊥
(cos Ωh t − 1) ,
Ωh

x3

x2
B
Θ

x1

up
2πrg,h sin Θ

2rg,h sin Θ

Figure V.2: Sketch of the cycloidal motion of a pickup ion
put into the solar wind flow.
The ion is inserted with v = 0,
while the solar wind flow velocity is up .

(V.6)

where Θ is the angle between B and up and up⊥ = up sin Θ is
the velocity component perpendicular to the magnetic field.
It can be seen from eq. (V.6), that the picked up heavy ion performs a cycloidal motion in
the plane perpendicular to B, as sketched in fig. V.2. The “height” of the cycloid is
2rg,h sin Θ = 2

up⊥
mh up⊥
M ∗ m0 MA sin ΘvA0
Mh∗ MA sin Θ
=2
=2 h
=
2
x0
Ωh
qh B
ZeB ∗ B0
ZB ∗

,

(V.7)

where rg,h is the gyroradius of the heavy ion with charge Ze and normalised mass Mh∗ . B ∗
is the magnetic field strength in normalised units and MA is the Alfvénic Mach number of
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∗ of the heavy ion in normalised units can be read off
the solar wind flow. The gyroradius rg,h
from eq. (V.7) to be
M ∗ MA
∗
= h ∗
rg,h
.
(V.8)
ZB
The width of the cycloid can be inferred from eq. (V.6) as

2πrg,h sin Θ

.

(V.9)

The pick-up ions form a ring distribution in phase space around the velocity of the the solar
wind flow, where the size of the ring depends on Θ. This ring distribution is unstable and
excites plasma waves which in turn act back on the ions. This leads to pitch angle scattering
[110, 125] of the pick-up ions and the ring becomes a shell distribution, or to be more precise,
a “bispherical shell” [34] corresponding to waves travelling upstream and downstream in the
solar wind rest frame. This type of distribution was actually confirmed by data acquired at
Halley [46]. Moreover, nongyrotropic distributions were found in the inner regions of comet
Grigg-Skjellerup (cf. [21]), which excite additional instabilities [51, 74, 75, 76, 16]. Finally,
the shell-like distributions become Maxwellian by velocity diffusion, which acts on a much
longer time scale [51, 52, 77].
A good overview on the details of the ion pick-up and mass loading process can be found in
[19] and [110].
2.2.4

Plasma boundaries at strong comets

The described mass loading of the solar wind at strong comets leads to the formation of certain
plasma boundaries. This section summarises some basic facts about these boundaries, without
going into too much detail. A summary on this topic may be found e.g. in [18, 25].
Before the spacecraft encounters with comets, only two plasma boundaries were predicted by
theory, i.e. the bow shock and the contact surface, cf. [99]. The bow shock (BS) is a typical
signature, which can be found at all interactions of a supersonic flow with an obstacle. It is
characterised by an irreversible conversion of kinetic into thermal energy, hence an increase
in entropy. The plasma flow is slowed down to subsonic or subalfvénic velocities, heated
and its density increases. This is mostly accompanied by a sharp increase in the magnetic
field strength. Biermann et al. [8] predicted this boundary to be located at the point where
the mean molecular weight of the flow exceeds a value of 4/3. However, MHD simulations
showed a weak bow shock to form for lower values [99, 36]. The bow shock was found at
all spacecraft encounters with comets so far. The width of the bow shock was found to vary
from a few heavy ion gyroradii in the quasi-perpendicular case to several heavy ion gyroradii
in the quasi-parallel case, cf. [81]. The data also confirmed the drop in the Mach number, cf.
[20], and the increase in temperature, cf. [84].
A surprising discovery made at Halley was the detection of a bifurcation in the cometary
pick-up ion distributions between the cometosheath region and the contact surface [117]. This
boundary, called mystery boundary is characterised by a change in solar wind velocity and
the density of hot electrons [90]. This type of boundary transition was also detected at GriggSkjellerup [50]. However it is not present in any MHD nor multi-fluid simulation results. Its
physical nature is still unclear.
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Vega-2 data from Halley showed a sharp boundary, the so-called cometopause (CP) or ion
composition boundary (ICB) around 160,000km away from the nucleus, where the solar
wind proton density drops down and the cometary ion density rises [37], accompanied by a
change in the bulk velocities of both ion components [113]. Similar signatures were also found
in the Giotto data [32], but the interpretation as CP was later criticised by other authors,
cf. [83]. This type of boundary was not predicted by MHD models. However, multi-fluid
simulations [94, 93] showed the presence of an ICB at comets as well as other solar system
bodies, like Mars.
Somewhat beyond the CP, a sudden increase in the magnetic field was detected at Halley [82].
This was accompanied by a slowing down and reduction of electron density, and a decrease in
the proton density was detected [35]. This boundary is called magnetic pile-up boundary
(MPB). The underlying physical process is also not understood in terms of MHD models and
still under discussion. Multi-fluid models [97] were able to reproduce an MPB, which seems
to coincide with the ICB in these results.
Further inside, e.g. around 10,000km away from the nucleus at Halley, a significant increase
in the cometary ion density was found [6]. Furthermore, the form of the density profile as
well as the chemical composition changes. This boundary is called ion pileup boundary
and is also not understood in terms of fluid theory. An explanation was given by an increased
electron temperature, which reduces the recombination rate of ions and electrons [38]. The
heating of the electrons could be provided by the magnetic field compression [39].
The most inner boundary, the magnetic cavity, was detected only by Giotto at comet
Halley. At this boundary, the interplanetary magnetic field drops sharply off to zero [82, 80].
The position of this boundary is governed by a balance between the magnetic pressure and
gradient forces pointing inward and the plasma pressure as well as the ion-neutral drag force
described in section 3.2 pointing outwards, cf. [24].

2.2.5

Weak comets

Unlike in the case of strong comets, there are no in-situ data available for weak comets.
However, numerical simulation using a bi-ion fluid model [11, 95] and also hybrid model
simulations in two [64] and three spatial dimensions [63] were done. The definition of a
“weak comet” is used here in the sense defined by Bogdanov et. al. [11], who characterised
the interaction type by the Mach number of the flow and an normalised outgassing rate,
which incorporates several solar wind parameters to yield a dimensionless quantity. This
parameter space can be divided intro three regions for “weak comets”, “strong comets” and
a non-linear transition region [11]. Wirtanen and Churyumov-Gerasimenko at heliocentric
distances beyond 3AU are clearly “weak comets” in that sense, as was shown in [11] and will
become clear throughout this work. Neglecting the influence of the solar wind parameters, as
a rough estimate an outgassing rate below 1026 s−1 would qualify a comet to be “weak”.
The main characteristics found in the simulations is the cycloidal tail, which is not directed
anti-sunward, but follows the interplanetary electric field. Sauer et. al. found a perpendicular
structuring inside the tail [31, 95, 96], which is explained as a bi-ion fluid instability arising
from the different bulk velocities of the solar wind and the cometary ions [71, 95]. However,
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this structuring was not to be seen in the hybrid model results of Lipatov et al. [64, 63].
The magnetic field draping and pile-up is also found in the simulation results, however, none
of the plasma boundaries described in the previous section occurred in these simulations for
low outgassing rates. Instead of a bow shock a Mach cone attached to the nucleus was found
in the bi-ion fluid model [11, 95], which also showed some interesting splitting in the hybrid
model results [64]. At larger outgassing rates, the bi-ion fluid model yielded a pronounced
proton cavity, which could be interpreted as an ion composition boundary or cometopause.
From these numerical investigations it is clear, that a one fluid model must fail for the case
of weak comets, because the gyromotion of the pick-up ions is essential. Hence, the bulk
velocity of the cometary ion plasma and the solar plasma differ completely. But even the
bi-ion fluid model remains questionable due to the solar wind gyroradii being much larger
than the typical scales of the coma, which is only about several 100km for weak comets.

3

Numerical modelling

3.1
3.1.1

Heavy ion superparticles
Determining charge and mass of the heavy ion superparticles

The ion production described by eq. (V.4) is implemented by putting a fixed number Nh of
superparticles at each time step into the simulation box. Similar to the solar wind superparticles described in section 8.1 of chapter III these second superparticle species have to be
assigned a charge qh∗ and mass m∗h . This section describes how to choose these two parameters
for a given, very general distribution of the heavy ion production rate.
First of all, the heavy ions are assumed to be single charged, and have a mass of Mh mp .
Therefore, the charge to mass ratio has to be the same as for the solar wind superparticles
divided by Mh :
∗
qsp
qh∗
=
,
(V.10)
∗
msp
Mh m∗
∗ and m∗ are the charge and mass of the solar wind superparticles. Hence, it is only
where qsp
sp
necessary to define qh∗ from which m∗h is derived by means of eq. (V.10).

Suppose now a charge density growth rate (in SI units) is given in spherical coordinates as
∂ρc (r, θ, φ)
= ef (r, θ, φ)
∂t

R 1 ≤ r ≤ R2

(V.11)

between an inner and outer radius R1 and R2 . e is the elementary charge in SI units, so
that the function f describes the spatial distribution of the number density growth rate. The
restriction r ≤ R2 has to be made because the simulation domain is finite. R1 can generally
be zero, but in most cases (as for a comet) R1 will have some finite value. An example for
the function f would be the expression of eq. (V.4).

3.1 Heavy ion superparticles

79

The overall gain of charge during a time step of length ∆t (also in SI units) is then given by
∆Q = eI∆t

with I =

ZR2

f r 2 sin θdrdθdφ .

(V.12)

R1

This overall charge shall be represented by Nh superparticles which are placed in the simulation box during the time step. Therefore,
qh =

eI∆t
Nh

(V.13)

and (compare to section 8.1 in chapter III)
qh∗ =

It0 ∆t∗
qh
=
q0
Nh n0 x30

,

(V.14)

where ∆t∗ is the time step given in normalised units. This calculation is done by the code.
The “user” only provides the distribution function f and the value of I (in SI units). I could
be computed also numerically, but usually it can be quickly calculated as function of R1 and
R2 beforehand. Note, that in eq. (V.14) the number density of the undisturbed solar wind
n0 appears. Moreover, the normalisation factor x0 also depends on the initial background
magnetic field B0 . At first sight it might seem strange that the heavy ion superparticle charge
depends on these solar wind parameters. This, of course, is due to the use of normalised
units. Because the undisturbed solar wind density always equals unity in normalised units,
the “strength” of the obstacle (and therefore the “charge” of the heavy ion superparticles) has
to be smaller when the “real” solar wind density n0 is higher. This can be also understood
by means of the normalised production rate introduced in [11].
3.1.2

Generating the heavy ion superparticles

The heavy ions superparticles have to be placed according to the spatial distribution function
f (r, θ, φ). This is done using the simple rejection algorithm as already described in section 8.2
of chapter III. The probability of placing a particle at a certain location r, θ, φ is proportional
to
p(r, θ, φ) ∝ f r 2 sin θ
(V.15)
in spherical coordinates. For the rejection method, p(r, θ, φ) needs to have an absolute maximum value of p = 1. Therefore, also the maximum value fmax has to be passed to the code,
such that f /fmax = 1 at the absolute maximum of f .
In two spatial dimensions, the same as above applies, but cylindrical coordinates are used for
the calculation of I and p(r, φ).
If for one superparticle a suitable position vector (in SI units) rh was chosen by the rejection
method, the “internal coordinates” ξ α are calculated and the particle is placed at this location
into the simulation box. Moreover it is assigned an initial velocity
v ∗h0 =

rh ∗
u
|r h | g

,

(V.16)
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where u∗g is the outgassing velocity in normalised units. This describes the radial outward
motion of the ions. No thermal velocity components are added, i.e. the heavy ions are
assumed to have zero temperature. This is well justified, because cometary ions are generated
by thermal sublimation of ice which happens at temperatures around 273K. This is negligible
compared to the solar wind temperature.
The “insertion” procedure takes place just after the “particle push”, which is point 6 in the
time step loop summary shown in section 4.5 of chapter III.

3.2

Collisions between neutrals and ions

For large neutral gas densities, the SW protons as well as the cometary ions may experience
collisions with the neutrals. This leads to a friction force (or drag force) acting on all ion
species.
The neutral drag force density arising from the collisions with neutrals can be expressed by
[72]
(V.17)
f D = kD ni nn mi (un − v i ) ,
where ni , mi , ui are the number density, mass and bulk velocity of the ions, respectively. nn
and un are the corresponding quantities for the neutrals. kD is a constant which is given as
1.7 · 10−9 cm3 s−1 in [49] for the case of Halley.
The drag force density acting on a mass element of ions leads to a deceleration of f D /(ni mi ).
This decelerating force acts in the same way on all ions of this mass element (neglecting
statistical variations). Therefore, a decelerating term is incorporated into the equation of
motion for each single superparticle of species s:

dv s
qs
=
E ′ + v s × B − kD nn (v s − un )
dt
ms

.

(V.18)

The neutral gas density profile is given by eq. (V.3). The velocity of the neutrals un is assumed
to be directed radially outwards with |un | = ug , where ug is the outgassing velocity used in
eq. (V.3).

3.3

Electron temperatures

The hybrid model as described in chapter II treats the electrons as one massless adiabatic
fluid, i.e. the temperature of the electron fluid is given by an adiabatic expression and hence
depends only on the electron density. Moreover, only one βe occurs which is a temperature
measure for all electrons in the simulation. However, theoretical models [48, 26, 73] have
shown that the photo electrons in the inner coma should be significantly colder than the solar
wind electrons due to collisional cooling processes. The electron pressure in the inner coma
is crucial for the pressure balance at the diamagnetic cavity, as will be shown later.
To model the two distinct electron populations one would need two different electron fluid
momentum equations like eq. (C) and a coupling equation for these two, which would have to
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be solved individually. This would mean a rather complex extension to the time integration
scheme described in chapter III. A simpler solution is to split the pressure term in eq. (C)
into two parts:
∇pe,p + ∇pe,h
∇pe
βe
=
,
(V.19)
ρc
ρc
where pe,p is the electron pressure of the solar wind electrons and pe,h the pressure of the
“cometary electrons”, i.e. the photo electrons. This is basically Dalton’s law for adding
the pressure of two gas components. However, the application of Dalton’s law to two gas
compounds made of the same particle sort but with two different temperatures is only an
approximation, which is valid only if the distribution functions of both components do not
overlap and no thermodynamic coupling occurs. These assumptions are fulfilled in regions
where the two plasma components do not mix, i.e. inside the cometopause and far away
from the nucleus. In all intermediate regions this model is only a rough approximation. It
should be stressed, however, that this approximation is still better than in many other hybrid
models, which neglect the electron pressure completely or use only one electron fluid which
overestimates the temperature of the photo electrons significantly.
The two pressure terms in eq. (V.19) can now be expressed by two adiabatic laws with two
different βe :
βe,p ∇np κ + βe,h ∇nh κ
∇pe,p + ∇pe,h
,
(V.20)
=
ρc
np + nh
where the charge densities are expressed by the number densities of the solar wind protons
np and the cometary ions nh . np and nh are assumed to be identical to the corresponding
electron number densities due to quasi-neutrality. However, also this assumption might not
be true in reality, because there is no reason for the two electron fluids to mix in the same way
as the corresponding ion populations. There is no information on how well this approximation
is fulfilled in reality, mainly because it is impossible to measure the origin of an electron.
The two electronic plasma-β can now be used to give two different temperatures to the solar
wind and cometary electrons, respectively. βe,p is a measure for the electron temperature of
the solar wind, at places where it has unit density, i.e. in the undisturbed flow. While βe,p is
well known from temperature measurements [92], a critical unknown parameter is βe,h . This
parameter corresponds to the electron temperature of the cometary plasma in regions where
it has unit density (the temperature depends on the plasma density due to the use of an
adiabatic law).
First of all, the cometary electrons are produced by UV ionisation, i.e. they should have a
relatively high temperature of about kTe,h ≈ 1eV. However, as shown in [106], the electrons
are cooled very quickly by the cold H2 O molecules. Models for Halley, cf. [48] and refs.
therein, yield values of some 10K up to 100K in the inner coma and about 1000K at the edge
of the cavity, where the mixing with the hot solar wind electrons takes place. For a weak
comet at larger heliocentric distances, however, there is no cavity (as the results below show).
Therefore the hot solar wind is present in the whole coma. Moreover, the H2 O density is
several orders of magnitude smaller. Hence the cooling mechanism is much less effective. It is
concluded, that the electron temperature in the inner coma should be significantly higher for
a weak comet. As a rough estimate Te,h = 500K was chosen here. The adiabatic exponent κ
was chosen to be κ = 2 instead of 5/3 in all simulation runs. This will be justified in section
4.3.
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4

Results for different gas production rates

This section contains some results starting with a very low production rate (test particle
regime) up to a very high production rate (Halley type). The simulation results of this
section are not necessarily related to some specific comet. The general effects are useful for
the understanding of the more systematic results of the next chapter.
In subsection 4.1 the cycloidal pick-up motion is shown, which is rather a test run than an
actual result. Subsection 4.2 deals with the slight modifications of this cycloidal motion when
the production rate is somewhat enhanced. The transverse structuring of the plasma tail,
first described in [11, 95] is reproduced. A detailed discussion of the non-linear Mach cone
splitting, which was obtained neither by MHD nor bi-ion fluid simulations before, is given
in subsection 4.3. These structures seem to be closely related to the so-called “shocklet”
structuring introduced by Omidi and Winske [85], which is also a kinetic effect not predicted
by MHD theory. This will be shown in subsection 4.4. Finally, some results for strong
(Halley-type) comets are presented in subsection 2.2.4 to complete the parameter study.

4.1

Test particle regime
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Figure V.3: Cycloidal motion of heavy ions inserted into the solar wind. (a) Number density (normalised to SW number density) of the heavies. (b) Normalised solar wind number density. The overall
density of the heavy ions is so small that the SW does not react in any way to it. Parameters:
MA = 5, Mh∗ = 16, B ∗ = 1.

Fig. V.3 shows the results for a very low outgassing rate. The cometary ion number density
stays below 10−3 n0 , where n0 is the solar wind proton number density. In this regime, the
solar wind is not disturbed in any way as can be seen from fig. V.3(b). The cometary ions
are inserted at x = −500x0 and are picked up by the solar wind. They perform the cycloidal
motion described in section 2.2.3. The cometary ions have a mass of Mh = 16mp and are
singly charged, thus Z = 1. The background magnetic field is B ∗ = 1 and the Alfvénic
Mach number is MA = 5, with the solar wind flowing from left to right. The magnetic field
is oriented perpendicular to the solar wind flow, hence Θ = 90◦ . With this, eq. (V.7) and
eq. (V.9) yield a height of 160x0 and a width of approx. 500x0 , which is in good accordance
with fig. V.3(a).
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The cycloidal tail in the test particle regime is the most striking difference from the case of
stronger comets. It is retained for much higher production rates and densities, as will be
shown in the following. This tail form, also found from other simulations [11, 95, 64, 63],
could be viewed as the “natural form” of a cometary plasma tail. The straight anti-sunward
tail observed at stronger comets is due to the increased magnetic field strength and decreased
electric field strength in the inner coma, thus, it is a consequence of the reaction of the solar
wind to the obstacle. This will be discussed in great detail in the next chapter.
For the case of B0 = 5nT and n0 = 5cm−3 there is x0 ≈ 100km. Thus, one arc of the cycloidal
tail has a height of 16,000km and a width of about 50,000km. Although a structure of that
size could be well resolved by ground-based observations, it can be argued3 that the densities
of the cycloidal tail are several orders of magnitude below the detection threshold of the best
available telescopes. For densities high enough to be observed, the cycloidal tail however
vanishes, as will be shown later on.

4.2

Linear regime
(a) magnetic field strength B/B0

(b) solar wind density np/n0
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Figure V.4: Formation of a linear Mach cone as a reaction of the solar wind on a fixed small
obstacle. (a) Magnetic field strength B/B0 . (b) Solar wind density np /n0 . A cloud of heavy ions,
which are immobile, is put at x = −20x0 into the solar wind flow. The magnetic field is again oriented
perpendicular to the simulation plane. From the figure one can estimate an opening angle of about
2α = 28◦ (Note the different scales of the axes). Parameters: MA = 5, βi = βe = 0.4, B0 = 5nT,
n0 = 5cm−3 .

Fig. V.4 shows the reaction of the solar wind to a weak obstacle. This obstacle is modelled
here by a cloud of immobile heavy ions to separate the solar wind reaction from the effects of
the heavy ions’ motion. As can be seen from the figure, a linear Mach cone is formed behind
the obstacle, just as in the gasdynamical case.
The background magnetic field B 0 is again oriented perpendicular to the simulation plane.
The only MHD wave mode which is able to propagate perpendicular to B 0 is the fast magnetosonic wave. For this wave mode, the magnetic field strength perturbation and the density
perturbation are positively correlated, which is in accordance with fig. V.4. A rough estimate
3

H. Boehnhardt, priv. communication
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of the opening angle yields a value of 2α = 28◦ . The fast mode wave velocity for βe = βi = 0.4
can be calculated from eqs. (IV.2) and (IV.4) to be vf = 1.18vA0 .
The opening angle of a Mach cone formed by a fast magnetosonic wave with phase velocity
vf is given by
vf
sin α =
.
(V.21)
MA
For MA = 5 and with vf = 1.18vA0 this yields a value of of
α ≈ 13.7◦

,

which is also in good accordance with the value measured from fig. V.4.
The question remains, why a fast mode wave is excited. The reason for this is the initial
deflection of the solar wind at the obstacle. The force acting on a solar wind proton with
velocity v p is the Lorentz force
Fp =


qp
E + vp × B
mp

.

