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Abstract

The objective of this thesis is to develop methods to improve the quality of restored
ground-based observations, and to use such restored observations, along with 3D radia-
tive MHD simulations, to study the properties of small-scale facular magnetic elements in
the lower solar atmosphere. The importance of understanding such structures is derived
from studies that report their significant contribution to the total unsigned magnetic flux
through the solar photosphere, as well as solar irradiance and variability.

Benefiting from advancements in instrumentation and camera readout speeds, high
quality observations (slit-spectra) were collected at the 1-m Swedish Solar Telescope
(SST). In addition to a significant wavelength coverage that includes numerous photo-
spheric spectral lines, the high spatial resolution, spectral resolution, and polarimetric
sensitivity of the data allow for detailed, fully height stratified spectropolarimetric inver-
sions.

Before the analysis of the ground-based data was undertaken, image restoration meth-
ods that correct for di�erent kinds of image degradation were applied to the data in order
to ensure that the spatial and spectral distribution of intensities are as close as possible
to the true solar values. One such method, extended as part of this thesis, is a stray-light
correction procedure, which aims to remove the component of stray light caused by un-
compensated high-order wave-front aberrations from the observations. The application of
this method was found to improve the granulation contrasts in the slit-spectra, as well as
reduce undesirable changes to the shapes of the observed spectral lines caused by stray-
light contamination.

Spectropolarimetric inversions were performed using the SPINOR-LTE inversion code,
producing maps of the inverted physical quantities as a function of the optical depth. The
retrieved atmospheres in the observed faculae were found to be in good agreement with
the results of similar studies undertaken earlier, references to which can be found in the
introductory chapter. Moreover, several facular bright points were identified in the cores
of strong spectral lines. The temperatures, line-of-sight magnetic field strengths and line-
of-sight velocities of these bright points were analysed using the inverted maps, however,
since slit-spectra do not provide information on the time-evolution of magnetic structures,
3D-MHD direct-numerical-simulations (DNS) of faculae and facular bright points were
performed using the MURaM 3D radiative-MHD code. The evolution of the physical pa-
rameters in a selected facular bright point was studied using the simulated atmospheres.
While some of the atmospheric parameters were found to be similar in some respects with
the results of the inversions, the use of high resolution simulations with high cadence also
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revealed the possible existence of additional dynamical processes that were seen to par-
ticipate in and possibly drive the evolution of the bright point.

This thesis is divided into six chapters. In the introductory chapter, a brief account of
some of the important studies that analysed the properties of the vector magnetic fields
in solar faculae is provided. Emphasis is placed on novel observational techniques and
numerical methods that were developed to quantify magnetic field strengths, and orien-
tation in solar faculae. In chapters 3 and 4, attention is drawn to image restoration and
its importance in ground-based observations. The chapters include a brief description
of the working principle of adaptive optics (AO) and the theory behind the multi-frame
blind deconvolution (MFBD) method employed to restore the spectropolarimetric obser-
vations. Subsequently, a detailed discussion of the theory of residual stray light aris-
ing from uncompensated high-order wave-front aberrations is provided, and a method to
remove this residual stray-light contamination from the restored slit-spectra using Kol-
mogorov phase screens and synthetic, degraded images is described. The final chapters
on spectropolarimetric inversions and 3D radiative-MHD simulations briefly introduce
the theory behind spectral-line formation, and the equations of compressible, non-ideal
magneto-hydrodynamics (MHD), respectively, in addition to describing the setup of the
inversions, the choice of the spectral lines, the selection of the physical parameters to be
retrieved, and the setup of the numerical simulations and the relevant boundary conditions.
In the concluding chapter, the results of the stray-light correction procedure, spectropo-
larimetric inversions, and the numerical simulations are compiled and sequentially listed.
Also, a very brief outlook is given on possible next steps.
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Kurzfassung

Die Zielsetzung dieser Arbeit ist die Methodenentwicklung zur Verbesserung der Qualität
numerisch rekonstruierter bodengebundener Beobachtungen. Zusätzlich werden solche
rekonstruierten Beobachtungen zusammen mit 3D strahlungs-MHD Simulationen ver-
wendet, um die Eigenschaften von kleinskaligen magnetischen Elementen in Fackeln
(engl. faculae) der unteren Sonnenatmosphäre zu studieren. Die Wichtigkeit des Ver-
ständnisses solcher Strukturen ergibt sich aus Studien, die über deren maßgeblichen Beitrag
zur gesamten absoluten magnetischen Flussdichte durch die solare Photosphäre, als auch
zur solaren Strahlungsdichte und -variabilität berichten.

Von Fortschritten in der Instrumentierung und den Kameraauslesegeschwindigkeiten
profitierend wurden hoch-qualitative Beobachtungen (Spaltspektren) am 1-m Swedish
Solar Telescope erhoben. Zusätzlich zu einer erheblichen Wellenlängenabdeckung, welche
zahlreiche photosphärische Spektrallinien beinhaltet, erlauben die hohe räumliche als
auch spektrale Auflösung, sowie die polarimetrische Sensitivität der Daten, eine detail-
lierte, höhengeschichtete spektropolarimetrische Inversionen.