(V.22)

Neglecting the electron pressure gradient and the dissipative term, the electric field is given
by
np up + nh uh
∇×B×B
+
,
(V.23)
E = −ue × B = −
nh + np
µ0 e(nh + np )
where nh , np , uh , up are the number densities and bulk velocities of the heavy ions and solar
wind protons, respectively.
When no obstacle is present, i.e. nh = 0, the v p × B in eq. (V.22) term is cancelled with the
first term in eq. (V.23) for a solar wind proton moving with the average velocity up . The
second term in eq. (V.23), the Hall term, can be neglected here. At the obstacle, nh does
not equal zero anymore and uh = 0, because the heavy ions do not move. Consequently, the
electric field is smaller inside the obstacle area and does not compensate the v p × B anymore.
Thus, the solar wind protons experience a resulting force pointing upwards (in the direction
of v p × B) in fig. V.4. Hence, the density directly above the obstacle is increased, while it is
decreased directly below the obstacle. Such a density fluctuation excites a fast magnetosonic
wave, which then forms the Mach cone shown in fig. V.4.

4.3

Multiple Mach cones

Fig. V.5 shows the results for a large scale 2D simulation of a comet with a total H2 O
production rate of 1026 s−1 . The parameters for the background magnetic field strength as
well as the solar wind density correspond to a heliocentric distance of 1AU. The background
magnetic field is oriented perpendicular to the simulation plane again.
This result combines the cycloidal tail form of fig. V.3 with the attached Mach cone shown
in fig. V.4. However, the heavy ion densities in the inner coma are two orders of magnitude
higher compared to the test particle regime in fig. V.3, and therefore comparable with the
densities of the solar wind. This introduces two new features in the interaction. The first one
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Figure V.5: Large scale 2D simulation of a weak comet. (a) Magnetic field strength B/B0 . (b) Solar
wind proton density np /n0 . (c) Heavy ion density nh /n0 . The IMF is oriented perpendicular to the
simulation plane. The solar wind flows from left to right. The results show a combination the two
effect shown in figs. V.3 and V.4, i.e. the cycloidal tail form and the attached Mach cone. However,
the heavy ion densities are high enough to produce some additional effects. These are the transversal
structuring of the ion tail and the splitting of the Mach cone in several ray-like structures. Both
effects are explained in the text. Parameters: G = 1026 s−1 , MA = 10, βi = βe = 0.4, B0 = 5nT,
n0 = 5cm−3 .

is the transversal structuring of the ion tail, as can be seen from fig. V.5(c). This structuring
goes along with a perturbation in the solar wind density and the magnetic field strength.
This type of tail structuring was found earlier in the bi-ion fluid model and described in great
detail in [11, 95, 64]. According to [95, 96] it is due to the excitation of a bi-ion wave in the
two component plasma of the tail. This type of waves have been theoretically investigated by
McKenzie et al., cf. [71, 78].
However, other hybrid model simulations of weak comets [64, 63] did not yield this structuring,
so that a doubt remained whether they are a numerical artifact of the bi-ion fluid model. The
results shown here are in perfect agreement with the bi-ion fluid model. This coincidence
from two very different models strongly underlines the real physical nature of this structure.
The other feature visible in the magnetic field as well as the solar wind density in fig. V.5 is the
splitting of the attached Mach cone. Moreover, the most outer front is much steeper as one
would expect from linear theory. The splitting was also obtained in other hybrid simulations
[64], but was not further discussed there. Therefore a detailed investigation of this structure
will be given below.
First of all, the Mach cone structures are stationary, as can be derived from subsequent
pictures at a later time, which are not shown here, because they look identical to those in
fig. V.5. In fluid model simulations the splitting was not observed [11, 64], which indicates its
kinetic nature. Furthermore, in the area where the Mach cones appear, there are almost no
heavy ions present. Thus, the effect has nothing to do with the mass-loading process directly.
There are two different views to understand the multiple Mach cone structure. First by means
of the ion dynamics and acting forces and second by means of non-linear MHD wave theory.
Both views shall be discussed in the following.
The ion dynamics is illustrated in fig. V.6. The left panel of this figure shows test particles
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Figure V.6: Test particle trajectories for a run similar to that of fig. V.5. The left panel shows the
actual trajectories obtained from the simulation, whereas the right panel gives a schematic illustration.
As can be seen from the left picture, the impinging solar wind protons are deflected upwards near the
inner coma. They start to perform a cycloidal motion. The sketch to the right illustrates the effect
on the SW protons which do not cross the coma directly. In point A, the undisturbed solar wind
(blue particle) has its initial velocity v 2 . The already deflected particles (red) have velocity v 1 . The
resulting bulk velocity u therefore differs from v 2 and the blue particle gets deflected upwards also and
starts a gyrating motion. In the turning points of all cycloids the particles have lower velocity and
hence the density and magnetic field strength is enhanced. The lines connecting the turning points
form the ray-like multiple Mach cone structure.

trajectories which were obtained directly from a simulation run with similar parameters to
that of fig. V.5. As can be seen from the figure, all SW particles “above” the obstacle perform
a cycloidal motion. The characteristic scale of this motion is given by eq. (V.9). Applying
eq. (V.9) with constant B ∗ = 1 and MA = 10 give a characteristic scale of about 60c/ωp,i .
This is roughly twice as large as what can be derived from fig. V.6. However, eq. (V.9)
cannot be applied directly here, because the width of the cycloids depends on B, which is not
constant here, thus only the order of magnitude can be reproduced.
At the turning points of the cycloids, the solar wind protons are slowed down. Therefore the
density and magnetic field strength is enhanced there. The lines which connect these turning
points form the rays of enhanced density and magnetic field strength visible in fig. V.5.
The sketch in fig. V.6 further illustrates the origin of the cycloidal motion. A solar wind
proton will be deflected whenever its actual velocity does not match the bulk velocity of the
plasma. In the coma, where the heavy ion density is high, the bulk velocity of the mixed
plasma is reduced, because the heavy ions are at rest. Hence, the solar wind protons (marked
red in the figure), which cross the coma are deflected upwards and start their cycloidal motion.
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The solar wind particles (marked blue in the figure) cross this upward flowing stream coming
from below. At point A in fig. V.6 the impinging particle (blue) has its initial velocity v 2 ,
whereas the stream coming from below has velocity v 1 . The resulting bulk velocity, which is
a density weighted average of both streams, therefore differs from v 2 . Thus, the blue particle
gets deflected upwards also and starts its cycloidal motion. This process is repeated to form
the pattern shown on the left in fig. V.6. This explanation requires the overlap of two plasma
streams with different velocities. Hence, the effect is entirely kinetic.
The explained behaviour is similar to the heating process at a shock. Actually, in the points
where the two streams overlap, the temperature of the plasma is increased, because the
distribution function is an overlap of two or more Maxwellians with different mean velocity.
Between the Mach cones the plasma flow is parallel again and therefore the temperature
returns to its initial value. The Mach cones should therefore be adiabatic, and are no shock
waves. To check this, the velocities of all particles along the most outer Mach cone were
recorded in the simulation run of fig. V.5. From these data the pressure p of the plasma
inside one simulation cell at the Mach cone can be calculated by

,
(V.24)
p = K hv 2p i − hv p i2

where the proportionality constant K is of no importance here. For an adiabatic structure
the pressure should fulfil the relation
 κ
np
,
(V.25)
p∝
n0

where np is the plasma density (of the protons) and κ is the adiabatic exponent.
10
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Figure V.7: Plasma pressure plotted against the density in a double logarithmic plot. The data were
taken from the simulation run of fig. V.5 at the outer Mach cone. The straight line is a fit which yields
an adiabatic exponent of κ = 2.03. The value of 2 corresponds to a two-dimensional thermodynamic
coupling, which is only acting perpendicular to the magnetic field.

The result of this analysis is shown in fig. V.7. As expected, the pressure vs. density plot
yields a straight line in a double logarithmic scale. From a fit the value of κ = 2.03 can be
obtained. κ is 2 here, because the thermodynamic coupling is effective only perpendicular to
the magnetic field. Hence, only two degrees of freedom contribute to the thermodynamics.
For a shock-like structure, the value of κ is much higher, as shown in a similar analysis for
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shocks done by Mandt and Kan [67]. Here, the result shows clearly the expected adiabatic
behaviour of the Mach cones. Because of the obtained value κ = 2 for the ions, the same
choice for κ in the adiabatic law for the electrons was made in section 3.3.
The kinetic process described above should give an explanation for the presence of multiple
Mach cones by means of the cycloidal motion and the two-stream overlap. However, the
angle of the Mach cones cannot be derived from this. That again is possible to some extent
by means of non-linear MHD wave theory. To investigate this, a simple one-dimensional model
simulation has been carried out. To excite fast mode wave fronts with high magnetic field
amplitude, the initial background magnetic field was overlayed by a Gaussian peak centred
at x = 0
 2
x
B 0 = (0, By0 , 0) with By0 = 1 + A exp − 2
σ
(in normalised units). The simulation is carried out along the x-axis. The plasma has no
initial flow velocity.
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Figure V.8: 1D model simulation. An initial Gaussian peak in the magnetic field strength develops
into a set of peaks with different amplitude and different propagation velocities. The background
plasma is at rest. Only the left half of the simulation box x < 0 is shown here. The initial Gaussian
peak serves as a model for the magnetic field enhancement directly inside the coma. If the plasma had
a flow velocity directed into the plane, each peak would form one of the multiple Mach cones shown
in fig. V.5. The plasma-βs for this run are βe = βi = 1.0 resulting in a sound velocity of cs = 1 in
normalised units.

for A = 2 and σ = 10.0c/ωp,i . As can be
Fig. V.8 shows the By component at t = 45Ω−1
i
seen from the figure, the initial peak is lowered and has developed into several single peaks
of different amplitude. The idea behind this model calculation is the following. In the inner
coma the magnetic field is enhanced due to the magnetic pile-up. The initial Gaussian peak in
this run represents this local magnetic field enhancement. The occurring peaks could now be
identified with the multiple Mach cones. It will now be shown that although the occurrence
of multiple peaks is a purely kinetic effect, each of these peaks can be described as a single
fast magnetosonic wave front.
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In non-linear MHD wave theory one can derive an expression for the velocity of a fast magnetosonic shock wave in the case of large amplitudes [17, 68]:4
v
v
u


u
u
2
2
2
u
u
B̃
+
B̃
−
B̃
y
z
x
{p} t {p}2
B̃ 4
1 t B̃ 2
2{p}
−
−
+ 2 2−
.
(V.26)
csh,f = √
2
{τ }
{τ }
{τ }τ̃
µ0
µ0 τ̃
2ρ1 µ0 τ̃

This equation basically follows from the Rankine-Hugoniot relations. It is valid for the case of
a shock wave with the shock normal lying in x-direction. The velocity csh,f is the propagation
velocity of this shock front relative to the background plasma. The tilde denotes a mean
value of the unsteady quantities upstream and downstream of the shock wave, e.g. B̃x =
1/2 (Bx1 + Bx2 ), where Bx1 and Bx2 are the x-component of the magnetic field upstream
and downstream of the shock front. The braces {} denote the difference of an upstream and
downstream value, e.g. {p} = p1 − p2 , where p is the thermal plasma pressure. τ = 1/ρ is
the inverse of the plasma density. In the limit of small wave amplitudes one can reobtain
eq. (IV.2) from eq. (V.26).
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Figure V.9: Propagation velocity of the peaks shown in fig. V.8 calculated from the simulation
data. The velocities are negative, because the peaks travel in negative x-direction. The data has been
compiled from four runs for different heights A of the initial Gaussian peak. The theoretical curve is
a plot of expression eq. (V.26) as explained in the text.

According to [17] this expression is valid for every discontinuity in a plasma, i.e. for a non
adiabatic shock as well as an adiabatic wave front. For comparison with this formula, four
different 1D runs for different heights of the initial Gaussian peak have been carried out.
To measure the propagation velocity of the individual peaks, the peak positions and heights
were determined at different time levels with ∆t = 0.5Ω−1
i . From these data the results
shown in fig. V.9 have been calculated. To compare this to eq. (V.26), the background values
B 0 , p0 and ρ0 have been used for the “upstream” values B 1 , p1 and ρ1 . For the “downstream”
values two simplifying assumptions have to be made. The plasma densities are proportional
to the magnetic field strength for the particular case of a 2D simulation with the background
magnetic field being oriented perpendicular to the simulation plane. In fact both quantities
4

Compare to F. Cap, Lehrbuch der Plasmaphysik und Magnetohydrodynamik, Springer, 1994, p. 347. In
this reference the B̃ 4 term is misprinted as B̃ 2 .
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are even equal in normalised units, i.e. B ∗ = n∗p , as can be seen from fig. V.5. This is
of course also true for the 1D simulation shown in fig. V.8. Moreover, the analysis of the
adiabatic behaviour given in fig. V.7 allows for the use of a simple adiabatic law for p in
eq. (V.26). With these two simplifications, the downstream values in eq. (V.26) become a
function of the magnetic field strength alone. Therefore one can plot eq. (V.26) as a function
of the magnetic field strength inside the wave front, i.e. as a function of the magnetic field
wave amplitude.
Fig. V.9 shows the propagation velocity of the peaks in fig. V.8 as a function of their amplitude.
The line is the theoretical curve from eq. (V.26) which was evaluated as a function of B as
described above. The theoretical curve fits the measured values nicely. The many points,
which are spread out over the diagram, are artifacts resulting from the fact, that the peak
positions were determined by a small self-written computer tool, which has some difficulties
with the “noise” visible in fig. V.8. However, the result clearly indicates, that the peaks can be
identified with the fast magnetosonic wave mode in the non-linear regime of high amplitudes.
The preceding analysis explains the steepness of the multiple Mach cones in fig. V.5. The
Mach cone angle depends on the propagation velocity of the underlying wave mode. This, in
turn, depends on the amplitude according to eq. (V.26). However, this view cannot explain
the occurrence of multiple wavefronts. Although, the amplitude-dependence strongly suggests
the development of solitons, the author was not able to prove this by an analytic solution
of the underlying equations. Moreover, the splitting does not occur in fluid simulations as
was already stated above. Therefore, the discussion of the cycloidal ion motion given above
is essential for the understanding of the split Mach cone structure. To derive the soliton
solutions one would have to solve the coupled equations for the individual particle motion as
well as the magnetic field equation.
To summarise, the splitting of the Mach cones visible in fig. V.5 is a purely kinetic effect
illustrated in fig. V.6. The angle which each Mach cone forms with the solar wind flow
depends on the propagation velocity of each wave front. The wave fronts can be identified as
fast magnetosonic wave modes in the non-linear regime. Their propagation velocity depends
on the magnetic field amplitude and can be derived from eq. (V.26). This explains the different
angles that each cone forms with the solar wind flow direction.

4.4

Shocklets

Although this work is concerned mainly with the case of weak comets, some results for
stronger comets are presented here and in the next section. A typical feature of weak comets
is the formation of a multiple Mach cone structure instead of a bow shock as described in the
previous section. However, as will be shown later, the plasma environment of ChuryumovGerasimenko starts to develop a shock-like structure for heliocentric distances below 2.5AU.
The results shown in this section use an immobile obstacle again, to separate the effects
produced by the solar wind from those produced by the motion of the heavy ions. Originally
these results served as a qualitative model for comparison with Cassini data from the Jovian
bow shock [111], but they seem to be a general feature which also occurs at a cometary shock.
Fig. V.10 shows the magnetic field configuration, the solar wind density as well as the heavy

4.4 Shocklets
(a) magnetic field B/B0
100

z[c/ωp,i]

50
0
-50
-100

91

3

(b) solar wind proton density np/n0

(c) heavy ion density nh/n0

3

2.5

2.5

2.5

2

2

2

1.5

1.5

1.5

1

1

1

0.5

0.5

0.5

0
-30 -20 -10 0 10 20 30
x[c/ωp,i]

3

0
-30 -20 -10 0 10 20 30
x[c/ωp,i]

0
-30 -20 -10 0 10 20 30
x[c/ωp,i]

Figure V.10: 2D global simulation of a large immobile ionospheric obstacle. (a) Magnetic field
strength (colour coded) and field direction. The IMF lies in the simulation plane, forming an angle of
60◦ with the x-axis (note the different axis scales). (b) Solar wind proton density. (c) Heavy ion density.
The heavy ions have a 1/r2 profile, which is cut off above a radius of Rcut = 20c/ωp,i . The heavy ions
are immobile. The parabolic shock exhibits a pronounced periodic structuring. This phenomenom
occurs in many hybrid simulations but not in MHD, underlining the kinetic nature of this effect. The
characteristic scale is again of the order of the local solar wind proton gyroradius downstream of the
shock. The low Alfvén Mach number was chosen, because this structuring is less disturbed in this
regime. Nevertheless, it also appears for higher Mach numbers. Parameters: MA = 3, B0 = 5nT,
n0 = 5cm−3 , βi = βe = 1.0, ∆t = 0.005, ∆x = 0.2, ∆z = 0.75 (400 × 400 cells).

ion density of the obstacle for a global 2D simulation. The obstacle is an immobile heavy ion
cloud with a 1/r 2 density profile, which is cut off at a distance of Rcut = 20c/ωp,i , i.e. the
extended low density coma was omitted. This was done to exclude all mass-loading effects
in the outer shock region. The undisturbed solar wind magnetic field lies in the simulation
plane forming an angle of 60◦ with the x-axis. As can be seen from fig. V.10(a) and (b)
the typical parabolic shock is formed around the obstacle. This shock, however, exhibits a
pronounced periodic substructure, visible in the magnetic field strength as well as in the solar
wind proton density. The existence of such a substructuring has been already observed at
comet Giacobini-Zinner [85], and also e.g. at Mars [98]. As these structures look like shockwaves, but are still nearly adiabatic and therefore appear also as non-shocklike wavefronts,
these structures were also called “shocklets” by [85]. They were obtained in other hybrid
simulation results, cf. [44, 104, 105], but not in fluid models. This underlines the kinetic
nature of these structures. Indeed, the characteristic scale is again of the order of the local
proton gyroradius downstream of the shock.
Fig. V.11 gives some more results for the same run as in fig. V.10. The two top panels show
2 and the bulk velocity of the solar wind protons. The first
the squared thermal velocity vth
quantity is a measure for the thermal energy and hence a measure of the plasma temperature.
As can be seen from fig. V.11(a) the plasma is heated at each shocklet front and cooled down
afterwards, although not to its initial temperature. This shows the nearly adiabatic behaviour
of the shocklets. Also the velocity varies, with the particles being decelerated at each front and
accelerated afterwards. These two quantities have to be anti-correlated for energetic reasons.
This is indeed the case, as can be seen from the cut in fig. V.11(c). The magnetic field is
positively correlated with the temperature. All the properties described so far match exactly
the properties of the multiple Mach cones described in the previous section. It seems therefore
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Figure V.11: Same run as in fig. V.10. (a) Squared thermal velocity (as a temperature measure) and
(b) solar wind bulk velocity. (c) and (d) provide two cuts as marked in (a) with all three magnetic field
components as well as the bulk velocity and thermal velocity. From (a) the nearly adiabatic nature
of the shocklets can be seen, as the plasma is heated and reversibly cooled down almost to its initial
temperature after each shocklet front. From (c) one can see an anti-correlation between bulk velocity
and thermal energy. The cut in (d) through the quasi-parallel part of the shock shows an upstream
wave formed in the foot region. This was observed at the Jovian bow shock by Cassini [111].

very likely that these structures are closely related, if not the same physical phenomena.
The other cut in fig. V.11(d) taken at the quasi-parallel region of the shock shows the presence
of a circularly polarised upstream wave of rather long wavelength inside the foot region. This
feature was observed by Cassini at the Jovian bow shock [111] and is described in more detail
there.
To summarise, the shocklet structure shown in figs. V.10 and V.11, possibly observed at
Giacobini-Zinner [85] and also at other shocks, e.g. at that of Mars [98], exhibit the same
physical properties as the multiple Mach cone structure obtained in the simulations of weak
comets. It is very likely that these shocklets are evolve out of the multiple Mach cone structure,
if the obstacle becomes larger. In contrast to the multiple Mach cones, which are attached
to the obstacle, the shocklets can travel upstream, because their amplitude and the thermal
pressure is large enough to provide a large enough propagation velocity according to eq. (V.26).
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Strong comets

Although this work is not concerned with the case of strong comets, one example for comparison is given in this section. Strong comets have been thoroughly investigated by means
of MHD theory (see literature given in the introduction of this chapter). The results shown
here should merely demonstrate that the code used here can also be applied for such large
scale simulations.
Fig. V.12 shows the 2D results for a comet with a total gas production rate of G = 1028 s−1 ,
which is two orders of magnitude lower than that of Halley at 1AU. It corresponds roughly
to the production rate of Churyumov-Gerasimenko at 1AU as can be seen in fig. VI.1. The
simulation uses a box size of Lx = 1600c/ωp,i and Ly = 4000c/ωp,i with a Cartesian grid of
100×200 cells. Thus, the gyroradius of the solar wind protons is not resolved in these runs. So
this situation is much more suitable for an MHD approach. Because of the low resolution these
results cannot compete with the detailed MHD investigations given in [119, 99, 36]. Features
like the cavity or a magnetic pile-up boundary are not resolved here. Also the shocklets
described in the previous section are not resolved. The remaining parameters of this run
are G = 1028 s−1 , MA = 6, B0 = 18nT , n0 = 17cm−3 , βi = 1.0, βe = 2.0, ∆t = 0.5Ω−1
i ,
∆x = 16c/ωp,i and ∆z = 20c/ωp,i . The length and time scales following from these values are
= 0.58s. The parameters are similar to those used by Hopcroft
are c/ωp,i = 50km and Ω−1
i
and Chapman [44] for comparison. In [44] a higher resolution was used, so that certain wave
phenomena are not reproduced here. However, the overall picture is the same.
Fig. V.12(a) and (b) show the magnetic field strength and heavy ion density at the time
t = 0, where the simulation has reached a steady state. One can see the familiar parabolic
bow shock and the straight anti-sunward plasma tail typical for strong comets. The cycloidal
tail has completely vanished, although the gyroradius of the heavy ions of about 100c/ωp,i is
still large enough to be resolved here. The reason for the transition from the cycloidal tail to
the straight anti-sunward tail is the different acceleration process of the heavy ions. This will
be discussed in great detail in chapter VI.
To make these results more interesting, a parallel discontinuity, where the IMF reverses its
direction, is put into the simulation at t = 0. This discontinuity has reached the shock at
a time of t = 150Ω−1
as shown in fig. V.12(c) and (d). Note, that the shock visible in
i
fig. V.12(a) is slightly asymmetric, which is not obtained in ideal MHD, when the Hall term
in the magnetic field equation is omitted. Due to the IMF reversal, the asymmetric shock
has to reconfigure itself. As the discontinuity travels with the local bulk velocity inside the
shock, which is subalfvénic, the zone with B = 0 takes some time for crossing the inner
coma. This leads to a halt in the mass-loading process, resulting in a tail disconnection.
This disconnection is visible in fig. V.12(f), where the tail density is slightly reduced in the
middle of the tail. Such tail disconnection events have been observed at strong comets several
times. Discontinuities, like changes in the flow speed or magnetic field direction, have been
shown to be the reason for this by several MHD simulations. The results shown here are
in good accordance with that. However, the time scale of the disconnection events obtained
here is only about 50Ω−1
which corresponds to about 20s-30s in real time. The observed tail
i
disconnections have a much longer timescale.
Finally, at t = 900Ω−1
another discontinuity, where the magnetic field rotates by an angle of
i
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Figure V.12: 2D global simulation of tail disconnection events at a strong comet like Halley. Shown
are the magnetic field configuration and the heavy ion densities at 4 different times during the simulation. (a)/(b) At t=0 the IMF points into the simulation plane. (c)/(d) At t = 150Ω−1
a parallel
i
discontinuity, where the IMF direction is rotated by 180◦, runs over the interaction region. (e)/(f) At
t = 180Ω−1
i the discontinuity has completely crossed the shock. A density decrease (tail disconnection)
in the middle of the tail is visible in (f). (g)/(h) At t = 900Ω−1
a second discontinuity, where the IMF
i
is rotated into the simulation plane, has crossed the shock. This time the reaction of the tail is more
pronounced with a plasmon formed inside the tail which is accelerated by the field lines piling up in
front of it. See text for parameters.
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90◦ , pointing in positive z-direction afterwards, was introduced in the simulation. Fig. V.12(g)
and (h) shows the situation after this discontinuity has crossed the shock region. This time,
the reaction of the tail is much more pronounced, with a plasmon formed inside the tail. The
magnetic field lines pile up strongly in front of this high density region, which accelerates this
plasmon along the tail, thereby increasing its density further. Moreover, the tail in fig. V.12(h)
in front of the plasmon at x < 300c/ωp,i is thinner than in the case of a perpendicular magnetic
field. This indicates that the tail is focused in the plane perpendicular to the IMF. This is
indeed the fact, as will be shown in the 3D results for Churyumov-Gerasimenko in the next
chapter.

4.6

Summary

The plasma environment of weak comets is clearly distinct from the case of strong comets, due
to the gyroradii of the involved particles being much larger than the characteristic scales of
the interaction region. This section tried to give an overview of some basic effects occurring,
when the production rate of a comet is increased, i.e. the transition from a weak to a strong
comet. In the test particles regime, for heavy ion densities below 10−3 of the solar wind
density, the heavy ions are picked up by the solar wind and form a cycloidal tail, as can
be seen in fig. V.3. The solar wind remains undisturbed. For a slightly higher density, the
solar wind forms a linear Mach cone, visible in fig. V.4, corresponding to a fast magnetosonic
wave, excited by the upward deflection of the solar wind near the nucleus. With increasing
production rate, the amplitude and steepness of the Mach cone increases. Furthermore it
is split into several ray-like structures, as can be seen in fig. V.5. These Mach cones are
still adiabatic, as was shown in section 4.3 and can be interpreted as fast magnetosonic wave
modes in the non-linear regime. For an obstacle with even larger density, these Mach cones
appear to reach an amplitude, where there can detach from the obstacle and form so-called
“shocklets”. The final example of a strong comet showed the general features known from
MHD theory and simulation.
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V From a weak to a strong comet

Chapter VI

Comet Churyumov-Gerasimenko
The original target of the ROSETTA mission, comet 46P/Wirtanen, had to be dismissed,
after the cancellation of the January 2003 launch. As a new target, comet 67P/ChuryumovGerasimenko (67P/C-G) was chosen. From ground-based observations, the radius of 67P/C-G
is estimated to be about 2.5km [112], which is four times as large as that of Wirtanen, which
radius is approximately 0.6km [10]. However, measurements of the H2 O production rates
suggest that these are almost equal for both comets, as will be discussed in section 1.1. The
dust production of 67P/C-G, however, is considerably larger [56], which qualifies 67P/C-G
as a “dusty comet” . Although it is not quite clear, how the dust in the coma affects the
plasma, both comets are quite equal from a plasma-physical point of view. Therefore some
of our older results published for comet Wirtanen [3] should be still valid for 67P/C-G.
This chapter provides simulation results for the plasma environment of comet 67P/C-G at
different heliocentric distances between 2.5AU and 3.25AU. Thus, a large portion of the
ROSETTA mission is covered by these results. The early encounter of ROSETTA could
be somewhat around 4AU. However, at that distances the activity of 67P/C-G should be
very low, if there is any. The landing manoeuvre will take place around 3.25AU [102]. If
the comet is active beyond 3.25AU, the results shown here are still applicable, because at
3.25AU 67P/C-G is nearly in the “test particle” regime, and the picture should not change
qualitatively for larger heliocentric distances.
The other reason of the selection of 2.5AU-3.25AU for the shown results is, that at these
distances the plasma environment of 67P/C-G evolves from the weak regime to the strong
regime, i.e. there is a transition from the linear Mach cone case described in section 4.2 to
the shocklet case described in section 4.4 of the previous chapter.
Quantitative models for the cometary gas production, which is the most critical input parameter, and the solar wind parameters are used, which are derived from observational data.
This model will be described in section 1. It is clear, that these input parameters have a
rather high uncertainty. Therefore, the simulation results will also have some quantitative
uncertainty. Eventually, this means that the results specified for some heliocentric distance,
may in reality occur at some larger or smaller distances.
Because in 2D simulations the resolution can be made much larger compared to the 3D case,
some small details are only visible in the 2D case. As the discussion of the 2D pictures is
easier, they will be shown first in section 3. After this, 3D results for some selected cases are
presented in section 4 . The discussion will focus on the presence of certain signatures in the
plasma and on the particle energy spectra, which are quantities accessible to measurements. It
is hoped, that this is helpful in the planning of orbits and approach trajectories and especially
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for the interpretation of the data, which will be measured by ROSETTA. Furthermore, for
the understanding of the occurring phenomena, a more theoretical and global view will also
be given. This will be done mostly from the viewpoint of the ion dynamics to take advantage
of the hybrid model. For this purpose, section 2 shortly summarises the forces acting on the
different ion species. This section necessarily repeats some of the facts described already in
the previous chapter.

1
1.1

Quantitative model
Gas production

Fig. VI.1 shows a comparison of “observed” gas production rates for Wirtanen and 67P/C-G.
The data was taken from [101, 100] for Wirtanen and from [28] and [1] for 67P/C-G. Usually
these observational data are inferred indirectly from other quantities, which gives them a
rather high uncertainty. Measurements beyond 2.5AU are difficult to make, because both
comets are almost not visible anymore. Theoretical models, cf. [58, 29], suggest that the gas
production rate should drop down significantly around 3AU, because the surface temperature
drops below the sublimation temperature of ice. The solid red line in fig. VI.1 is a fit to
the observational data, whereas the dashed line is a qualitative adjustment according to the
model of Kührt [55] to take account for the drop-off just mentioned. It must be admitted,
that this adjustment was made more or less “by hand”. A rigorous model calculation is not
possible, because important parameters, e.g. the rotation period and especially the thermal
conductivity, are little known or unknown.
Gas production rate of Churyumov-Gerasimenko
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Figure VI.1: Water production rate of Churyumov-Gerasimenko compared to comet Wirtanen. The
red markers are data for 67P/C-G from [55, 28] and [1]. The black markers represent data for Wirtanen
from [100, 101]. The red line is a fit for 67P/C-G, where the dashed line is an qualitative extrapolation
according to the model by [58]. Note, that the values for Wirtanen and 67P/C-G are almost the same.
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At large heliocentric distances, CO instead of H2 O should be the most dominant gas component, cf. [47, 58]. However, for the heliocentric distances between 2.5AU and 3.5AU under
consideration here, the CO abundances (as well as other components) are negligible. Therefore, here only the H2 O gas is taken into account.
In our model, we use a spherical gas coma as described in section V.2 with an outgassing
velocity of ug = 1km/s. The complications arising from possible jets, dayside and nightside
differences as well as the gasdynamical effects described in the mentioned section, were neglected, because the details needed for a consequent modelling are also not known. Moreover,
this work focuses on the basic mechanisms and not on a perfect quantitative modelling. This
is left open for further work.
The ions produced by the UV ionisation process inside the coma have a temperature of not
more than 300K, so that the according βi,h of the heavy ions was taken to be zero. A critical
parameter, however, is the temperature of the electrons inside the inner coma.
To summarise, a spherical neutral gas coma according to eq. (V.3) is used, with the parameter
G taken from the dashed red line in fig. VI.1. From this, the distribution of the generated
cold O+ ions (with a mass of 16mp ) follows from eq. (V.4). These heavy ions are incorporated
into the simulation as described in section V.3.

1.2

Solar wind parameters
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Figure VI.2: Absolute magnetic field strength, proton density, angle between IMF and solar wind
flow direction and the ionic plasma-β for for different heliocentric distances. These curves are fits
using the Parker model [86] to data measured by IMP-8 and Voyager 2 [92, 91].

The solar wind parameters needed for a simulation run are the IMF strength B0 , the proton
density np0 , the bulk flow velocity up0 , the temperatures of the SW protons and electrons
expressed in terms of βi,p and βe,p and the angle θ between the IMF vector and then solar
wind flow direction. up0 can be assumed to be constant with respect to the heliocentric
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distance R⊙ . Here it was chosen in such a way, that the Alfvénic Mach number MA = 10 is
the same for all runs. This value is the convenient choice for quiet solar wind conditions. The
other parameters actually depend on R⊙ . For obtaining these, a fit according to the Parker
model [86] to data measured by IMP-8 and Voyager 2, taken from [92, 91], was applied. In
fig. VI.2 the results of these fits are shown.
The azimuthal angle between the magnetic field and the flow velocity is about 45 degrees at
1AU and approaches almost 80 degrees around 3AU. It is reasonable to use a perpendicular
magnetic field at these large heliocentric distances to simplify the results and make the qualitative effects more clear. Therefore θ = 90◦ was chosen in all simulations shown here. Also,
the weak dependence of βi of the protons on R⊙ was neglected. Furthermore, βe = βi was
assumed. Tab. VI.1 summarises the physical parameters for four selected values of R⊙ , for
which simulation results are presented in this work.
Table VI.1: Simulation parameters for the results presented here as reference.

Parameter
H2 O production rate G
outgassing velocity v0
IMF B0
solar wind density n0
Alfvén velocity vA0
length scale x0
time scale t0
Alfvénic Mach number
solar wind ion βi,p
solar wind electron βe,p
cometary ion βi,h †
cometary electron βe,h
†

R⊙ = 3.25AU
1024 s−1
1km/s
1.13nT
0.66cm−3
31km/s
280km
9.2s
10
0.4
0.4
0
0.05

R⊙ = 3AU
1.2 · 1025 s−1
1km/s
1.2nT
0.8cm−3
30km/s
250km
8.7s
10
0.4
0.4
0
0.05

R⊙ = 2.8AU
7.5 · 1025 s−1
1km/s
1.23nT
0.88cm−3
29.2km/s
240km
8.3s
10
0.4
0.4
0
0.05

R⊙ = 2.5AU
1.9 · 1026 s−1
1km/s
1.5nT
1.1cm−3
31.9km/s
220km
7.0s
10
0.4
0.4
0
0.05

The small cometary ion temperature is neglected.

2

Basic principles of ion and field dynamics

For the understanding of the results shown in this section it is convenient to recall the different
forces acting on the ions and the magnetic field lines. Normalised units (where µ0 = 1 and
e=1) are used here.
An ion of species s having particle velocity v s experiences the Lorentz force and the “neutral
drag force” discussed in section V.3.2. The resulting force is given by
qs
dv s
=
(E + v s × B) − kD nn (v s − un )
dt
ms

,

(VI.1)
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where the index ’s’ refers to protons s = p and heavy ions s = h, respectively. It will be
shown later, that the neutral darg force is negligible for the results shown in the following.
The governing force acting on the particles is therefore the Lorentz force.
The electric field occurring in the Lorentz force term is given by eq. (C)
E=−



np up
nh uh
+
np + nh np + nh



×B+

(∇ × B) × B ∇pe,p + ∇pe,h
−
nh + np
nh + ne

,

(VI.2)

where the density weighted average ion bulk velocity ui in eq. (C) has been substituted by
the bulk velocities of the protons up and heavy ions uh , respectively. The electron pressure
term is split into two parts as described in section V.3.3.
The different terms in eqs. (VI.1) and (VI.2) contributing to the forces on the different ion
species are discussed now.
The first term in eq. (VI.2) dominates in regions where the Hall term and the electron pressure
gradient vanish. Where the cometary ion density is low compared to the solar wind density,
this term is dominated by the solar wind bulk velocity up . This term cancels with the v s × Bterm in eq. (VI.1) for a particle which has a velocity v s comparable to the bulk velocity up ,
which is the case for the protons in the undisturbed solar wind flow. Therefore, a solar wind
protons experience the force resulting from this term only if nh becomes large. Where this is
the case, the electric field is reduced, thus, the solar wind protons are deflected upwards. This
resulting force will be simply called “deflection force” in the following. It is proportional
to the magnetic field strength, but does not depend on magnetic field gradients. Another
reason for a solar wind proton to experience a force resulting from the first term in eq. (VI.2)
could be the presence of a distribution function, where the average velocity differs strongly
from the individual particle velocities. This is the case for example, when different proton
streams overlap.
For the cometary ions, which enter the simulation box with v h = 0 the electric field from
the first term in eq. (VI.2) does not cancel with the v s × B term in eq. (VI.1) in regions
where nh is small. They are therefore strongly accelerated downwards. This force will be
denoted as the “pickup-force”. It always acts perpendicular to the magnetic field and
plasma velocity vector. Note, that this “pickup-force” arises from the same term in eq. (VI.2)
as the “deflection force” and it is of the same physical nature. The distinction is only made,
because the term “pick-up” is more convenient for the case of newly generated heavy ions. In
regions, where nh is small, the pickup-force acting on the heavy ions is large and the deflection
force acting on the solar wind protons is small. In regions with large nh this is vice versa.
The electric field arising from the pressure gradient terms in eq. VI.2 is experienced by both
species in the same way. This force mainly acts radially outward from the nucleus, due to
the dominant radial density profile of the cometary ions. This accelerates the cometary ions
outwards and deflects the solar wind protons around the obstacle. This force will be simply
referred to as “electron pressure force”.
The second term in eq. VI.2 can be further split into the two parts
1
(∇ × B) × B = (B · ∇)B − ∇(B 2 ) .
2

(VI.3)
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The first term in eq. VI.3 acts as a “magnetic tension”, which tends to shorten the magnetic field lines, when they become curved. Due to this term in eq. VI.3, also the plasma is
accelerated whenever the field lines are curved. The second term in eq. VI.3 is called “magnetic pressure”, which tends to expand the magnetic field lines, where their density becomes
higher. Again, this magnetic pressure also acts on the plasma, pointing in the direction of
the magnetic pressure gradient.
The magnetic field evolution is governed by eq. (D)
∂t B = ∇ × (ui × B) − ∇ ×



∇×B×B
ρc



−η∇×∇×B

(VI.4)

The first term of eq. VI.4 is responsible for the “convection” of the magnetic field along the
plasma flow (“frozen-in” magnetic field). In regions with high nh and low v h (inner coma)
this convective term becomes smaller, thus, the magnetic field lines cannot be transported
through this region and are “draped” around the obstacle. This effect will be denoted simply
as “draping”. The second term in eq. (VI.4) is responsible for the already described magnetic
tension and pressure acting on the field lines itself, whereas the last term including the
diffusivity constant η acts a diffusive term on the magnetic field. This will be called simply
“magnetic diffusion” in the following. It tends to “smooth” the magnetic field structures.
As already discussed in section III.9.3 the choice of η is difficult and the real diffusivity in a
simulation is also influenced by the inevitable numerical diffusion.

3
3.1

2D results
Numerical parameters

For the 2D results the grid type C described by eqs. (IV.16)-(IV.18) in section IV.5 was
used. The numerical parameters for the four 2D simulation runs presented in this section are
summarised in tab. VI.2.
The smallest cell width ∆x can be derived from eqs. (IV.16)-(IV.18). The average cell width
h∆xi is simply the width of a cell, if the grid would be Cartesian, i.e. the box width divided
by the number of cells. Note, that the resolution is enhanced by about factor of 2-3 in the
centre, compared to a Cartesian grid. Nppc in tab. VI.2 denotes the number of solar wind
particles, which are put into the smallest cell (in the centre). From this, the average number of
particles per cell hNppc i is defined by Nppc h∆xi/∆x. The number of particles in the smallest
cell is quite low in all runs. Hence, the statistics is rather bad in the centre. However, in the
box centre a rather large number of heavy ions are present in the simulation, which govern
the statistics there.
All runs became quasi-stationary after about 5000 up to 7000 time steps. The results which
will presented are taken after 9000 time steps. The overall number of particles at a certain
time in the 2D runs was about 3 up to 6 million. Such a simulation run takes about 5 days
to complete on a 2000MHz Pentium-IV machine.
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Table VI.2: Numerical parameters for the four 2D runs presented in this section.

Parameter
grid type
grid parametera α
grid cells
box size (in c/ωp.i )
smallest cell width ∆x (in c/ωp.i )
average cell width h∆xi (in c/ωp.i )
time step ∆t (in Ω−1
i )
magnetic diffusion constant η
b
Nppc
hNppc ic
no. of heavy ions per time step

R⊙ = 3.25AU
C
0.3
200× 200
5×5
0.01
0.025
5 · 10−4
0.05
5
31
300

3AU
C
0.3
200× 200
15 × 15
0.023
0.075
2 · 10−3
0.08
3
32
300

2.8AU
C
0.3
200× 200
30 × 30
0.047
0.15
10−2
0.12
2
20
500

2.5AU
C
0.3
200× 200
40 × 40
0.062
0.2
10−2
0.15
2
21
500

a

As defined by eq. (IV.19).
Number of particles in the smallest cell.
c
Average number of particles per cell, derived from Nppc, ∆x and h∆x i.
b

3.2
3.2.1

2D results for 67P/Churyumov-Gerasimenko at 3.25AU
Overview

Fig. VI.3 shows the results for a 2D simulation of 67P/C-G at a heliocentric distance of
about 3.25AU. The parameters for this run can be looked up from tabs. VI.1 and VI.2. The
figure shows the magnetic and electric field configuration, as well as the densities and bulk
velocities of both ion species. The solar wind flows from left to right and the IMF is oriented
perpendicular to the simulation plane, pointing inwards.
The situation is governed purely by the pick-up force. All heavy ions are accelerated in the
direction of the interplanetary electric field, as can be seen from fig. VI.3(f). They form the
cycloidal tail discussed in section V.4.1. Note, that the scales are much smaller here compared
to the results given in chapter V. Consequently, only the start of a cycloidal arc can be seen.
The magnetic field shown in fig. VI.3(a) is piled-up inside the whole inner coma region and is
enhanced by a factor of about two near the nucleus. As described in section 2, this is due to the
decreased overall bulk velocity of the two component plasma. This also leads to the significant
decrease of the electric field strength near the nucleus, visible in fig. VI.3(d). According to
eq. (VI.1), the increase of B and decrease of E results in a rather strong force acting on the
solar wind protons. However, the solar wind is not influenced much by this force, because it
is only effective in the small area, where the electric field is decreased in fig. VI.3(d). Outside
this region, the electric field still balances the v s × B term in eq. (VI.1). Now, this area has a
size of about 0.2c/ωp,i and the solar wind protons have a velocity of 10vA0 . Thus, they cross
this region in about 0.02Ω−1
i . This very small interaction time is not sufficient to alter the
direction of the solar wind flow significantly, as can be seen from fig. VI.3(e). Nevertheless,
the increased magnetic field excites a fast magnetosonic wave forming the linear Mach cone
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Figure VI.3: 67P/C-G at 3.25AU. Parameters for this run can be found in tabs. VI.1 and VI.2. The
solar wind flows from left to right, the IMF is oriented perpendicular to the simulation plane pointing
inwards. All quantities are given in normalised units. (a) Magnetic field strength. (b) Solar wind
proton density. (c) Heavy ion density (logarithmic colour scale). (d) Electric field. (e) Solar wind
bulk velocity. (f) Heavy ion bulk velocity. The tail is purely cycloidal. The solar wind does not react
much on the obstacle, as can be seen from (b) and (e), besides forming a linear fast mode Mach cone.
The overall picture corresponds to the linear regime discussed in sections V.4.1 and V.4.2. The heavy
ion density (c) exhibits a tail region with increased density and increased magnetic field overlayed to
a low solar wind density background, where the magnetic field is undisturbed. The boundary between
these two areas is marked with a white line in the panels and will be denoted as “heavy ion density
jump” (HIDJ) and is discussed in the text.

as discussed in section V.4.2, which is visible in panels (a), (b) and (d) of fig. VI.3.
All types of boundaries observed at strong comets, such as a bow shock, an ion composition
boundary or an ionopause are missing in this regime, although the heavy ion density reaches
peak values of over twice the solar wind density as can be seen from fig. VI.3(c). For these
densities, classical MHD [8] would predict the breakdown of continuous mass-loading and the
formation of a shock. The absence of this is also a consequence of the interaction area being
much smaller than the proton gyroradius and the interaction times being much smaller than
proton gyrotime. Thus, the situation here is entirely different from the classical one-fluid
MHD mass-loading picture, which is not applicable for weak comets. However, bi-ion fluid
simulations in this linear regime [11, 64, 95] show a very similar picture. However, they also
omit some details, which will be discussed below.
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“Heavy ion density jump”

Although the classical boundaries are absent in fig. VI.3, a boundary is visible in the heavy
ion density. This boundary is most clearly present directly above the nucleus in fig. VI.3(c),
where the heavy ion density jumps (HIDJ) by almost one order of magnitude. It is marked
with a white line in the figure.
nh/n0
np/n0
B/B0
1/x3/2 fit
1/x2 fit

normalized units

10

1

0.1

0.01
0.1

1
z[c/ωp,i]

Figure VI.4: Cut along the z-axis of the results shown in fig. VI.3. Solar wind proton density np /n0
(green), heavy ion density nh /n0 (red) and magnetic field strength B/B0 . The z values are positive, i.e.
the cut runs from the centre to the top in fig. VI.3. At about a distance of z ≈ 0.25c/ωp,i = 70km from
the nucleus the “heavy ion density jump” is clearly visible in the heavy ion density (red). However,
the solar wind protons (green) are not influenced by this jump and the magnetic field shows only a
slight increase. Near to the nucleus the heavy ions exhibit a 1/r2 distribution, whereas beyond the
HIDJ the distribution is proportional to 1/r3/2 . The 1/r3/2 distribution is typical for the weak mass
loading regime (s. text for details). The 1/r2 distribution near the nucleus indicates the breakdown
of the pickup-process due to the vanishing electric field shown in fig. VI.3(d). The heavy in the inner
coma shield themselves from the interplanetary electric field, reducing the pickup efficiency, which in
turn furthermore increases the heavy ion density. It is this non-linearity which gives rise to the HIDJ.