Bevor die Analyse der bodengebundenen Daten vorgenommen wurde, wurden Bild-
rekonstruktionsmethoden, welche die unterschiedlichen Arten von Abbildungsfehlern ko-
rrigieren, angewendet, um sicherzustellen, dass die räumlichen und spektralen Intensitäts-
verteilungen so nah wie möglich an den wahren Sonnewerten liegen. Eine dieser Metho-
den, erweitert im Rahmen dieser Arbeit, ist die Streulichtkorrektur, deren Ziel es ist, die
Streulichtkomponente, verursacht durch unkompensierte Wellenfrontabberationen höherer
Ordnung in den Beobachtungen, zu entfernen. Es wurde festgestellt, dass die Anwednung
dieser Methode zu einer Kontrasterhöhung der Granulation in Spaltspektren führt, als
auch unerwünschte streulichtinduzierte Veränderungen in den beobachteten Spektrallinien-
formen reduziert.

Spektropolarimetrische Inversionen wurden mit dem SPINOR-LTE Inversionscode
ausgeführt und Karten der aus der Inversion erhaltenen physikalischen Größen als Funk-
tion der optischen Tiefe erstellt. Die so gewonnenen Atmosphären in den beobachteten
Faculae sind in guter Übereinstimmung mit den Ergebnissen aus früheren ähnlichen Stu-
dien, Referenzen dazu können dem Einführungskapitel entnommen werden.

Außerdem wurden einige helle Fackel-Punkte in den Kernen tiefer Spektrallinien
identifiziert. Die Temperatur, die magnetische Feldstärke als auch die Geschwindigkeit-
skomponente in Sichtlinie dieser hellen Punkte wurden anhand der invertieren Karte
analysiert. Allerdings, da den Spaltspektren keine Informationen zur zeitlichen Entwick-
lung der magneitschen Strukturen zu entnehmen sind, wurden 3D-MHD numerische Sim-
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ulationen von Fackeln und hellen Fackel-Punkten mit dem MURaM 3D Strahlungs-MHD-
Programm durchgeführt.

Die Entwicklung der physikalischen Parameter in einem ausgewählten hellen Fackel-
Punkt wurde mit den simulierten Atmosphären untersucht. Während einige der atmo-
sphärischen Parameter in mancher Hinsicht als ähnlich zu den Ergebnissen aus den In-
versionen identifiziert wurden, o�enbaren die hochaufgelösten Simulationen mit hoher
Kadenz auch die mögliche Existenz von zusätzlchen dynamischen Prozessen, welche an
der Entwicklung des hellen Punktes teilhaben und diese möglicherweise vorantreiben.

Diese Arbeit ist in sechs Teile unterteilt. In dem Einleitungskapitel wird ein kurzer
Bericht einiger wichtigen Studien, die sich mit der Analyse von den Eigenschaften des
magnetischen Vektorfeldes in solaren Fackeln beschäftigen, gegeben. Der Schwerpunkt
liegt auf neuartigen beobachterischen Techniken und numerischen Methoden, welche en-
twicklet wurden, um die magnetische Feldstärke und deren Orientierung zu quantifizieren.

In den Kapiteln 3 und 4 liegt die Aufmerksamkeit in der Rekonstruktion von Bildern
und die Bedeutung dieser für bodengebundene Beobachtungen. Die Kapitel beinhalten
eine kurze Beschreibung des Funktionprinzips der adaptiven Optik und der Theorie hinter
der Methode der multi-frame blind deconvolution (MFBD), welche verwendet wird um
die spektropolarimetrischen Beobachtungen zu rekonstruieren.

Anschließend folgt eine detailierte Diskussion der Theorie des remanenten Streulichts,
welches bei unkompensierten Wellenfrontenabberationen auftaucht, und eine Methode
zur Beseitigung dieser remanenten Streulichtkontamination aus den rekonstruierten Spalt-
spektren mit Kolmogorov-Phasenscheiben und syntheischen, degradierten Bildern wird
beschrieben. Die letzten Kapitel über spektropolarimetrische Inversionen und 3D strahlungs-
MHD Simulationen stellt jeweils kurz die Theorie hinter der Bildung von Spektralli-
nen, und die Gleichung der komprimierbaren, nicht-idealen Magneto-hydrodynamik vor.
Zusätzlich beschreiben die Kapitel die Konfiguration von Inversionen, die Wahl der Spek-
trallinien, die Wahl der abgerufenen physikalischen Parameter, und die Konfiguration der
numerischen Simulationen mit den relevanten Randbedingungen. Im Schlusswort werden
die Ergebnisse der Streulicht-Korrektur, der spektropolarimetrischen Inversionen, und der
numerischen Simulationen zusammengefasst und fortlaufend aufgeführt. Außerdem ist
ein kurzer Ausblick auf mögliche nächste Schritte gegeben.
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1 Introduction

In the context of stellar evolution, the Sun (�) is an unremarkable star. Like its peers
on the main sequence, the Sun will continue to burn hydrogen for several billion years
(Fig. 1.1) before entering the red giant phase. Even at the end of its life, the Sun will
fade into a white dwarf. However, being the only star whose surface can be observed in
excellent detail, the Sun holds a special significance. At visible wavelengths, the solar
surface can be resolved to within one ten-thousandth of the Sun’s diameter (� 70 km with
1-m class telescopes). This has led observers over the course of its observational history
to a surprising realization - the solar surface is anything but unremarkable. Instead, it is
found to be a spatially structured and dynamic environment that evolves on timescales
as short as minutes. However, how is the surface defined for a self-gravitating ball of
plasma?