Fig. VI.4 shows a cut along the z-axis of the results from fig. VI.3. The HIDJ is clearly visible
in the heavy ion density distribution (red line) at a distance of about z ≈ 0.25c/ωp, i = 70km
above the nucleus. However, the solar wind proton density (green) is not much influenced
and the magnetic field shows only a slight increase. Thus, the HIDJ cannot be identified with
the “ion composition boundary” (ICB) nor the ionopause, where the magnetic field should
drop to zero. In fact, the “ion composition boundary” is developed out of the HIDJ for higher
production rates, as will become clear in the following sections.
Two fits to the heavy ion density are shown in fig. VI.4. The heavy ions exhibit an 1/z 2
distribution near the nucleus, where z is the distance from the nucleus. This is the initial
distribution of the newly produced ions, which is not altered much. However, beyond the
HIDJ the heavy ion distribution in fig. VI.4 is best fitted with an 1/z 3/2 profile. Because
the magnetic field and solar wind bulk velocity is almost constant outside the HIDJ, one can
treat the dynamics of the heavy ions as decoupled from the other plasma component and
the electric field can be taken as being constant. Moreover, the heavy ions are all moving
downwards along the z-axis, as can be seen from fig. VI.3(f). The distances from the nucleus

VI Comet Churyumov-Gerasimenko

106

under consideration here are much smaller than the heavy ion gyroradius. Thus, the deflection
of the heavy ions due to the v × B force can be neglected, and it can be assumed, that the
heavy ions have only a velocity component in the negative z-direction.
Under this circumstances a simple 1D model can be applied to explain the 1/z 3/2 distribution
above the nucleus, i.e. for positive z. Let r = −z < 0 be a coordinate pointing into negative
z-direction and E > 0 and v > 0 be the electric field and particle velocity components, which
point in positive r-direction. The Vlasov equation applied to this case is given by
∂t f (r, v) + v∂r f (r, v) + α∂v f (r, v) =

Q
δ(v)
r2

,

α=

qh
E
mh

,

(VI.5)

where f (r, v, t) is the distribution function of the heavy ions. The source term on the r.h.s. of
eq. (VI.5) describes the production of newly generated heavy ions with an 1/r 2 profile and a
vanishing initial velocity. The relation between the constant Q production rate G in SI units
is given by
νG
Q=
,
(VI.6)
4πug
where ν and ug are the ionisation frequency and outgassing velocity, respectively.
A stationary solution for ∂t f = 0 of eq. (VI.5) can be obtained by introducing the new
variables
v2
and η = r .
ξ = αr −
2
Eq. (VI.5) then becomes
Q
(VI.7)
v∂η f = 2 δ(v)
r
p
with v = 2 (αη − ξ). Integrating eq. (VI.7) and resubstituting the old variables r and v
yields the stationary solution
f (r, v > 0) = 

Q
αr −

v2
2

2

for v > 0 .

(VI.8)

For v < 0 there is f (r, v < 0) = 0. From this solution the number density nh (r) is obtained
by integration of eq. (VI.8) to be
nh (r) =

Z∞

−∞

πQ
f (r, v)dv = √
2 2α(−r)3/2

.

(VI.9)

Since r = −z, this is the desired result explaining the 1/z 3/2 profile in fig. VI.4. However, it
does not explain the jump in the heavy ion density.
Now, α is proportional to the electric field E accelerating the particles. According to
eq. (VI.2), E depends on the heavy ion density nh (r) itself, being lower the higher nh becomes. Assuming np = 1 = const., B = 1ey = const., up = MA ex = const. and neglecting the
small uh , i.e. uh ≈ 0, eq. (VI.2) yields
qh
MA
α=
mh nh (r) + 1

,

nh (r) =

Z∞

−∞

f (r, v)dv

,

(VI.10)
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where MA is the Alfvénic Mach number of the solar wind flow. This non-linearity was not
being taken into account in eq. (VI.5). Although it is obvious, that this non-linearity changes
the result eq. (VI.9), it is not obvious whether it is responsible for the HIDJ visible in fig. VI.4.
With α being a function of nh which is in turn an integral over the whole distribution function
f (r, v), it is impossible to obtain an analytic solution for eq. (VI.5). Therefore a numerical
solution to eq. (VI.5) is needed. For this purpose, eq. (VI.5) was solved numerically with α
given by eq. (VI.10). The numerical solution was obtained using a small self-written program
which uses an upwind differencing scheme. To further take the finite initial velocity of the
newly produced heavy ions v0 into account, the r.h.s. of eq. (VI.5) was changed to
Q
δ(v − v0 )
r2
for the numerical solution.
(b) dependence of the HIDJs position on v0

(a) examplatory numerical solution
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Figure VI.5: Results from the numerical solution of eq. (VI.5) with the non-linearity eq. (VI.10)
and a finite initial velocity v0 of the newly generated particles. (a) An exemplary results for Q = 0.4,
v0 = 0.1 and MA = 10. (b) Position of the density jump on the initial velocity v0 . The density profile
of the solution shown in (a) as red line has the same qualitative behaviour as in fig. VI.4. For four
different values of v0 such results as shown in (a) were calculated and the position of the density jump
was measured by hand from the diagram. The result is shown in (b). The position of the HIDJ linearly
depends on v0 . Particularly, it vanishes, if v0 = 0.

Fig. VI.5(a) shows an exemplary result for Q = 0.4, v0 = 0.1 and MA = 10. The oscillations
on the outer part visible in the figure are an artifact of the numerical algorithm. The numerical
solution shown in fig. VI.5(a) shows the same qualitative behaviour as in fig. VI.4. However,
the position of the HIDJ depends on the initial outgassing velocity v0 . This dependence
appears to be linear and is shown in fig. VI.5(b). Particularly, the HIDJ is not present, if
v0 = 0. From the analytic solution of eq. (VI.5) given in eq. (VI.9) it becomes clear, that for
constant α but non-zero v0 , the jump cannot occur, cause the solution is still valid if one uses
a non-zero value for v0 , with v being substituted by v − v0 . Thus, both a non-zero outgassing
velocity v0 and the dependence of E on nh are needed to produce the HIDJ.
To summarise this analysis, the HIDJ visible in fig. VI.4 and fig. VI.3 can be explained by the
dynamics of the heavy ions only, i.e. the solar wind does not play any role besides providing
the accelerating electric field. Under the assumption of the magnetic field, the solar wind
density and the bulk velocity being constant, the HIDJ was qualitatively obtained from the
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solution of the Vlasov equation for the heavy ions,. The only needed “ingredients” were the
dependence of the accelerating electric field on the heavy ion density and a finite outgassing
velocity. The HIDJ is formed, because a high density of newly generated ions, reduces the
electric field provided by the solar wind. Thus, the pickup process becomes less effective.
This, in turn, results in a slower evacuation of the newly generated heavy ions, making the
density even higher. It is this feedback which leads to the formation of the HIDJ. However,
the analysis has shown, that this is not true for a vanishing outgassing velocity v0 . For v0 = 0
the solution given in eq. (VI.9) will be altered but does not produce a jump. A finite v0
corresponds to particles which move in the opposite direction of the accelerating electric field
at start. They are decelerated and turn around at some point. Up to this turning point, the
density is naturally enhanced. This alone does also not produce a jump, only together with
the feedback described above the jump will be formed.
This description is essentially kinetic, because it needs the overlap of the newly generated
heavy ions flowing upwards (in positive z-direction) and the already picked up ions flowing
downwards. This behaviour will be discussed somewhat more in the next section. Nevertheless, such a jump was also obtained from bi-ion fluid simulations [11, 64, 95]. This is probably
the case, because the “shielding” of the electric pick-up field is modelled correctly in bi-ion
fluid simulations, and moreover the dynamics of both ion fluids are treated separately, which
seems to be sufficient to produce such a jump. However, as will be shown hereafter, the
distribution functions obtained from the simulations are not Maxwellian, indicating that the
fluid description cannot be quantitatively correct, although it yields a qualitatively similar
picture.
3.2.3

Test particle trajectories

Fig. VI.6 shows the “mean forces” acting on the two different ion species for the simulation
result of fig. VI.3 as well as some test particle trajectories. The “mean forces” were calculated
from the simulation data using
E + us × B ,

where us is the bulk velocity of the plasma component of ion species s, i.e. s = p for solar
wind protons and s = h for the heavy ions. Besides the unimportant factor qs /ms , this is the
Lorentz force which would act on a particle having a velocity which exactly matches the bulk
velocity of the corresponding plasma component. Of course, most particles’ velocities differ
from the bulk velocity of the plasma more or less. However, for a Maxwellian distribution,
this “mean force” differs not much from the actual forces acting on the particles, i.e. the
“mean force” is the force, which would actually occur in a MHD model.
Fig. VI.6(a) and (b) show the mean forces for the solar wind protons and heavy ions, respectively. As already discussed before, the presence of the heavy ions has the effect of reducing
the electric field, which balances the up × B force acting on the solar wind protons. This
results in a net force on the SW protons directed upwards, as can be seen from fig. VI.6(a).
Although this force is rather strong, the interaction time is very small, i.e. the solar wind
protons pass the inner coma very quickly. Therefore, they are only deflected slightly upwards,
as can be seen from fig. VI.6(c), initiating the attached linear Mach cone.
The forces acting on the heavy ions shown in fig. VI.6(b) basically resemble the electric field
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shown in fig. VI.3(d). As already discussed in the previous section, this is due to the fact,
that uh is rather small and the uh × B term is negligible. Consequently, the heavy ions
far from the nucleus mainly experience the interplanetary pick-up field and are accelerated
downwards as can be seen from the light blue test particle trajectories in fig. VI.6(d). These
form the “background tail” of low density, which is simply cycloidal as in the test particle
regime discussed in section IV.4.2. However, near the nucleus the interplanetary electric field
is shielded by the higher heavy ion density, reducing the resulting force acting on the heavy
ions, as can be seen from fig. VI.6(b). Therefore, the particles generated in this area first
move radially outwards due to their initial velocity and the accelerating electron pressure
gradient, as can be seen from the light red trajectories in fig. VI.6(d). When they leave the
area with reduced mean force, they are also accelerated and picked-up. Thus, the pick-up
process is “slowed down”, leading to an enhanced heavy ion density, which in turn increases
this tendency. This leads to the formation of the HIDJ as discussed in the previous section.
(a) Force acting on SW protons

(b) Force acting on heavy ions
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Figure VI.6: “Mean Forces” acting on particles and resulting test particle trajectories for 67P/C-G
at 3.25AU. (a) “Mean Force” acting on solar wind protons. (b) “Mean Force” acting on heavy ions. (c)
Test particle trajectories of SW protons (black lines) overlayed to the magnetic field strength (colour
coded). (d) Test particle trajectories of heavy ions (light blue and light red) overlayed to the heavy
ion density (colour coded). The “mean forces” are calculated by E + us × B, where us is the bulk
velocity of the respective ion species (s = h, p). This is a measure (the factor qh /mh is omitted) for
the Lorentz force acting on a particle of the respective species, which moves exactly with the bulk
velocity of the regarding plasma component. Two types of trajectories are shown for the heavy ions.
The light blue ones correspond to heavy ions generated in a distance of 2c/ωp,i ≈ 560km from the
nucleus. The light red lines correspond to heavy ions generated close to the nucleus at a distance of
0.15c/ωp,i ≈ 40km from the nucleus. See text for discussion.
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Just below the nucleus in fig. VI.6(b), the mean force is enhanced. This is also visible in the
electric field strength shown in fig. VI.3(d). The magnetic field is enhanced throughout the
whole coma due to the magnetic pile-up. Therefore the u × B term in the electric field is
also enhanced. Near the nucleus, however, the high density of heavy ions being at rest leads
to a very small value of u, which outweighs the effect of increased B. Below the nucleus,
u almost equals the solar wind velocity and B is increased, hence the mean force is further
increased in this area. This leads to a “faster” pick-up process compared to the innermost
coma, which further reduces the density of the heavy ions, and in turn enhancing the mean
force by reducing the shielding effect. Thus, in this area the “positive feedback” mechanism
leading to the HIDJ above the nucleus is turned around leading to a “negative feedback”,
i.e. the decreased heavy ion density together with the increased magnetic field enhances the
efficiency of the pick-up process which in turn reduces the heavy ion density even further.
However, this “negative feedback” is limited, because the heavy ion density cannot become
smaller than zero, of course. Nevertheless the negative feedback provides a non-linearity
which will lead to a similar boundary as the HIDJ also below the nucleus, as will be shown
by the further results.

3.2.4

Particle energy distributions

Fig. VI.7 shows some particle energy distributions obtained from the simulation results of
fig. VI.3. These energy distributions are collected by recording the velocities of all particles
in a certain cell over a period of 400 time steps. This rather long period is necessary to
obtain a sufficiently good statistics. As already mentioned, all results shown in this work
are taken in the quasi-stationary state, so that in most places the field configuration and
particle distributions are constant over time, if there are no propagating waves present. If
this condition is not fulfilled one has to consider the particle distributions as the sum over
the measurements of a thought detector over a given time interval. This time interval has a
length of about 0.2Ω−1
i ≈ 1.8s for the 400 time steps used for fig. VI.7 .
Fig. VI.7 is organised as follows. Panel (a) shows a close-up of the heavy ion density already
shown in fig. VI.3(c). The arrows mark the position of the cells where the respective particle
distributions of panels (b)-(f) were recorded. The blue and red dots represent the solar wind
protons and heavy ions, respectively. The radial distance of each dot corresponds to the kinetic
energy of a particle in electron volts. The polar angle indicates the direction from which a
particle detector located at the given position would “see” the particle coming. For example
consider fig. VI.7(d). The blue dots are located around a radial distance corresponding to
an energy of about 450eV, which is the average kinetic energy of the impinging solar wind.
The thought detector is located at the subsolar point, far away (i.e. outside the main tail)
from the nucleus. Such a detector would “see” the solar wind coming from the left, i.e. the
sunward direction. The position of the red dots indicate that the detector would detect heavy
ions only coming from “above”, because all pick-up ions move downwards in the direction of
the interplanetary electric field.
The heavy ions exhibit mainly the typical ring distribution [19, 110] at almost all places, as
can be seen from fig. VI.7(b)-(d). The solar wind has a Maxwellian distribution in all these
cases and also at the locations (e) and (f), where the solar wind is not visible anymore due to
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the smaller energy scale. This once more indicates that the solar wind is almost unaffected
by the interaction with the obstacle as discussed before.
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Figure VI.7: Particle energy distributions for 67P/C-G at 3.25AU. (a) Close up of the heavy ion
density from fig. VI.3(c). The arrows mark the locations where the particle energy distributions were
recorded from the simulation. See text for details. (b)-(f) distributions for five different locations.
The blue dots represent the solar wind protons, whereas the red dots represent the heavy ions. The
distance form the centre of a particular dot corresponds to its kinetic energy in eV. The actual position
indicates the direction from which a detector placed at the selected location would observe the particle
to originate from. As can be seen from (b), (c) and (d), the solar wind exhibits its Maxwellian
distribution with a mean energy of about 450eV flowing “from the left”, i.e. coming from the sunward
direction, towards a thought detector. The heavy ions far from the nucleus (b), (c) and (d) show
the ring distribution typical for the pick-up process. Near the nucleus at the subsolar point (e) a
population with small energies below 5eV coming “from the right”, i.e. from the nucleus is overlayed
to the pick-up ring distribution from outside. The same second population is visible in (f) coming
from below, i.e. also from the nucleus. These two distinct populations correspond to the two different
dynamical behaviour of the light red and light blue trajectories in fig. VI.6.

Near the nucleus, at location (e) and (f) in fig. VI.7 two distinct heavy ion populations are
visible. One is the high energetic pick-up ion ring distribution as before. These heavy ions
were produced far away from the nucleus, accelerated by the interplanetary electric field and
they just cross the inner coma. This population corresponds to the light blue trajectories
of fig. VI.6(d). The second population, which has energies below 5eV, are the heavy ions
produced near the nucleus. Because of the shielding effect described above, these particles
are not much accelerated. In fig. VI.7(e) (“left from the nucleus”) these particles can be
seen to come from the right, i.e. directly from the nucleus. The same applies for fig. VI.7(f)
(“above the nucleus”) where low energetic particles can be seen to come from “below”, i.e.
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again from the nucleus. These particles correspond to the light red trajectories shown in
fig. VI.6(d). They move radially outwards and are accelerated only by the weak electron
pressure gradient.
The presence of these two distinct heavy ion populations in the inner coma is another measurable indication for the presence of the HIDJ, besides the sudden increase of the density itself.
This feature will also remain for higher production rates, as will be shown by the following
results. It must be admitted, however, that the actual energies might be somewhat higher, if
the electron temperature inside the inner coma is higher than the value assumed here.

3.3

2D results for 67P/Churyumov-Gerasimenko at 3AU.
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Figure VI.8: 67P/C-G at 3AU. Parameters for this run can be found in tabs. VI.1 and VI.2. The
panels show the same normalised quantities as in fig. VI.3. The gas production rate is about one order
of magnitude higher than at 3.25AU. Nevertheless the overall qualitative picture is quite similar to
that of fig. VI.3. The main differences are the beginning anti-sunward extension of the tail, which can
be seen in panel (c), and the stronger deflection of the solar wind, see (b) and (e), accompanied by
a steeper Mach cone with higher plasma densities. Moreover, above the nucleus the HIDJ, marked
again by a white line, is now also a boundary, where the solar wind proton density is reduced.

Fig. VI.8 shows the simulation results for 67P/C-G at a heliocentric distance of 3AU. The
figure is organised in the same way as fig. VI.3. Compared to that figure, the gas production
rate is about one order of magnitude higher, as can be seen from tab. VI.1. Note the different
axes scales of fig. VI.8 compared to fig. VI.3. Compared to the situation at 3.25AU, no
really significant qualitative changes are visible. Therefore, fig. VI.8 will be subject to a short
discussion only.
First of all, as already mentioned, the overall qualitative picture is similar to that of fig. VI.3.
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Nevertheless, the heavy ion densities are much larger, and therefore the upward deflection of
the solar wind is much more pronounced, as can be seen from fig. VI.8(e). This stronger upward deflection gives rise to a steeper Mach cone with much higher solar wind proton density,
which is shown in fig. VI.8(b). Also, the bi-ion acoustic wave along the ion tail described in
section V.4.3 is more pronounced compared to the picture at 3.25AU, see panels (a)-(d). The
magnetic pile-up still extends over the whole coma, as can be seen from fig. VI.8(a) and has
also become somewhat stronger.
The heavy ion dynamics is similar to that in fig. VI.3, with a mainly cycloidal tail and the
HIDJ marked with a white line in fig. VI.8. Again, the interplanetary electric field is shielded
inside the inner coma, as shown in fig. VI.8(d). However, a slight difference can be seen
in the form of the tail and the HIDJ. These extend now somewhat into the anti-sunward
direction, as can be seen from fig. VI.8(c). The heavy ions, forming this small anti-sunward
extension originate from the inner coma where the electric field is shielded and they are
therefore basically accelerated by the magnetic field gradient along the sun-comet line. This
effect will become much more pronounced at a heliocentric distance of 2.8AU, and will be
discussed furthermore in the next section.

3.4
3.4.1

2D results for 67P/Churyumov-Gerasimenko at 2.8AU
Overview

Fig. VI.9 shows the simulation results for 67P/C-G at a heliocentric distance of 2.8AU according to the parameters given in tabs. VI.1 and VI.2. Compared to the situation in fig. VI.8,
the gas production rate has increased by a factor of about six.
Before starting the discussion, a comment on the rather strange structure at the lower bottom
of fig. VI.9(a),(b),(d) and (e) seems appropriate. This is a numerical artifact due to the choice
of outflow boundary conditions. At the upper and lower boundary the solar wind simply
leaves the box and no new particles are inserted. The upwards deflection of the solar wind
flow, visible in fig. VI.9(e), leads to a “numerical evacuation” of the solar wind at the lower
boundary.
As can be seen, when comparing fig. VI.9 with fig. VI.8, the qualitative picture has strongly
changed. First of all, most heavy ions, see fig. VI.9(c), now contribute to the main tail, which
is directed anti-sunwards. Moreover, it is tilted somewhat upwards from the sun-comet line,
due to the overall upwards motion of the deflected solar wind, see fig. VI.9(e). However, still a
weak cycloidal background tail is visible in the heavy ion density. Along this background tail
the transversal structuring due to the bi-ion acoustic wave instability is visible in fig. VI.9(b)
and (c), but it is less pronounced. Thus, the cycloidal part of the tail has not changed very
much despite being relatively weaker. The heavy ion bulk velocity in fig. VI.9(f) shows that
the velocities of the heavy ions in the cycloidal background tail are much higher compared
to that inside the main tail. This indicates a completely different accelerating mechanism,
which will be discussed later on.
The main tail exhibits now densities well above 10 times the solar wind density, as can be
seen from fig. VI.9(c). The reaction of the solar wind is much more pronounced compared
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to fig. VI.8 and also more complicated because of these high densities. The electron pressure
gradient established by the high heavy ion densities inside the main tail keeps the solar
wind protons from entering the main tail. This results in a decreased solar wind density,
fig. VI.9(b) inside the inner coma and along the main tail. Thus, the HIDJ, which is marked
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Figure VI.9: 67P/C-G at 2.8AU. Parameters for this run can be found in tabs. VI.1 and VI.2. The
panels show the same normalised quantities as in fig. VI.8. The gas production rate is about six times
higher compared to fig. VI.8. Comparing the results of that figure and this one, a major qualitative
change becomes obvious, which manifests in all plasma quantities. The heavy ion tail (c) is now
mainly directed anti-sunward, as one would expect for a stronger comet. However, it is tilted upwards
from the sun-comet line, which is due to the slightly upwards flow direction of the solar wind (e).
The shielding of the electric field (d) extends now over almost the whole main tail region. Moreover,
the solar wind proton density (b) is now significantly reduced inside the main tail. Due to this the
magnetic field transport inside the main tail is less effective and the magnetic field strength (a) is also
reduced in the inner coma. The Mach cone originating from the solar wind deflection, visible in (a),(b)
and (d) has further steepened and a wave pattern is visible. This will be discussed in the text. The
flow pattern of the heavy ions (f) shows now a clearly distinct behaviour for the main and the still
present cycloidal background tail, with low velocities inside the former and higher at the latter. This
clearly indicates two different accelerating processes, as already mentioned in the previous section.
The white line again marks the HIDJ.

in the figure with a white line, now appears more like an ICB, where the two ion species are
demixed. However, this is not only due to the stronger radially outward directed electron
pressure gradient, but also due to the solar wind flow pattern itself. “Above” the nucleus, the
solar wind protons are deflected upwards by the increased magnetic field, which keeps them
away from the inner coma. Consequently, the separation of the two species is much more
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pronounced “above” the nucleus than below, where the upward deflection tends to push the
solar wind protons into the main tail.
The missing solar wind flow inside the inner coma means that the convection of the magnetic field inside this area is mainly taken over by the much slower heavy ions. Hence, this
convection has become much less effective, resulting in a small area of decreased magnetic
field strength, see fig. VI.9(a) in the vicinity of the nucleus. The area of high magnetic field
strength, i.e. the pile-up region is now concentrated outside the main tail. However, still no
diamagnetic cavity is visible, because the magnetic field can still penetrate the inner coma
by diffusion and the remaining solar wind flow. However, it may be possible that a diamagnetic cavity is already present at this stage, but not obtained in the simulations because of
insufficient resolution and/or too high numerical diffusion.
The Mach cone formed by the upwards deflected solar wind protons, see fig. VI.9(a),(b) and
(d) is much steeper compared to fig. VI.8 and exhibits a wave like pattern. This pattern
is due to the strong deflection of the solar wind protons, which is strong enough to make
them move upstream for a short time during one cycle of their gyromotion. This will be
investigated furthermore in the next section. This behaviour results in the heating of the
solar wind, indicating the transition from the Mach cone to a shock wave.
The electric field in fig. VI.9(d) shows basically the same behaviour as for larger heliocentric
distances. It is strongly decreased in the area with high heavy ion density (i.e. along the
main tail). As before, this leads to a significant reduction of the pick-up efficiency leading to
the HIDJ.
100
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Figure VI.10: Cut along the z-axis of the results shown in fig. VI.9. Solar wind proton density np /n0
(green), heavy ion density nh /n0 (red) and magnetic field strength B/B0 (blue). The z values are
positive, i.e. the cut runs from the centre to the top in fig. VI.9. The heavy ion density exhibits the
same behaviour as in fig. VI.4, with an 1/z 3/2 distribution far away from the nucleus and a pronounced
jump at z ≈ 1.15c/ωp,i = 270km. The difference is, that the solar wind proton density as well as the
magnetic field strength are now influenced by the much larger absolute densities, i.e. np is higher
outside the main heavy ion tail and decreases by almost an order of magnitude at the HIDJ. The same
applies to the magnetic field strength. Thus, the HIDJ shows typical features of an ICB.

Fig. VI.10 shows a cut along the z-axis, taken “above the nucleus” as in fig. VI.4. The HIDJ
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is clearly visible at a distance of about 1.15c/ωp,i = 270km from the nucleus. Again the heavy
ion density shows the 1/z 3/2 distribution far away from the nucleus. The distance of about
one ion inertia length means that the characteristic scale of the main tail is now comparable
to the solar wind proton gyroradii, in contrast to the situation of fig. VI.4. Consequently,
the solar wind proton density as well as the magnetic field strength shows a significant drop
at the HIDJ, as already stated before. Fig. VI.10 shows that these quantities are nearly an
order of magnitude higher outside the HIDJ compared to the inside. However, np and B are
still larger in the inner coma than in the undisturbed solar wind, so there are no indications
of a diamagnetic cavity and ionopause. However, the relative jump at the HIDJ underlines
the transition from the HIDJ to the ICB with the magnetic pile-up region just in front of it.
As a short summary, in contrast to figs. VI.3 and VI.8, some typical features as the bow shock,
the magnetic pile-up boundary and the ion composition boundary can be found in fig. VI.9,
but they are not yet clearly developed, because the gyroradius of the solar wind protons is
still comparable to the size of these structures.

3.4.2

Test particle trajectories

Fig. VI.11 shows the “mean forces”1 and test particle trajectories for the solar wind protons
and heavy ions, respectively. As in fig. VI.6, the forces acting on the heavy ions, fig. VI.11(b)
are dominated by the form of the electric field shown in fig. VI.9(d). The electric field is
“shielded” by the high density of slow heavy ions inside the main tail. Outside the main tail
the electric field is enhanced due to the magnetic pile-up. Therefore, also the forces acting
on the heavy ions are rather strong right outside the main tail. As discussed before this leads
to the formation of the very pronounced HIDJ. Heavy ions generated near the nucleus, light
red trajectories in fig. VI.11(d), are accelerated weakly by the electron pressure gradient and
the weak magnetic field gradient in an anti-sunward direction. If they reach the HIDJ at the
upper flank of the main tail they instantly experience the strong pick-up force exerted by the
solar wind flow and are reflected back into the main tail. Thus, the heavy ions cannot cross
the HIDJ from the inside to the outside at the upper flank. At the lower flank, however, the
strong pick-up force is acting downwards and pulls the heavies out of the main tail, as can be
seen by some red trajectories in fig. VI.11(d). Hence, the HIDJ is not so pronounced at the
lower flank compared to the upper flank.
The heavy ions generated far away from the nucleus, see the light blue trajectories in fig. VI.11(d),
basically perform the cycloidal motion as in fig. VI.6. However, if they enter the main tail
they are somewhat deflected tailwards, but not yet incorporated into the tail, because they
are too fast due to the strong acceleration by the electric pick-up field above the main tail.
Thus, inside the main tail, two completely different populations of heavy ions are present.
The forces acting on the solar wind, shown in fig. VI.11(a), look completely different. As
already discussed before, the solar wind protons only experience a force, whenever the heavy
ion density becomes large or the distribution is no longer Maxwellian (because the bulk
velocity differs strongly from the individual particle velocities then). This is the case in the
inner coma, the cycloidal tail and along the non-linear Mach cone (or shock front), as can be
1

See section 3.2.3 for an explanation of these quantities.
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seen from fig. VI.11(a). Almost all of these forces are directed upwards in the figure, because
they mainly originate from the u × B term, which points mainly upwards for the solar wind
flow (B points inwards). Consequently, the solar wind protons are again deflected upwards
inside the cycloidal tail below the nucleus.
(a) Force acting on SW protons

(b) Force acting on heavy ions
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Figure VI.11: “Mean Forces” acting on particles and resulting test particle trajectories for 67P/C-G
at 2.8AU. The panels show the same quantities as in fig. VI.6 and are explained there. The light blue
trajectories in (d) correspond to heavy ions generated at a distance of 8c/ωp,i ≈ 1920km from the
nucleus, whereas the light red trajectories correspond to a distance of 0.4c/ωp,i ≈ 100km from the
nucleus. The green stripes at the borders of (a) are numerical artifacts originating from the inflow
boundary conditions. The solar wind protons only experience significant forces directly along the Mach
cone (or shock front) and in the direct vicinity of the nucleus. Again, they are mainly deflected upwards
in all areas, as can be seen in (c). The deflection is much stronger compared to fig. VI.6, and the solar
wind protons start a gyromotion in the magnetic pile-up region and along the shock front. The forces
acting on the heavy ions (b) are again significantly reduced inside the main tail, due to the shielding
of the interplanetary electric field. They experience rather strong accelerating forces above the main
tail, due to the increased magnetic field strength. These forces are always pointing downwards, i.e.
in the direction of the interplanetary electric field. Consequently, the heavy ions generated near the
nucleus, see the light red lines in (d), stay inside the main tail and are instantly reflected, when they
reach the upper HIDJ, whereas some can escape the main tail below and contribute to the cycloidal
tail. The heavy ions generated far away from the nucleus, see the light blue lines in (d), perform the
cycloidal pick-up motion and are slightly deflected tailwards when crossing the main tail.

Inside the main tail and also at the magnetic pile-up region, the electron bulk velocity differs
from the solar wind bulk velocity due to the presence of the heavy ion plasma. The solar wind
protons entering these regions therefore perform a pronounced cycloidal motion, which leads
to some heating as will be shown in the next section. At the non-linear Mach cone attached to
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the nucleus, the upward deflection has become strong enough to produce a similar effect. The
solar wind protons entering the innermost coma region are deflected strong enough to travel
upstream during their cycloidal motion as can be seen from fig. VI.11(c). At the turning
points of this cycloidal motion, the velocity becomes minimised and the density is therefore
enhanced. At these regions, the impinging solar wind gets strongly deflected again, setting
up the cascade-like structure described in fig. V.6.

3.4.3

Particle energy distributions

Fig. VI.12 shows the particle energy distributions for the simulation results of fig. VI.9. The
polar plots show the absolute kinetic energy as well as the direction of motion of particles
sampled at different locations. See fig. VI.7 and the accompanying text for methodical details.
At the subsolar point, see fig. VI.12(d), the solar wind exhibits its nearly undisturbed Maxwellian
distribution with a mean energy of about 450eV. However, the solar wind appears to reach
the detector slightly from below the sun-comet line, because it is slightly deflected upwards
already. The heavy ions exhibit the pick-up ring distribution. Thus, at this location, at a
distance of about 2000km from the nucleus, one is in the continuous mass-loading regime.
At the shock-wave, see fig. VI.12(b), both the solar wind Maxwellian distribution as well as
the heavy ion ring distribution are heavily disturbed. The main portion of the solar wind still
exhibits a deformed Maxwellian distribution with an average energy of 350eV, to be seen in
the lower left of fig. VI.12(b). The particles are strongly deflected upwards, hence they reach
the detector from below the sun-comet line. Two or more pronounced solar wind portions
can be seen in fig. VI.12(b). The particles contributing to these parts reach the detector
from above and even from the right. These particles correspond to the cycloidal solar wind
trajectories of fig. VI.11(c) at the shock-wave. The presence of reflected particles is typical for
a shock-wave, however, fig. VI.12(b) shows clearly, that the shock-wave does not thermalize
the particles completely. This is the non-linear transition regime from the linear Mach cone
to the bow shock. The distributions are strongly kinetic in this regime. The complicated field
structure accompanied by this, also modifies the heavy ion ring distribution, as can be seen
in fig. VI.12(b).
Inside the cycloidal tail, see fig. VI.12(c), one can determine two distinct solar wind populations. One is the upwards deflected impinging solar wind coming from below the detector. The
second portion, coming from above, corresponds to solar wind particles who have performed
one loop of their cycloidal motion inside the magnetic pile-up region, see fig. VI.11(c). The
pick-up ring distribution of the heavy ions appears to be heated somewhat in fig. VI.12(c).
This is possibly due to the bi-ion acoustic waves generated inside the cycloidal tail.
Near the nucleus inside the main tail, see fig. VI.12(e), the heavy ions form two distinct
populations as it was already the case in fig. VI.7. The very low energetic component, visible
near the centre of fig. VI.12(e) is formed by heavy ions generated near the nucleus who flow
radially outwards, and are accelerated only by the relatively weak electron pressure gradient.
The high energetic component is again the pick-up ring distribution formed by heavy ions
generated outside the main tail, compare the light blue trajectories in fig. VI.11(d). These
particles are strongly deflected tailwards, although the magnetic gradient force is relatively
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weak inside the main tail, as can be seen from fig. VI.11(b). However, a heavy ion energy
below 100eV corresponds to velocities below 35km/s. Due to these relatively low velocities,
the heavy ions crossing the main tail are strongly influenced by those weak forces. The ring
visible in fig. VI.12(e) and (f) is also bent in the “wrong” direction, because the tailward
deflection becomes weaker, the faster the particles are.
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Figure VI.12: Particle energy distributions for 67P/C-G at 2.8AU. (a) Close up of the heavy ion
density from fig. VI.9(c). The arrows mark the locations where the particle energy distributions
were recorded from the simulation. (b)-(f) Distributions for five different locations. See caption of
fig. VI.7 for explanatory details. At the subsolar point, see panel (d), the solar wind shows its initial
Maxwellian distribution, whereas the heavy ions form the pick-up ring distribution. Inside the tail,
panels (e) and (f), the solar wind becomes slowed down and thermalized. Near the nucleus, see (e),
the ring distribution of the heavy ions is still visible but strongly deflected. Furthermore a low energy
population is present, which originates directly from the nucleus. Further downwards inside the tail,
see panel (f), the pick-up ion ring distribution from the outside is further distorted and the ions
originating from inside the tail gained higher energies. At the shock-wave above the nucleus, see panel
(b), the solar wind particle distributions consist of several different non-thermal populations resulting
from the complicated gyromotion shown in fig. VI.11(c). Inside the cycloidal part of the tail, see panel
(c), the population consists of two parts, corresponding to the impinging solar wind and the particles
reflected inside the pile-up region, as can be seen in fig. VI.11(c). The heavy ions at both these places
exhibit a more or less distorted pick-up ring distribution.

Inside the main tail, far away from the nucleus in the anti-sunward direction, see fig. VI.12(f),
the solar wind protons are completely thermalized, which can be understood by the chaotic
cycloidal motion of those particles visible in fig. VI.11(c). The heavy ions, impinging on
the detector from the sunward direction, exhibit a rather complicated distribution. The
low energetic component has been accelerated tailwards and gained energies up to 30eV
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compared to fig. VI.12(e). The remains of the high energetic ring component are still visible,
also appearing to be somewhat heated.
To summarise, the basic picture inside the main tail is the following. A certain portion of
the high energetic particles entering the tail from the outside—the solar wind protons as well
as the pick-up heavy ions originating from outside the tail—are incorporated into the tail
plasma. They become heated and decelerated during this process. The low energetic heavy
ions produced near the nucleus, however, stay relatively cold and are only weakly accelerated
tailwards by the magnetic and the electron pressure gradient forces.
Most of the energy distributions shown in fig. VI.12 differ strongly from the Maxwellian case.
It is therefore concluded, that at least in this regime, a kinetic treatment is mandatory to
understand the complicated plasma processes in detail.

3.5

2D results for 67P/Churyumov-Gerasimenko at 2.5AU

Fig. VI.13 shows the simulation results for 67P/C-G at a heliocentric distance of 2.5AU. The
panels show the same quantities as in fig. VI.9 to which this figure should be compared. The
overall qualitative picture has not changed much. Therefore, only a short discussion of this
overview picture will be given without going into the details again.
The heavy ion tail displayed in fig. VI.13(c) is now mainly directed anti-sunward, but still
tilted upwards due to the deflection of the solar wind flow at the shock front, see fig. VI.13(e).
However, the cycloidal background tail is still present as can be seen from fig. VI.13(c). As
before, the heavy ion velocities are much higher inside the cycloidal tail part compared to
the main tail, as can be seen in fig. VI.13(f). Another interesting feature is the pile of heavy
ions just in front of the shock front. These are heavy ions picked-up by the solar wind and
dragged towards the shock front, which they obviously cannot penetrate.
The shock front, visible in fig. VI.13(a),(b) and (d), now extends around the whole interaction
region, as one would expect for stronger obstacles. The magnetic pile-up region around the
coma can now almost be distinguished from the shock front, as can be seen in fig. VI.13(a),
which is not the case at 2.8AU, see fig. VI.9(a), where these two regions more or less coincide.
The HIDJ is very clearly present at the top side of the tail and around the subsolar point of
the main tail, and also less pronounced at the bottom of the tail. In contrast to the earlier
pictures, however, now both the magnetic field and the solar wind density are decreased inside
the main tail. Therefore one can now identify the HIDJ with the ICB. The magnetic field
strength near the nucleus shows a significant decrease, but does not vanish completely, hence
a diamagnetic cavity is still not visible. However, it is hard to judge, whether this would be
the case in reality, because the presence of the cavity is governed by the magnetic diffusion
and the plasma pressure in the inner coma. Both of these quantities are subject to unsure
parameters and numerical effects. Consequently, the presence of a diamagnetic cavity at this
heliocentric distance cannot be ruled out.
The electric field shown in fig. VI.13(d) exhibits the same “shielding effect” inside the main
tail as before. At the shock front one can see the high electric field strengthes arising from
the shock potential.
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Figure VI.13: 67P/C-G at 2.5AU. Parameters for this run can be found in tabs. VI.1 and VI.2.
The panels show the same normalised quantities as in fig. VI.9. Compared to that figure, the overall
qualitative picture has not changed much. However, the structures are somewhat better developed.
The shock front now reaches around the whole interaction region and the magnetic pile-up region
appears to be distinguishable from it. Moreover, the solar wind density is now clearly decreased inside
the main tail, i.e. the HIDJ can now be interpreted as an ICB. The main tail is still tilted upwards
from the sun-comet line due to the upward deflection of the solar wind flow. Inside the coma, near
the nucleus, the magnetic field is significantly decreased, but does not fall off to zero, hence there is
still no diamagnetic cavity visible.

To summarise, the overall picture at 2.5AU is similar to what is known from strong comets.
The shock front, the ICB and the pile-up region are clearly developed and can de distinguished
from each other. However, the structures are still close to each other, because they extend
only over roughly one gyroradius of the solar wind protons. Despite this fact, it is concluded
that somewhere around this heliocentric distance of 2.5AU, the comet undergoes a transition
to the classical “strong comet” case, as known from Halley or Giacobini-Zinner.
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4

3D results

In this section the results of some fully three-dimensional simulation runs are presented for the
same set of physical parameters as in the 2D case. The use of a fully three-dimensional spatial
grid enhances the amount of storage capacity and computing time significantly. Consequently,
the 3D runs have to use a lower spatial resolution as well as less particles per cell. This makes
the results somewhat noisier. Moreover, the use of the diffusive η-term in the magnetic field
equation resulted in some numerical problems. Without this term, however, the numerical
calculations could only be held stable by using some smoothing applied to the magnetic field
as well as the electric field as described in section III.9.4. Despite this fact, the same basic
equations are applied as in the 2D case.
Table VI.3: Simulation parameters for the 3D runs.

Parameter
H2 O production rate G
outgassing velocity v0
IMF B0
solar wind density n0
Alfvén velocity vA0
length scale x0
time scale t0
Alfvénic Mach number
solar wind ion plasma beta βi,p
solar wind electron plasma beta βe,p
cometary ion plasma beta βi,h a
cometary electron plasma beta βe,h
simulation box dimensions L∗x × L∗y × L∗z
grid type
grid parameterc α
number of grid cells Nx × Ny × Nz
time step ∆t∗
average number of particles per cellb

R⊙ = 3.25AU
1024 s−1
1km/s
1.13nT
0.66cm−3
30km/s
280km
9.2s
10
0.4
0.4
0
0.05
4×4×4
C
0.3
100 × 100 × 100
0.001
≈ 10

R⊙ = 2.8AU
7.5 · 1025 s−1
1km/s
1.23nT
0.8cm−3
28.6km/s
240km
8.5s
10
0.4
0.4
0
0.05
30 × 30 × 30
C
0.3
90 × 90 × 90
0.005
≈ 10

R⊙ = 2.5AU
1.9 · 1026 s−1
1km/s
1.5nT
0.88cm−3
31.9km/s
220km
7.0s
10
0.4
0.4
0
0.05
40 × 40 × 40
C
0.3
90 × 90 × 90
0.005
≈ 10

a

The small cometary ion temperature is neglected.
Due to the use of curvilinear coordinates, the number of particles per cell varies with the cell size.
The value given here is therefore taken as an average.
c
As defined by eq. (IV.19).
b

Tab. VI.3 summarises the simulation parameters used for the 3D runs. The physical parameters for each heliocentric distance are the same as in tab. VI.1. Also, the same grid type,
with an enhanced resolution in the centre, was used. The main difference compared to the 2D
numerical parameters given in tab. VI.2 is the number of grid cells and the average number
of particles per cell.
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3D results for 67P/Churyumov-Gerasimenko at 3.25AU

Fig. VI.14 shows the results of a fully three-dimensional simulation run of 67P/C-G at 3.25AU
according to the parameters listed in tab. VI.3. Like in the 2D runs, the IMF is oriented in
positive y-direction, the solar wind flows in positive x-direction. The interplanetary electric
field hence points in negative z-direction. The panels (a)-(c) of fig. VI.14 show the electric
field, magnetic field and heavy ion density, respectively, in the plane x = 0. Thus, the solar
wind flow comes out of the figure in this plane and the IMF is oriented to the right, as
can be seen in fig. VI.14(b). The next three panels, (d)-(f) show the same quantities in the
plane z = 0. In this plane the IMF is pointing upwards in the figure, as can be seen from
fig. VI.14(e). This plane can be identified with the “ecliptic”, provided that the IMF lies
completely in the ecliptic. The last six panels, (g)-(l), provide cuts in the plane y = 0. This
is the plane, where the IMF is oriented perpendicular, pointing inwards. The panels (g)-(i)
of fig. VI.14 show the solar wind bulk velocity, the heavy ion bulk velocity and the solar wind
density, respectively. These six panels can be compared to the 2D results in fig. VI.3.
First of all, the qualitative picture in the y = 0 plane of fig. VI.14 is similar to that fig. VI.3.
The solar wind is not much affected by the obstacle, as can be seen from its bulk velocity and
density in fig. VI.14(g) and (i). The tail is purely cycloidal, see fig. VI.14(l). The magnetic field
is enhanced inside the whole inner coma, see fig. VI.14(k), and the weak attached Mach cone
is visible. However, the tail shown in fig. VI.14(l) is bent more into the anti-sunward direction
compared to the 2D case of fig. VI.3. This is due to the magnetic field line curvature, which
exerts a force in that direction. The field line curvature is visible in fig. VI.14(e). The field
lines are draped around the obstacle leading to a curvature in the z = 0 plane. However, in
the 2D simulations the z = 0 plane “does not exist”, i.e. the gradient as well as the curvature
in y-direction does always vanish. Therefore, the magnetic curvature force is neglected in the
2D case. This is the reason for the slightly different tail form in the 3D case.
The decrease of the electric field in the inner coma that lead to the formation of the HIDJ is
also visible in the 3D case, fig. VI.14(a), (d) and (j). However, it is weaker than in the 2D
case. Consequently also the HIDJ is less pronounced or even not present in the 3D case at
3.25AU. This is probably also due to the fact, that the overall heavy ion densities are lowered,
because the magnetic curvature force provides a faster transport of heavy ions away from the
nucleus. Therefore the obstacle appears to be somewhat weaker compared to the 2D case.
Another structure, which was not accessible in the 2D simulations is visible in fig. VI.14(b)
and (c), which show the plane x = 0. A ray-like structure is visible along the heavy ion
density as well as the magnetic field strength. As will be discussed below, this could be due
to the excitation of Alfvén waves behind the obstacle.
Fig. VI.15 shows three-dimensional views of the plasma tail and the magnetic field line configuration. Shown are isosurfaces of the heavy ion density for n/n0 = 0.2, i.e. 20% of the
solar wind density. The black lines are the magnetic field lines. The three panels are three
different viewing angles for the same data. The side view in fig. VI.15(b) looks like the 2D
cut in fig. VI.14(l). However, the other two panels show, that the tail is basically “flat”, in
the sense, that the densities are highest in the symmetry plane y = 0. This results from the
magnetic field line configuration. As can be seen from fig. VI.15(a), the field lines become
curved when crossing the inner coma region. The pick-up process accelerates the heavy ions
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Figure VI.14: 3D results for 67P/C-G at 3.25AU, shown are 2D cuts. (a)-(c) E/E0 , B/B0 and
cometary ion density nh /n0 in the plane x = 0. (d)-(f) same for the plane z = 0 (ecliptic). (g)-(l) SW
bulk velocity vp /vA0 , cometary ion bulk velocity vh /vA0 , SW density np /n0 , E/E0 , B/B0 and nh /n0
in the plane y = 0. The panels (g)-(l) may be compared to the 2D results of fig. VI.3. Panel (k) and
(l) show the formation of a magnetised, cycloidal ion tail, with an overall downward motion, seen in
(h). The magnetic field is piled-up inside the whole coma, as can be seen from (b), (e) and (k). The
piled-up magnetic field forms a weak Mach cone in (e) and (k). In (c) “tail rays” are visible. The solar
wind flow does not react much in this regime, as can be seen from (g) and (i). (a), (d) and (j) show,
that the electric field is decreased in the inner coma.
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(c) from behind

Figure VI.15: Three different 3D views of the global plasma tail configuration for 67P/C-G at
3.25AU. (a) Top view. (b) Side view. (c) View from behind. The isosurface corresponds to a cometary
ion density of n/n0 = 0.2. The black lines are the magnetic field lines. The solar wind flows in
positive x-direction, the IMF is oriented in positive y-direction. The ion tail has a cycloidal form,
following the direction of the interplanetary electric field. It is “flat”, i.e. it is much broader in the
plane perpendicular to the IMF. Only very few fieldlines are draped around the obstacle, as can be
seen in (a). They are also bent upwards because of the deflection of the solar wind, as can be seen in
(c). Behind the tail, the field lines shorten again, which excites a circularly polarised Alfvén wave, as
visible in (b).

in a direction perpendicular to the local magnetic field. The curved magnetic field line configuration focuses the particles into the plane y = 0. However, fig. VI.14(c) shows, that the
tail is not completely confined to the y = 0 plane, although the densities are highest there.
In fig. VI.15(a) it can be seen that the curved field lines try to shorten themselves after
having crossed the inner coma. This shortening accelerated the heavy ions in an anti-sunward
direction as discussed above. Moreover, it seems that by this shortening the field lines tend
to “overshoot” which yields a wave-like form. As can be seen from fig. VI.15(c), the field lines
are also bent upwards, when crossing the inner coma. These two effects result in the spiral
form of the field lines which can be best seen in fig. VI.15(b). This form may be interpreted
as circularly polarised Alfvén waves. The excitation of these waves behind the obstacle leads
to the mentioned wave-like pattern in the heavy ion density shown in fig. VI.14(c).

4.2
4.2.1

3D results for 67P/Churyumov-Gerasimenko at 2.8AU
2D cuts

Fig. VI.16 provides two-dimensional cuts of the 3D simulation results for 67P/C-G at 2.8AU
according to the simulation parameters given in tab. VI.3. Panels (a)-(c) show the electric
field, magnetic field and heavy ion density in the plane x = 0, where solar wind flows out of
the shown plane, and the IMF is directed to the right. Panels (d)-(i) show the solar wind
and heavy ion bulk velocity, the solar wind density, electric field, magnetic field and heavy
ion density in the plane z = 0, which can be identified with the ecliptic again, provided the
IMF lies in the ecliptic. The last six panels, (j)-(o), show the same quantities for the plane
y = 0, which should be compared to the 2D results of fig. VI.9.
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Figure VI.16: 67P/C-G at 2.8AU, 2D cuts. (a)-(c) E/E0 , B/B0 and nh /n0 in the plane x = 0.
(d)-(i) SW bulk velocity vp /vA0 , cometary ion bulk velocity vh /vA0 , SW density np /n0 , E/E0 , B/B0
and nh /n0 in the plane z = 0 (ecliptic). (j)-(o) same as (d)-(i) for the plane y = 0. See text for a
discussion of this figure.
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Starting the discussion with the plane y = 0, fig. VI.16(j)-(o), the main qualitative features
from the 2D case shown in fig. VI.9 can be rediscovered. These are the non-linear Mach
cone, the “fast” cycloidal background tail, the “slow” anti-sunward main tail, the decrease
of the electric field and the increase of the magnetic field in the tail region, the HIDJ and
the top of the main tail and the upward deflecting of the solar wind. All these features are
already visible in fig. VI.9 and discussed there. However, especially the Mach cone structure
in fig. VI.16(l) and (n) looks very different from the situation in the 2D case of fig. VI.9 and
is more similar to the 2D results of 67P/C-G at 3AU, shown in fig. VI.8. Thus, the obstacle
appears effectively weaker in the 3D case for probably the same reason described in the last
section, i.e. the more effective acceleration of the heavy ions by the magnetic curvature force.
At this heliocentric distance, this effect is even more pronounced, because the curvature of
the magnetic field lines is much stronger, as can be seen from fig. VI.16(h).
As it was already the case at 3.25AU, the tail is “flat”, i.e. it has a much larger extension in
the plane y = 0, fig. VI.16(o), than in the plane z = 0, fig. VI.16(i), because of the focusing
effect described before. In the cycloidal part of the tail below the nucleus, a wave pattern can
be seen in fig. VI.16(c). The wave length is comparable to that of fig. VI.14(c), indicating
the same generation mechanism as already discussed.
An interesting feature is the very effective demixing of the solar wind protons and the heavy
ions. A very sharp “proton cavity” is formed around the heavy ion tail, as can be seen
from fig. VI.16(f) and (l). This is due to the rather strong electron pressure gradient force
in the inner coma, which diverts the solar wind protons around the tail, as can be seen
in fig. VI.16(d). The deflected solar wind protons can follow the curved field lines in the
direction away from the tail region. Thus, the magnetic field curvature which focuses the
heavy ions into the symmetry plane y = 0 has the opposite effect on the solar wind protons.
Consequently, both species demix and form a boundary, which could be interpreted as an
ICB.

4.2.2

3D views

Fig. VI.17 shows three different 3D views of the plasma tail and magnetic field configuration.
The red isosurface indicates a heavy ion density level of nh /n0 = 0.5, i.e. 50% of the incoming
solar wind density. The black lines are magnetic field lines. The side view, fig. VI.17(b)
corresponds to the cut shown in fig. VI.16(o).
The three views clearly indicate the “flatness” of the tail again. The magnetic field lines
are draped, as can be seen in fig. VI.17(a) and bent upwards by the deflection of the solar
wind, as can be seen from fig. VI.17(c). The “overshoot” during the shortening of the field
lines behind the obstacle together with this upward bending leads to the spiral form of the
field lines in fig. VI.17(b) as it was already the case in for 3.25AU, see fig. VI.15. Again,
this magnetic field configuration may be interpreted as the generation of circularly polarised
Alfvén waves behind the obstacle. As discussed before, this leads to the wave pattern in the
heavy ion density shown in fig. VI.16(c).
Fig. VI.17(a) indicates that the magnetic field line curvature is most significant along the
anti-sunward part of the tail leading to the rather strong acceleration of the particles in that
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(a) top view

(b) side view

(c) from behind

Figure VI.17: Three different 3D views of the global plasma tail configuration for ChuryumovGerasimenko at 2.8AU. (a) Top view. (b) Side view. (c) View from behind. The isosurface corresponds
to a cometary ion density of n/n0 = 0.5. The black lines are the magnetic field lines. The solar wind
flows in positive x-direction, the IMF is oriented in positive y-direction. The tail is still “flat” as can
be seen in (a) and (c). However, besides the cycloidal part, moving downwards, also a anti-sunward
main tail is formed visible in (b). At the top a LF wave is excited. (a) and (c) show, that the draping
of the magnetic field lines as well as their upwards bending is much more pronounced compared to
Fig. VI.15. Also the Alfvèn wave excitation in the wake above the tail can be seen in (b).

direction. The interaction of the shortening of the field lines and the accompanied particle
acceleration probably leads to the “wavy shape” pattern on the upper side of the tail, visible
in fig. VI.17(b). This can be interpreted as a Kelvin-Helmholtz or some other LF wave
instability, an effect which was also discussed for the ionospheric pick-up processes at other
unmagnetised solar system bodies, cf. [114].

4.2.3

Particle energy distributions

In fig. VI.18 some energy distributions are compiled. The figure is organised in a similar
way, as it was done for the 2D case, see fig. VI.7 and the accompanying text for details.
The energy distributions were taken at four different sample locations in the plane y = 0.
Each point represents a particle with its energy in eV and the direction from where a thought
detector would see the particle coming. However, because this direction is a three-dimensional
vector here, two different “cuts” in velocity space are shown for each sample location, namely
the planes y = 0 and z = 0. Only the energy component perpendicular to that plane is
plotted. For example, fig. VI.18(a) shows the energy m/2(vx2 + vz2 ) for each particle, whereas
fig. VI.18(e) shows m/2(vx2 + vy2 ). Both panels refer to the same sample location at x =
−10, y = 0 and z = 0 (subsolar point).
Fig. VI.18(a) and (e) were sampled at the subsolar point, far away from the nucleus. The
Maxwellian distribution of the solar wind with an average energy of about 400eV coming
from the “left”, i.e. from the sunward direction can be seen. The pickup ions form the typical
ring distribution, coming from “above”, i.e. moving downwards along their cycloidal pickup
trajectory. These pickup ions, originating from far away of the nucleus can reach energies up
to some keV. Fig. VI.18(b) and (f) were sampled inside the tail, far downstream of the nucleus.
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(d) near nucleus, y=0 plane
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Figure VI.18: Particle energy spectra for 67P/C-G at 2.8AU. Polar plots in the planes (a)-(d) y = 0
and (e)-(h) z = 0. Each dot represents a cometary ion (red) or solar wind proton (blue) respectively.
The distance from the centre gives the particles energy in eV perpendicular to the respective plane.
The angular position indicates the direction from which the particle moves towards the point, where
the distribution is taken. All distributions were taken in the midplane y = 0. (a),(e) Subsolar point,
far away from the nucleus at x = −10.0, z = 0.0. (b),(f) Inside the tail, far away from the nucleus at
x = 10.0,z = 0.0. (c),(g) At the Mach cone area at x = 5.0, z = 3.0. (d),(h) Inside the tail, near the
nucleus at x = 0.5, z = 0.0. See Fig. VI.16 for the location of these positions.

As can be seen from fig. VI.16(f) and (l), in this area, the solar wind protons almost vanish
completely. Consequently, these panels show mainly cometary ions. From fig. VI.18(b) it can
be seen, that there is still a high energetic component originating from pickup ions coming
from above. This is overlayed by a low energetic component with energies up to 300eV which
comes from the “left”, i.e. from the nucleus. These cometary ions were accelerated not by the
electric pickup field, but by the magnetic pressure and tension forces, which are less effective.
Moreover, panel (f) indicates that the low energetic particles also enter the main tail from
the sides, which is due to the focusing effect of the draped field lines, described above. The
ray structure in this panel originates probably from the wave structure of the magnetic field
lines.
Fig. VI.18(c) and (g) were sampled at the Mach cone region above the ion tail. The solar
wind is deflected upwards rather strongly there due to the enhanced magnetic field. This
leads to a gyromotion, with some particles performing loops and getting reflected. Therefore
the solar wind particles are split into several populations moving in different directions. This
indicates the transition of the linear Mach cone to the non-linear shock structure.
Finally, fig. VI.18(d) and (h) were sampled near the nucleus, about 120km behind it in the
tailward direction. It can be seen, that the acceleration process by the magnetic pressure and
tension has not yet effectively accelerated the cometary ions at that distance. Therefore, the
main population has very low energies, well below 100eV. However, still the high energetic
population of the pickup ions is overlayed. Note, that for that case, although being located
in the main tail, a particle detector would register almost no particles when oriented towards
the nucleus.
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3D results for 67P/Churyumov-Gerasimenko at 2.5AU

Fig. VI.19 shows the 3D results for 67P/C-G at 2.5AU according to the parameters given in
tab. VI.3. The panels show the same normalised quantities as in fig. VI.16, except for panel
(b), which shows the normalised solar wind density instead of the magnetic field strength.
The cuts in the plane y = 0, fig. VI.19(j)-(o) correspond to the 2D situation of fig. VI.13.
However, it can be already seen, that the results are much more similar to the 2D situation
at 2.8AU, shown in fig. VI.9. Again the obstacle appears to be weaker in the 3D results if
compared to the 2D situation.
The heavy ion tail is mainly directed anti-sunward, as can be seen from fig. VI.19(o). This
main tail with low velocities is still overlayed by the background heavy ions tail, which exhibits
the downward motion with higher velocities, as can be seen in fig. VI.19(k). At the top of the
main tail shown in fig. VI.19(o), the HIDJ can be seen. The tail is basically “flat”, i.e. the
extension perpendicular to the IMF is much larger than parallel to it, compare fig. VI.19(h)
and (o). This is because of the focusing effect of the draped magnetic field lines.
The solar wind protons do not enter the area of high heavy ion density, as can be seen from
fig. VI.19(c),(f) and (l). Thus, the ICB is clearly developed at this stage. Most of the solar
wind protons are “caught” inside the shock wave front, visible in fig. VI.19(b), (f) and (l).
Behind this shock wave, the solar wind density as well as the magnetic field strength, see
panels (h) and (n), fall off again. Moreover, the Mach cone splitting discussed in section
V.4.3 is weakly visible. The shock wave front is still in the transition regime from the nonlinear, split Mach cone to the classical MHD shock, where the plasma parameters behind the
shock boundary are more or less constant.
The magnetic field configuration is quite similar to the 2D situation at 2.8AU. The pile-up
region appears to be distinct from the shock front, see fig. VI.19(h) and (n). Inside the main
tail, the magnetic field strength is slightly decreased, see panel (n), however, this decrease is
much less pronounced compared to the 2D case of fig. VI.9 or even fig. VI.13. This is because
of the somewhat higher magnetic diffusion in the 3D runs, which has to be applied to keep
the simulation run stable. In addition to this numerical diffusion also some smoothing, as
described in section III.9.4, had been used in the 3D runs to assure numerical stability. These
two effects tend to blur the magnetic field structures. Hence, the 2D results appear to be
somewhat more trustful regarding the magnetic field structures.
The electric field configuration in fig. VI.19(a), (g) and (m) shows the strong electric field
resulting from the shock potential at the shock front. Inside the region of high heavy ion
density, the electric field again vanishes almost completely.
The shock front is not located symmetrically around the sun-comet line, as can be seen from
the cuts in the plane x = 0, fig. VI.19(a)-(c), but shifted upwards. This is due to the upward
deflection of the solar wind flow, visible in fig. VI.19(j). At the shock front, the heavy ion
density is significantly reduced, because of the more effective pick-up process due to the
increased electric field and the additional electron pressure gradient resulting from the high
solar wind density gradients. Because of this the heavy ions reach somewhat higher velocities
locally, as can be seen best at the top of fig. VI.19(k).
To summarise, the 3D results at 2.5AU are comparable to the 2D results at 2.8AU. The ICB,
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Figure VI.19: 67P/C-G at 2.5AU, 2D cuts. (a)-(c) E/E0 , np /n0 and nh /n0 in the plane x = 0.
(d)-(i) SW bulk velocity vp /vA0 , cometary ion bulk velocity vh /vA0 , SW density np /n0 , E/E0 , B/B0
and nh /n0 in the plane z = 0 (ecliptic). (j)-(o) same as (d)-(i) for the plane y = 0. See text for a
discussion of this figure.
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shock front and a weak pile-up region are visible, but still not clearly distinct from each other.
The overall picture shows a pronounced asymmetry and is still very different from the results
expected for a strong comet.

5

Comparison of the 2D and 3D results

The differences between the 2D and 3D simulation results are merely quantitative but qualitative, i.e. the 3D results exhibit all features as in the 2D results. However, in the 3D results
the obstacle generally appears to be weaker compared to the 2D case. An important effect is
the presence of a third direction, in which the solar wind can flow around the obstacle. This
additional degree of freedom naturally tends to weaken the reaction of the solar wind.
As it was discussed before, another reason is the missing magnetic field line curvature force
in the 2D simulations. This force accelerates the heavy ions in the anti-sunward direction,
forming the main tail. It leads to a more efficient transportation of heavy ions away from the
nucleus which makes the obstacle to appear effectively weaker.
The 3D simulations are numerically more unstable. A higher magnetic diffusion and some
additional smoothing of the magnetic field has been used to compensate for this. This blurs
the magnetic field structures and gradients. Due to this, the forces acting on the solar wind
become somewhat weaker, which also has the effect of the obstacle appearing to be weaker.
Moreover, the resolution in the 3D runs is much lower compared to the 2D runs, which even
more tends to blur the electromagnetic field structures.
Some features, like the wave pattern along the non-linear Mach cone visible in fig. VI.9 or
the onset of a diamagnetic cavity in fig. VI.13 are not present in the 3D results. However,
it is difficult to tell, if these structures are an artifact of the 2D configuration, or if they do
not appear in the 3D case, because of the insufficient resolution and the smoothing of the
magnetic field.
In that sense, the 3D results probably provide a quantitative more adequate picture, but the
2D results exhibit some more details. For an understanding of actual ROSETTA data, both
types of results should be considered.

6

Influence of the electron temperature and neutral drag force

In fig. VI.20 the influence of neutral-ion collisions and the influence of different electron
temperatures inside the coma are shown. Panel (b) shows the magnetic field strength for
Churyumov-Gerasimenko at 2.5AU including the collision term of eq. V.17 with an electron
temperature of 500K inside the inner coma. Panel (a) shows the results for the same set of
parameters, but without the collision term, whereas panel (c) is the result including collisions
with an electron temperature of 5000K. As can be clearly seen, the ion-neutral collisions do
not have much influence on the plasma environment. Of course, collisions may play a role for
charge exchange processes (cf. [48]), but the neutral drag force arising from these collisions
is negligible.

6 Influence of the electron temperature and neutral drag force
(a) Te=500K, without collisions

(b) Te=500K, with collisions
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(c) Te=5000K, with collisions
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Figure VI.20: Influence of the electron temperature and collisions between ions and neutrals. (a)
Magnetic field strength for 67P/C-G at 2.5AU, 2D simulation results. All panels show the magnetic
field strength. (a) Parameters as in fig. VI.13 but without collisions. (b) Same as (a), including collisions. (c) Same as (b), but for a ten times higher electron temperature inside the ICB. Obviously the
collisions between ions and neutral gas atoms do not play any role, whereas the electron temperature
is a crucial parameter, strongly influencing the location of the ICB. In (c) also a region with vanishing
magnetic field is visible. However, this region is not bounded very sharply, as it was observed for the
diamagnetic cavity at Halley.

In contrast, the electron temperature inside the coma is a critical parameter. Almost all
structures become significantly larger, because the higher pressure inside the coma extends
the region of high heavy ion density. It should be stated, that an electron temperature much
higher than 5000K could be expected, as discussed before. In this case, the results shown here,
would be altered quantitatively, but not qualitatively, i.e. when the electron temperature is
higher, the plasma environment is basically as if the production rate was enhanced. This would
mean for the results, that the discussed effects would occur at somewhat larger distances.
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Chapter VII

Summary
1

Numerical model

A new numerical code for space plasma simulations using the hybrid approximation was
developed. The code is able to work with an arbitrary curvilinear hexahedral grid. The time
integration scheme was widely adapted from the code proposed by Matthews [70] whereas
the spatial differentiation methods used for the curvilinear grid uses standard tensor calculus
similar to the method described by Eastwood et al. [30]. The model includes collisions
between ions and neutral gas atoms, and two electron fluids with distinct temperatures to
model the solar wind and photoelectrons individually to some extent.
The code has been tested in several ways, e.g. MHD wave dispersion, Lorentz invariance,
energy conservation etc. and was shown to be accurate and stable. The algorithm was
published in [2]. It has been used for the investigation of the solar wind interaction with weak
and strong comets [3, 4, 5], properties of the Jovian bow shock [111], Mars [12] and magnetised
asteroids [107]. The results obtained by the author presented in this work are concerned with
weakly outgassing comets and particularly with 67P/Churyumov-Gerasimenko, which is the
target of the ROSETTA mission.

2

General results for weak comets

The interaction of a weakly outgassing comet differs strongly from the case of strong comets
like Halley, because the gyroradii of both the cometary and solar wind ions are large compared
to the scales of the interaction region. As was shown earlier in bi-ion fluid calculations
[11], the MHD description must fail in this regime. The main characteristics of the weak
interaction picture are the cycloidal tail, the missing of a bow shock, a cometopause and a
cavity boundary.
Two and three dimensional simulations for weak comets in general and 67P/ChuryumovGerasimenko for heliocentric distances between 2.5AU and 3.25AU have been presented.
Beyond 3.25AU, the interaction picture of 67P/Churyumov-Gerasimenko should not differ
qualitatively from the 3.25AU case, because it is already in the linear test particle regime
there. Ground-based observational data for the production rates have been extrapolated to
large heliocentric distances, which naturally is accompanied by some uncertainties. The same
applies for the solar wind parameters, which have been fitted to Voyager and IMP-8 data
using the Parker model [86]. To summarise the simulation results, a brief review of the in-
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teraction mechanisms will be given now, starting with a very weakly outgassing comet at
large heliocentric distances and following it on its way to the sun. After this, the results for
67P/Churyumov-Gerasimenko will be referenced to these basic effects.
1. Test particle regime. The gyroradii of the heavy ions are much larger than the scales
of the interaction region. The plasma tail has a strictly cycloidal form. The solar wind
flow is not affected in any way. This type of interaction is present for cometary ion
densities well below 1% of the solar wind density.
2. Linear Mach cone. The tail remains cycloidal. The magnetic field is enhanced slightly
in the inner coma due to the decreased overall bulk velocity of the two-component
plasma, whereas the electric field is slightly reduced. This causes the solar wind protons
to detach from the field lines and become deflected in the opposite direction of the
interplanetary electric field, i.e. in the opposite direction of the cycloidal tail. This small
disturbance leads to the formation of a linear Mach cone caused by the magnetosonic
wave behind the obstacle. Inside the cycloidal tail an instability caused by the different
flow directions of the components excites a wave which is visible in the heavy ion
densities and the magnetic field strength.
3. Non-linear Mach cone. For increasing production rates, the magnetic field enhancement increases, hence the deflection of the solar wind protons also becomes stronger.
The amplitude of the waves forming the Mach cone becomes larger. Because the wave
propagation velocity depends on this amplitude, the cone becomes steeper. Moreover,
because the deflection of the solar wind is strongest in the innermost coma, the deflected
“proton beam” interferes with the impinging, undisturbed solar wind. This causes the
Mach cone to become split into two or more cones. This effect was shown to be connected to the gyromotion of the solar wind protons and hence being an kinetic effect.
The particle distributions differ strongly from the Maxwellian case in these regions.
Two or more distinct populations of solar wind protons with different mean velocities
have been obtained in the particle spectra.
4. Heavy ion density jump. Already for very weak production rates, a sharp jump
in the heavy ion density is present, mainly “above” the nucleus for weak production,
i.e. in the opposite direction of the interplanetary electric field. Later on this jump
extends more and more around the whole tail region. It has been explained in this
work by a non-linearity caused by a feedback mechanism. The newly generated heavy
ions, which are almost at rest, cause the electric field to decrease, i.e. they “shield”
themselves from the interplanetary electric field, comparable to Faraday’s cage. This
decreases the effectiveness of the pick-up process which in turn causes the heavy ion
density to become larger. This feedback together with the radial outward motion of the
cometary ions forms a sharp boundary, where the heavy ion density suddenly increases
by almost an order of magnitude. For small production rates, the solar wind protons
are not affected by this, i.e. their density remains almost constant at this boundary.
Also the magnetic field strength is not affected by this jump. Therefore, this boundary
is not an “ion composition boundary” nor cometopause. For larger production rates,
however, this boundary indeed evolves into the ion composition boundary and therefore
cannot be identified as the “ion pile-up boundary” found at Halley nor the “inner shock”
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which is expected to be present inside the diamagnetic cavity of strong comets. Also,
collisional effects do not play any role for the physics of this boundary. It has been
shown by a one-dimensional Vlasov simulation (where the solar wind bulk flow and the
magnetic field were kept constant) that the dynamics of the cometary ions together
with the feedback on the electric field is sufficient to form the jump.
5. Formation of the anti-sunward tail. In the regime, where the “heavy ion density
jump” is already established, i.e. where the electric field is significantly reduced in the
inner coma, the magnetic gradient forces start to drag cometary plasma in the antisunward direction. Due to the deflection of the solar wind flow the tail has an oblique
orientation to the anti-sunward direction. The cycloidal part of the tail is still present,
but the anti-sunward tail becomes more and more dominant. This part of the tail
exhibits much lower velocities. Inside the tail, the fast pick-up ions from outside the
tail region mix with the slow component of cometary ions generated near the nucleus.
These slow ions never experience the strong electric field from the outside. These two
different populations are clearly visible in the particle distributions obtained from the
simulations. The 3D simulations showed this tail to be “flat”, i.e. its extension in the
direction parallel to the magnetic field lines is much smaller than perpendicular to it.
This is due to a focusing effect caused by the draped magnetic field lines. Moreover,
the formation of the anti-sunward tail already sets in for lower production rates in the
3D simulations compared to the 2D case, because of the curvature of the draped field
lines, which was not included in the 2D simulations with the IMF being perpendicular
to the simulation plane. This has the effect of the obstacle appearing to be effectively
weaker in the 3D simulations compared to the 2D ones.
6. “Ion composition boundary” and “magnetic pile-up boundary”. When the
heavy ion density jump and the anti-sunward tail density are large enough, they establish
a relatively strong electric field due to the strong electron pressure gradient at this
boundary. This together with the deflection of the solar wind at the non-linear Mach
cone and inside the pile-up region in front of the obstacle leads to a demixing of both
ion species, i.e. the solar wind proton density drops down at the heavy ion density
jump. Together with this, also the transportation of the magnetic field into the main
tail becomes weaker and the magnetic field strength in the inner coma is reduced. This
establishes the ion composition boundary (or cometopause) and a magnetic pile-up
boundary, both at the same location, where the cometary ion density has its sharp
jump. However, the decrease of solar wind density and magnetic field strength is not
sharp, but extends over the scale of some local proton gyroradii. The small portion of
protons still reaching the inner tail region is strongly decelerated and heated, which is
clearly visible in the simulated particle distributions.
7. Shock formation and structure. At the point, where the scale of the interaction
region reaches several proton gyroradii, the ion composition boundary, pile-up region
and the non-linear Mach cone start to differentiate. The deflection of the solar wind
protons at the non-linear Mach cone is strong enough to produce protons which travel
upstream for a while. At this point, the non-linear Mach cone extends more or less
symmetrical around the whole interaction region and evolves into a shock wave and
finally into a parabolic bow shock. The bow shock, however, still exhibits a pronounced
kinetic effect, i.e. it shows a structure on the proton gyroradius scale. This structuring
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could be interpreted as a formation of “shocklets”.

8. Cavity formation In the results obtained here, no clear magnetic cavity was found,
although the magnetic field strength almost vanishes inside the innermost coma for
large production rates, but a sharp boundary was not detected. This is probably due
to numeric reasons, i.e. the resolution being too low and the numerical diffusion being
too high. However, even in the case of the largest production rates used, the size of the
cavity as predicted by MHD theory is small compared to the gyroradii. Therefore, it is
possible, that the numerical results are correct, i.e. a cavity is not formed at these low
production rates. On the other hand, some physical mechanisms, e.g. charge exchange,
collisional cooling processes etc., which are important for the cavity formation have not
been included in the model. Consequently, no definite statement can be concluded from
the results. However, in the regime, where even not cometopause is present, it seems
very unreasonable to assume the presence of a cavity.

3

Results for 67P/Churyumov-Gerasimenko—correlation to
the ROSETTA mission

ROSETTA will have its early approach phase to 67P/Churyumov-Gerasimenko around a
heliocentric distance of 4AU. The lander operation is scheduled for a distance of 3.25AU.
Between these two distances, where plasma measurements at larger distances from the nucleus
are possible, the interaction picture is clearly in the very weak regime, i.e. the plasma tail is
clearly cycloidal and only a weak Mach cone will be present. The scales of these structures
at 3.25AU are of the order of only 100km or even less for larger heliocentric distances. Thus,
the picture predicted by this work should be clearly verifiable by the ROSETTA spacecraft.
The formation of the anti-sunward tail is predicted to appear somewhere around 3AU for
67P/Churyumov-Gerasimenko. By this time, ROSETTA will be in close orbit and will be
unable to detect this transition. Nevertheless the plasma particle instruments still should
detect the heated solar wind inside the tail and the presence of two distinct cometary ion
populations, a low energetic one originating from the nucleus and a high energetic pick-up
component with the typical ring distribution. The magnetic field strength is predicted to be
still enhanced in the innermost coma region at 3AU. A measurement along a full orbit should
clearly distinguish this magnetic field enhancement from a possible intrinsic magnetic field
of the comet. However, at this point it should be stated, that such an intrinsic field would
completely alter the results presented here.
Somewhere around 2.8AU the mentioned plasma boundaries start to differentiate, but the
situation is still asymmetric and different from the case of strong comets. The magnetic
field strength and solar wind density decrease. Possibly a cavity is formed. At 2.7AU the
ROSETTA orbiter could possibly start a deep tail excursion. The simulations clearly indicate
a dominance of the anti-sunward tail by that time. The tail exhibits a sharp density jump
at the “top” (i.e. in the opposite direction of the electric field), which is not present on the
other “side”. As stated above, it is very “flat”, with the extension in the direction parallel to
the field lines being well below 500km. Still the two different cometary ion populations are
distinguishable near the nucleus. Further along the tail, the low energy component becomes
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slightly heated and is steadily accelerated, so that the two components become less distinguishable. These effects are easy to detect by ROSETTA. The flat form of the tail puts a
strong constraint on the trajectory of the spacecraft.
The wave pattern inside the cycloidal tail as well as the interesting non-linear Mach cone
physics are located more than about 1000km away from the nucleus and form around 3AU
only. Corresponding to the current mission planning, these features will not be accessible to
measurements. However, the scenario predicted here naturally depends strongly on several
parameters, particularly the solar wind conditions. Another parameter which has shown to
be of great importance is the temperature of the photoelectrons in the inner coma. This
parameter strongly influences the scales of the various structures. Because this parameter
is rather unpredictable by previous measurements and present theory (because these refer
only to the case of much stronger comets), its measurement provides important data for later
investigations of the plasma environment. These investigations will be necessary to achieve a
better quantitative agreement with the upcoming data.

4

Outlook

Although the results are based on the most sophisticated quantitative model presently available, there is still plenty of room for improvement. From the physical point of view a better
accuracy of the expected gas production rate, a more realistic gas distribution profile, including day-/nightside variations, rotation of the nucleus and possible jets, as well as a better
modelling of the electron temperature profile are the most important tasks. All these topics
have been addressed by a recent ISSI workshop lead by Tamas I. Gombosi and will hopefully
be incorporated based on the results of various other models. Other improvements could
deal with recombination and charge exchange processes, incorporating different cometary ion
species and their chemistry. However, these topics appear to have only minor relevance for
the global picture. They could still provide useful information for the future data analysis.
These effects could be easily incorporated in the present code.
On the numerical side, the major drawback of the code seems to be the rather large numerical
diffusion of the magnetic field, which is necessary to yield stable results. Particularly the
smoothing procedure used here could need some improvement. As a first step, a frequency
dependent smoothing by means of Fourier analysis or even some wavelet denoising could be
worthwhile.
The use of curvilinear coordinates with enhanced resolution in the vicinity of the nucleus has
proven to be quite useful. However, the particle coalescence method, which is only applicable
in certain situations is not sufficient to maintain a reasonable balance of the number of
particles per cell, if one wishes to further increase the resolution in the innermost coma. For
this, also a particle splitting algorithm would be needed, which would be a rather complicated
extension. Moreover, the advances of the curvilinear grid cannot be exhausted any further,
without adapting the time step to the grid structure. This adaption would be an even larger
complication which does not seem to be reasonable. From the experience of the author it
is suggested, that for these enhancements a complete new development would make more
sense. For this new development the curvilinear grid structure could possibly be abandoned
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in favour of a Cartesian grid with variable cell size. An efficient way to deal with this is
presently unknown.
For future simulations the 3D geometry has to be strongly preferred. However, the current
computational capacities of a workstation limits the 3D simulations to a maximum of 100
grid cells in each dimension and a rather poor particle statistics in that case. The desirable
enhancement towards higher resolutions and better statistics is only possible by a code parallelisation. A rudimentary parallelisation is already present in the code, but its effectiveness
is rather poor. A consequential parallelisation seems possible regarding the basic structure of
the algorithm and would be the next reasonable step to improve the results.

Appendix A

Technical details
A short summary on how to use the code presented in this work is given. This description
refers to a Linux system on a PC workstation. However, the code and this description should
be portable to other platforms as well.

1

Compiling

The monolithic code is written using C++. Before compiling one needs to prepare a parameter
file, which is described in the next section. For the example chosen here, this parameter file
is named nw28AU.h. The code source itself is named hypar+.cc. To use the parameter file
with the code it has to be included after the definition of the obp info structure. Below, an
excerpt from the beginning of the code is shown:
// --------------------------------------------------------------------------// PARAMETER
// --------------------------------------------------------------------------// Structures used in .h file
struct obp_info {
double rr[3];
int
step_start, step_end;
char namext[20];
int
type;
};
#include "nw28AU.h"
The name of the parameter file has to be put into the #include directive. Furthermore one
has to create a file named config.h which contains the line
#define __PENTIUM__
for a Pentium architecture or
#define __ALPHA__
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for a DEC Alpha architecture.
The code is compiled using some C++ compiler, e.g. using
g++ -O4 -lm hypar+.cc -o hypar+

After successful compilation, the code is started as usual with no command line parameters
to be given (all parameters are defined in the include file).

2

Parameter file

As a typical parameter file, the file nw28AU.h is shown below along with some explanations
of the meaning of each parameter. This parameter file was used for the simulation results
shown in fig. VI.9.
#define

float

double

Change double to float to use single instead of double precision for all calculations.
#define

runn

"nw28AU"

Name of the run, which is given as prefix to all output data.
#define

SS_EACH

(30.*60.)

Each SS EACH seconds, the code writes a “state file” named hyb2state on hard-disk. This
state file contains all information to continue the code after some crash. If the code is started,
and a hyb2state file is present in the actual directory, the code will read this file in and
continues the run from the point, where this file was created.
#define OBSERVE_PARTICLES
#define OBP_NO
18
obp_info OBP_INIT[OBP_NO] = {
{ {-0.5 , 0. , 1 },
10600, 11000, "obp_cavity_hi", 1 },
{ {-0.5 , 0. , 1 },
10600, 11000, "obp_cavity_sw", 0 },
{ {-0.5 , 0. , 5.5 },
10600, 11000, "obp_mach1_hi", 1 },
{ {-0.5 , 0. , 5.5 },
10600, 11000, "obp_mach1_sw", 0 },
{ {1 , 0. , 6.5 },
10600, 11000, "obp_mach2_hi", 1 },
{ {1 , 0. , 6.5 },
10600, 11000, "obp_mach2_sw", 0 },
{ {-7. , 0. , 0. },
10600, 11000, "obp_far_subsol_hi", 1
{ {-7. , 0. , 0. },
10600, 11000, "obp_far_subsol_sw", 0
{ {-0.3 , 0. , 0. },
10600, 11000, "obp_near_subsol_hi",
{ {-0.3 , 0. , 0. },
10600, 11000, "obp_near_subsol_sw",
{ {0. , 0. , 0.2 },
10600, 11000, "obp_near_above_hi", 1
{ {0. , 0. , 0.2 },
10600, 11000, "obp_near_above_sw", 0
{ {-4. , 0. , -2. },
10600, 11000, "obp_front_hi", 1 },
{ {-4. , 0. , -2. },
10600, 11000, "obp_front_sw", 0 },
{ {2. , 0. , -4 },
10600, 11000, "obp_zyklo_hi", 1 },
{ {2. , 0. , -4 },
10600, 11000, "obp_zyklo_sw", 0 },

},
},
1 },
0 },
},
},

2 Parameter file
{ {5.
{ {5.

, 0. , 3. },
, 0. , 3. },
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10600, 11000, "obp_tail_hi", 1 },
10600, 11000, "obp_tail_sw", 0 }

};
The above parameters control the particle distribution recording used e.g. for creating
fig. VI.12. If OBSERVE PARTICLES is defined, this feature is used. Comment this out, if
you don not want to use the particle distribution recording. OBP NO defines at how many
locations the distributions shall be recorded. The OBP INIT array provides some information
for each of the locations, where the distributions should be recorded. The first three numbers
are the position, followed by the time step at which to start and end the recording. After
this, the output file name is given. The last number can be 0 for recording solar wind protons, 1 for heavy ions and -1 for both. If this feature is used like shown above, the code will
create several output files which have runn as prefix with the name given above appended
as filename, e.g. nw28AU obp cavity hi for the first entry in the OBP INIT structure given
above. For this example, all particles of type 1 (heavy ions), which enter the cell located at
x = −0.5, y = 0, z = 1 between time step 10600 and 11000 are recorded (particles who stay
in the cell for more than one time step are recorded multiple times). The resulting output file
nw28AU obp cavity hi contains 6 columns of data for each particle recorded this way. These
6 values are: The simulation time (in Ω−1
i ) at which the particle was recorded, the type of
the particle (0 for proton, 1 for heavy ion), the three velocity components in normalised units
and the kinetic energy of the particle in eV.
#define

VX0

10.0

Initial flow speed of the solar wind in normalised units, which always flows in positive xdirection. Because the normalisation value is the Alfvén speed, this is actually the Alfvénic
Mach number MA .
#define PPC
2
Number Nppc of superparticles, which are put in the smallest cell inside the simulation grid as
defined in section III.8.2. For a curvilinear grid (as it is used here), the number of particles per
cell in other grid cells can become significantly higher than this value, compare to tab. VI.2.
The higher this value, the lower becomes the particle noise but the higher becomes the
computational time.
#define

PCNT_WATCH

100000

When collecting particle moments etc. the code counts the particles and gives a progress
status each time after processing PCNT WATCH particles.
#define

MIN_CH_DENS

0.05

ρmin as described in section III.9.2.
#define
#define
#define

gnx
gny
gnz

201
3
201

Number of grid nodes in each spatial direction (x,y,z). For a two or one dimensional simulation
one or two of the spatial directions can be “switched off” by choosing three nodes for that
direction and applying periodic boundary conditions, as it was done above for gny.
//#define

PERFECT_FLOW
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If this switch is defined, i.e. uncommented, the particle velocities, the densities and currents are kept constant throughout the simulation run and only the electromagnetic field
calculations are performed. For testing purposes.
//#define SMOOTHING 0.2
//#define SMOOTH_E
//#define SMOOTH_B
If SMOOTHING is defined, the smoothing procedure described in section III.9.4 will be used
with the given value for ηsm . If SMOOTH E and SMOOTH B are defined, the smoothing will be
applied to the electric and/or magnetic field.
#define BASE_FROM_GRID
If this is defined, the basis vectors are calculated numerically from the grid point positions.
Otherwise, they can be calculated analytically by some function, which has to be implemented
in the code. It is best to leave this unchanged.
//#define

noequi_grid

//#define highinner_grid
#define highinner_grid_2D
#define hig_cx 0.0
#define hig_cz 0.0
#define NCT
0.3
//#define CONE_GRID
//#define
CONE_GRID_2D
#define CG_x0
-100.0
#define CG_y0
0.0
#define CG_z0
0.0
Control parameters for some grid types implemented in the code. The switches correspond
to the grid types explained in section IV.5. noequi grid corresponds to a type A grid,
highinner grid to type C in three dimensions, highinner grid 2D to type C in two dimensions, CONE GRID to type B in three dimensions and CONE GRID 2D to type B in two
dimensions. Exactly one of these switches has to be defined. The values hig cx and hig cz
give the location of the centre, where the high resolution area is located for grid types A and
C. The parameter NCT is the parameter α in eqs. (IV.14) and (IV.19). CG x0, CG y0 and CG z0
give the thought position, where all grid lines would intersect for grid type B, see fig. IV.8.
int

PER[3][3]={{0,0,1},{1,0,0},{0,0,0}};

The array PER controls the boundary conditions as described in section III.7. For each spatial
direction (x, y, z) three values are given. If the first of these three values is 1, periodic
boundary conditions are used. In that case, the two following values have no meaning. If
the first value is 0, either inflow or outflow boundary conditions are used. The two following
values decide which of these two possibilities is applied, where 0 means inflow and 1 outflow
boundary. The first of the two values is used for the left (front, bottom) boundary, whereas
the second one refers to the right (back, top) boundary. In the example given above, the left
boundary is inflow, the right one is outflow. The y-direction is periodic, and the upper and
lower boundary are both inflow.

2 Parameter file
//#define XLAY
#define YLAY
//#define ZLAY
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((gnx-1)/2)
((gny-1)/2)
((gnz-1)/2)

The grid node in x-, y- and z-direction, where 2D cuts are output by the code. The output data
format is described in the next section. If not defined, no cuts are made in the corresponding
direction. For a two dimensional simulation, as in this example, only the output of one plane
y = const. makes sense. The formulas in the above example are chosen in such a way, that
always the layers including the centre of the simulation box are used.
#define
#define
#define
#define

BETA_I
BETA_SW
BETA_HI
v2mean

0.4
0.4
0.005
(1.5*BETA_I)

Plasma-betas for the solar wind ions BETA I= βi,sw (see section III.8.2), the solar wind electron fluid BETA SW=βe,p and the photoelectrons BETA HI=βe,h (see section V.3.3). The value
v2mean is the squared thermal velocity of the protons and always has to equal 3/2 BETA I
according to eq. (III.132).
//#define PSPLIT
#define PS_MAXSEARCH
#define PS_NUM
#define PSORTS
#define PS_RFAC
float
float
float
// Has
float

(1.*(gnx*gny*gnz)*PPC/10000.)
3
(PS_NUM*2+1)
1
// adjust by hand (larger -> fewer RECOMB.)

ps_dist[PS_NUM]={2.0,2.0,2.0};
ps_vdist[PS_NUM]={2.*v2mean,2.*v2mean,2.*v2mean};
ps_xsl[PS_NUM]={(gnx-1)/4.-5.,2.*(gnx-1)/4.-5.,3.*(gnx-1)/4.-5.};
to be integer!!!
ps_width[PS_NUM]={1.,1.,1.};

Parameters to control the particle coalescence algorithm described in section III.8.3. If PSPLIT
is undefined as above, this feature will not be used and all other parameters have no meaning.
Otherwise, PS MAXSEARCH limits the maximum length of the search list, PS NUM defines the
number of the “averaging zones” to be used. PSORTS depends on PS NUM and has to be left
unchanged. PS RFAC should remain unchanged. The arrays ps dist and ps vdist give the
parameters β and α as defined in III.8.3 for each averaging zone. The arrays ps xsl and
ps width are the position and width of each averaging zone in grid nodes.
#define

_dT

0.01

Simulation time step in normalised units.
#define

B_SCS

7

Control parameter 2nsc − 1 as defined in eq. (III.43) for the subcycling algorithm. Larger
values may increase stability and accuracy but lead to larger computation times. This value
has to be an odd integer. The minimum value is 3.
#define

max_steps

11000

Number of time steps after which the simulation is finished.
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#define OUTPUT
//#define OUTPUT_3D
//#define OUTPUT_1D

20
100
10

If one or more of the above switches are defined, the code produces one dimensional cuts
(OUTPUT 1D), two dimensional cuts (OUTPUT) and/or fully three dimensional output (OUTPUT 3D).
The value assigned to these switches are the number of time steps, after which each output
is written. The output data format is described in the next section.
#define

OUTPUT_START

0

The time step, after which the output starts. Can be useful, if one wants the simulation run
to start outputting data after a certain steady state is reached.
// Output Paths
#define OP_STEP
#define OP_XAXIS
//#define OP_YAXIS
//#define OP_ZAXIS
//#define OP_CIRCLEXY
//#define OP_CIRCLEYZ
//#define OP_CIRCLEXZ

10

0.1
0.1
4.0

Controls one dimensional output along certain “paths”, i.e. along a given trajectory e.g. of
a satellite. The form of these paths is controlled in the code and has to be adjusted there.
OP STEP gives the number of time steps, after which each output should be written. The
switches OP XAXIS, OP YAXIS and OP ZAXIS correspond to 1D cuts along the respective axis.
OP CIRCLEXY, OP CIRCLEYZ and OP CIRCLEXZ correspond to circular orbits in the respective
plane, where the applied value gives the radius of these circles in simulation units.
// Density waves
//#define rho_wave 0.2

// amplitude

//#define k_min
//#define k_max

// max k-value (for all wave types)

7
25

// B-Sender
//#define By_send

0.2

//amplitude

// B-Welle
//#define B_wave

0.2

// amplitude

Defining one or both of the switches rho wave and B wave above puts an initial wave spectrum
into the simulation box at start, either as proton density wave and/or magnetic field wave
(disturbance in the By -component). The value assigned to the switches gives the amplitude
of the waves, the values k min and k max are the minimum and maximum wave numbers used
for the spectrum. The wave vector k is oriented in positive x-direction. The switch By send
controls an “emitter” which is placed in the centre of the simulation box where it periodically
changes the value of By with the given amplitude. These features were used e.g. for the test
runs shown in section IV.1.
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// Obstacle
#define COMET_SWITCH_OFF 10000.0
#define CUT_R
18.
#define COM_a
0.01
// Radius of cometary nucleus.
#define COM_G
0.75e+26 // ions per sec. (SI units)
#define COM_nu
1e-6
// ionization rate (SI units)
#define COM_v0
1e+3
// outgasing velocity (km/s)
#define COM_real_v0
COM_v0 // Real sim. movement in km/s of heavies
#define NEUTRAL_DRAG
#define COM_INIT
10
Parameters for controlling the ionospheric obstacle, i.e. the comet in this example. The
parameter COMET SWITCH OFF is a time in Ω−1
i after which the ion production of the comet is
stopped. Usually, one wants the obstacle to be active throughout the whole simulation run.
In that case, this value has to be chosen larger than max steps· dT. To give a lower value
than that may be useful to produce a fixed obstacle. Below the distance COM a and beyond
the distance CUT R (in normalised units) no heavy ions are produced anymore (inner and
outer cutting distances). COM G, COM nu and COM v0 are the neutral gas production rate G,
the ionisation frequency ν and the outgassing velocity ug of the comet in SI units as defined
in eq. (V.3). COM real v0 has to be left unchanged. The switch NEUTRAL DRAG activates the
collisions between neutrals and ions described in section V.3.2 when defined. If COM INIT is
defined, the ion production will begin already before the simulation starts, i.e. for a number
of time steps given by the value of COM INIT the code will put ions into the simulation box
before the actual run begins. This is useful to achieve the steady state faster.
// 3D-Verteilung
//#define COMET_3D
//#define COM_f
(1./(4*M_PI*(CUT_R-COM_a))*1./(r*r))
//#define COM_f_MAX
(1./(4*M_PI*(CUT_R-COM_a))*1./(COM_a*COM_a))
//#define COM_MAX_R
CUT_R
// 2D-Verteilung 1/r^2
#define COM_f
#define COM_f_MAX
#define COM_MAX_R
// 2D Exponential
//#define COM_sigma
//#define COM_f

//#define

COM_f_MAX

(1./(2*M_PI*log(CUT_R/COM_a)*L[1]/2.)*1./(r*r))
(1./(2*M_PI*log(CUT_R/COM_a)*L[1]/2.)*1./(COM_a*COM_a))
COM_a

1.0
(1./(2.*M_PI*COM_sigma*COM_sigma*
(exp(-(COM_a*COM_a) /(2*COM_sigma*COM_sigma))
- exp(-(CUT_R*CUT_R)/(2*COM_sigma*COM_sigma)
* exp( -(r*r) / (2*COM_sigma*COM_sigma) ) )
(1./(2.*M_PI*COM_sigma*COM_sigma*
( exp(-(COM_a*COM_a)/(2*COM_sigma*COM_sigma))
exp(-(CUT_R*CUT_R)/(2*COM_sigma*COM_sigma) )
exp( -(COM_a*COM_a) / (2*COM_sigma*COM_sigma)

) )

)

) ) *
) )

The three groups of parameters given above control the distribution function of the ion
production. One of these groups has to be uncommented. Of course, other distribution
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functions can be defined. The first and second set are used for a 3D and 2D 1/r 2 distribution
(as it was done here for a comet). The last set is used for a Gaussian profile. If a 3D
distribution is used, the switch COMET 3D has to be defined. The function COM f defines
the distribution as a function of spherical coordinates r, phi and theta in 3D and polar
coordinates r and phi in 2D. The given profiles depend only on r, but the code can handle
also angular dependencies. These distribution functions have to be normalised, i.e. the
integral over the whole parameter range has to equal unity. Note the normalisation factor in
the above expressions, which incorporates the cutting distances COM a and CUT R. The function
COM f MAX defines the maximum value of this normalised distribution, which is needed by the
algorithm to produce the particles. The parameter COM MAX R gives the value for r, where
this maximum value is reached. See section V.8.1 for details on this.
//#define

COM_RHO0

0.2

Usually, the code computes the charge and mass of the heavy ion superparticles from the
above distribution functions and the overall production rate COM G. If COM RHO0 is defined,
the code instead adjusts the charge and mass of the superparticles to yield the given value (in
normalised units) at the position defined by COM f MAX. The value gives the charge density
growth rate per time step. For instance, for the exponential distribution function given above,
this value would adjust the height of the Gaussian peak, ignoring the value COM G. Each time
step the charge density of the Gaussian peak would grow for about the given value 0.2.
#define

COM_N

500

// No. of com. ions per time step

The number of heavy ion superparticles put into the simulation each time step, which is the
parameter Nh in eq. (V.14). Note, that this parameter does not influence the charge densities
produced at each time step, but only controls the statistics with which this is modelled. The
larger this number is chosen, the less becomes the particle noise, but the computation time
rises.
#define

COM_ION_MASS

16

Mass of the heavy ions in units of the proton mass mp .
#define
#define

COM_x0
COM_z0

0.0
0.0

x and z-coordinate of the centre of the ionospheric obstacle.
#define
#define
#define

E_HALL
E_KIN
ECOEFF

1.
1.
1.

#define
#define

B_HALL
B_KIN

1.
1.

The above switches can be used to switch certain terms in the field calculations on (1.) or off
(0.). E HALL and B HALL refer to the Hall term in the electric and magnetic field calculation,
respectively. E KIN and B KIN refer to the ui × B term. Setting ECOEFF equal to zero allows to
switch off the electric field calculation completely and put E = 0 everywhere. These switches
are used for testing purposes only (e.g. to find out which of the terms cause a certain numerical
instability) and should be left unchanged for a physically correct simulation.

3 Output file formats
#define
#define

ETA
ETA_PER_CELL
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0.12

The magnetic diffusion constant as in eq. (D). See section III.9.3 for the appropriate choice
of this parameter. If ETA PER CELL is defined, this constant is multiplied with the actual cell
size at each location to ensure the condition given in section III.9.3 in a curvilinear grid with
variable cell size.
#define KAPPA
//#define KAPPA_SW
//#define KAPPA_HI

2.0
2.0
1.0

KAPPA is the adiabatic exponent κ used in the electron pressure law as described in section
V.3.3. If both KAPPA SW and KAPPA HI are defined instead of KAPPA, two different values can
be applied to the solar wind electrons and photoelectrons.
#define
#define

SI_B0
SI_n0

1.23e-9
0.88e+6

// 1.23nT
// 0.88 cm^-3 = 0.88e+6 m^-3

The strength of the background magnetic field SI B0 in nT and the background proton number
density SI n0 in m−3 . These values are needed for the normalisation of all quantities as
described in section II.2.
// Master box size
float
L[3]={30.,30.,30.};
The physical size (in normalised units) of the simulation box in x-, y- and z-direction.
#define THETA
(90./180.*M_PI)
float Bbound[3]={1.0*cos(THETA), 1.0*sin(THETA), 0.0};
The array Bbound gives the background magnetic field vector, which is applied at the beginning of the simulation and at all inflow boundaries. The background charge density is always
unity. All other starting and boundary values (like E 0 , j i0 ) are calculated by the code from
Bbound and VX0.

3

Output file formats

There are several different output files written by the code, depending on the parameters
described above. All output is written in readable text file format. All output file names
have the form runname *, where runname is the string defined by the variable runn in the
parameter file. The components of a vector field variable are referenced with 0,1 and 2 for
the x-, y- and z-component, respectively.

3.1

1D field data

If OUTPUT 1D is defined, the code will output one-dimensional data of the plasma density and
magnetic field (along the x-axis). Unlike most other output, which generates a separate file
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for each time step, the 1D output is written into a single file. This is used for Fourier analysis
in (x, t)-space.
Two output files are generated. The file names have the form runname rho 1d and runname B 1d. The first file contains the plasma density data, whereas the latter contains the
component of the magnetic field defined by the variable B comp in the parameter file.
After each N time steps, where N is defined by the value of OUTPUT 1D one line is appended
to each file, which contains the respective data for each grid point along the x-axis. Thus,
after completion of the simulation run, both files contain a m × n matrix, where m is the
overall number of time steps divided by N and n is the number of grid points in x-direction.

3.2

2D field data

2D output data contain field data of a two-dimensional cutting plane. It can be used in
2D as well as 3D simulations. If OUTPUT is defined, the code will generate a set of files
after each N time steps, where N is given by OUTPUT. The filenames are of the form runname data layer timestep. runname is the string defined by runn.
data is a description of the data, which is contained in a file. The string data consists of an
identifier followed by a number (0, 1 or 2). The identifier is one of E, B0, rhosw, rhohi, usw,
uhi, v2sw and v2hi for the electric field E, magnetic field B, proton density np , heavy ion
density nh , proton bulk velocity up , heavy ion bulk velocity uh , square of the proton thermal
2 , respectively. The number
2
and the square of the heavy ion thermal velocity vh,th
velocity vp,th
gives the component, if the data is a vector field. For scalar fields, this number is always 0.
The string layer consists of one character out of x, y or z followed by a number. The character
indicates, which 2D plane is plotted, where x stands for the plane, in which x is constant, i.e.
the (y, z)-plane (and similar for the characters y and z). The number behind the character
is defined by XLAY, YLAY and ZLAY in the parameter file. It gives the value for the according
constant coordinate in grid points. For instance, the string y50 refers to the (x, z)-plane,
which runs through the middle of the simulation box in a 100 × 100 × 100 grid. In a 2D
simulation, which uses the (x, z)-plane only, the string layer should always be y1.
The string timestep gives the number of time steps, after which the according data file was
written.
As an example, the file name test E1 z45 1000 was generated by a run named test and
contains the y-component of the electric field in the cutting plane z = const. at grid point 45
in z-direction after a simulation duration of 1000 time steps.
Each of these files contain the according data as a m × n matrix, representing the respective
cutting plane. Each matrix element aij corresponds to one grid point. The row index i and
column index j count the z- and y-coordinate for x = const., the z- and x-coordinate for
y = const. and the y- and x-coordinate for z = const., respectively. Both indices run from 0
to the number of grid points in ascending order.
To relate these matrices to the actual coordinate system, six files, which contain the coordinates of the grid points in the cutting planes are generated. Their file names are of the form
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runname cidgrid, where the string cid consists of two characters. The first identifies the
plane, e.g. x for x = const. and the second refers to the coordinate component which is given
in the file (labelled by x, y or z). E.g. test yxgrid contains the values of the x-coordinate
for all grid points in the cutting plane y = const. for the run named test. The coordinates
are given in normalised units, i.e. in units of c/ωp,i .
This rather complicated data representation is necessary to take account for a curvilinear
coordinate system. The structure of the data files is optimised to be used in MATLAB. For
instance, if one wishes to plot the proton density in the plane y = const. of a 2D simulation
at time step 1000, one would use
xg=load(’test_yxgrid’); yg=load(’test_yzgrid’);
data=load(’test_rhosw0_y1_1000’);
pcolor(xg,yg,data);
For other visualisation software, such as gnuplot, one has to convert the data files into an
appropriate format.

3.3

3D field data

If OUTPUT 3D is defined, the complete 3D data sets are written after each N times steps, where
N is given by the value of OUTPUT 3D. The filenames have the form runname data 3d timestep,
where runname, data and timestep have the same meaning as for the 2D data files.
The files contain the values for each grid point organised in k m × n matrices, where m, n
and k are the number of grid points x-, y- and z-direction, respectively. The matrices are
separated by an empty line. Each m × n matrix correspond to a layer z = const., where the
row index corresponds to the y-direction and the column index corresponds to the x-direction.
To relate these data to the actual coordinate system, three coordinate files (organised in
the same way) are generated. These files are named runname 3dxgrid, runname 3dygrid
and runname 3dzgrid. They contain the x-, y- and z-coordinate for each grid point. The
coordinates are given in normalised units, i.e. in units of c/ωp,i .

3.4

Path data

If OP STEP is defined, the code will output the data of a certain field variable after each N
time steps, where N is given by the value of OP STEP. A “path data” filename has the form
runname data pathname timestep, where runname, data and timestep have the same meaning
as for the 2D and 3D field data. The string pathname corresponds to the name of the path,
along which the data is traced. These names can be adjusted in the code. For the standard
paths OP XAXIS, OP YAXIS, OP ZAXIS, OP CIRCLEXY, OP CIRCLEYZ and OP CIRCLEXZ described
above, pathname is given simply by xaxis, yaxis, zaxis, circlexy, circleyz and circlexz,
respectively.
Each of the path data files contain five columns of data. Each row represents the field value
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at a given point along the path, which can be located anywhere between the simulation grid
points. The filed values are interpolated to the exact position of each point. The five columns
represent the (integer) number of each point, its x-, y- and z-coordinate (in normalised units)
and the interpolated field value at this location.
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Alexander, dessen mir manchmal rätselhaften Gnuplot-Skripte die Grafiken in dieser Arbeit

hervorgebracht haben und an Sven für seinen großen Einsatz bei der Übungsbetreuung, ohne
den ich den Studenten manches Mal ganz schön Unsinn erzählt hätte.
Dank auch allen anderen Mitarbeitern des Instituts für Theoretische Physik. Christoph,
Marcus, Andreas, Matthias und Fabian für den Spaß und die Einsicht in die Tatsache, daß
sogar lineare Gleichungssysteme erstaunliche Effekte hervorbringen, wenn sie nur groß genug
sind. Marcus danke ich vor allem auch noch für die Hilfe, die immer dann vonnöten war, wenn
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Ich glaube, wir haben den Studenten ausreichend eingeheizt. Ganz besonderer Dank gilt
noch Frau Strassek, die mir mit ihrer menschlichen Wärme und Hilfsbereitschaft immer eine
wertvolle Unterstützung war. Vielen Dank auch für die vielen kleinen Aufmerksamkeiten,
ohne die ich wahrscheinlich aufgrund von Zuckermangel diese Arbeit nie fertigbekommen
hätte.
Allen Mitarbeitern des Instituts für Geophysik und extraterrestrische Physik gilt mein Dank
für die gute Zusammenarbeit. Carsten für die Anregungen in der Anfangszeit der Arbeit,
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bei meinen teilweise Monate überfälligen Reiseanträgen und -abrechnungen.
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