Main sequence stars have a hot and dense core where energy from the thermonuclear
fusion reactions is primarily released in the form of gamma photons, a small fraction
escapes as neutrino flux. Depending on the mass of the star, the fusion reactions may
proceed via the p � p chain (M? ~ M�) or the CNO-cycle (M? > 1:5M�) with di�erent
consequences for the interior structure of the star. In the former case, due to the lack
of a steep enough temperature gradient, the core is enclosed by a radiative zone that
may extend to a significant fraction of the stellar radius (R). The transport of energy
in this zone is chiefly achieved through the gradual di�usion of photons. In the Sun,
for example, estimates of the radiative di�usion timescale vary from several thousand
years to a million years. Beyond the radiative zone, main sequence solar-like stars have
convective envelopes. In these layers, the gas is mechanically unstable to perturbations
in radial displacements - pockets of hot plasma that are displaced upwards (direction of
increasing radius) become buoyant, quickly developing into bulk motions that transport
the energy e�ciently to larger radii. This instability is mathematically expressed by the
Schwarzschild criterion: �����rlnT

rlnP

�����
?

>

�����rlnT
rlnP

�����
ad

=

 

 � 1



!
(1.1)

where P is the gas pressure, T is the gas temperature, and 
 is the adiabatic index. There-
fore, the bulk of convection zones in solar-like stars are characterized by the presence
of numerous turbulent convection cells. The dominant photon scattering (or absorption)
processes that contribute to the opacity of the gas are bound-free absorption (ionization),
free-free absorption (thermal Bremsstrahlung), and Thomson-scattering by free electrons.
Although it is di�cult to estimate the opacity of the solar interior due to the lack of direct
observations, the Kramer’s opacity law is thought to be a valid approximation at interme-
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1 Introduction

Figure 1.1: Hertzprung-Russell diagram, showing the main sequence and other asymp-
totic branches. The Sun (G2V), indicated by the blue arrow, has an estimated life-span of
13 billion years.
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1 Introduction

Figure 1.2: Plot of the logarithm of temperature vs height. The di�erent idealized layers
of the solar atmosphere and their rough boundaries are indicated with respect to the zero-
reference height.

diate temperatures:

�̄ / � T�7=2

where � is the opacity, � and T are the density and temperature of the gas, respectively.
Thus, due to very high densities in the stellar interior, the opacity of the gas in the con-
vection zone is su�ciently high to trap the radiation within. However, as the density
continues decreasing with radius, the opacity of the plasma is abruptly reduced by several
orders of magnitude over a relatively shallow layer, allowing radiation from the turbu-
lent gas to escape into outer space. These last scattering layers become visible to us in
images as the stellar surface. Thus, the surface isn’t an infinitesimally thin shell, but a re-
gion that may be several hundred kilometres thick. On the other hand, the surface is also
a strong function of the wavelength (�) of observations. At specific wavelengths, tran-
sitions between di�erent states of excitation of atomic elements may enhance the total
opacity of the gas, translating the surface from which photons escape upwards by several
hundred kilometers. Depending on the wavelength then, a star is typically associated with
multiple surfaces that are geometrically separated in height. By using multi-wavelength
observations, these layers in the stellar atmosphere can, in general, be mapped. In the
solar case, such observations led to the discovery of the di�erent parts of the solar atmo-
sphere (Fig. 1.2). In order of decreasing radius, these are the solar corona, the transition
region, the solar chromosphere, and the solar photosphere, which in an idealized model
of the solar atmosphere form shells above the solar surface.
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1 Introduction

Figure 1.3: Plots of the observed properties of the photosphere. a.) Full-disk image of
the solar photosphere shown in white light, courtesy NASA b.) Magnified image of the
photosphere obtained at DKIST c.) Full-disk Doppler, courtesy MDI. d.) Photospheric
spectrum showing hundreds of spectal lines

1.1 Solar photosphere

The solar photosphere is the deepest visible layer of the solar atmosphere. It is usually
identified in white-light images or in those taken at continuum wavelengths in the visible
region of the electromagnetic spectrum. The photosphere marks the upper boundary of
the convection zone, and is conventionally defined as the surface of unit optical depth (�)
at � = 5000Å:

�5000Å =

Z R�

1

�5000Å dR = 1 (1.2)
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1.1 Solar photosphere

The photosphere has a long history of observations. It was found in 1610 to feature dark
spots that emerged and co-rotated with the Sun at heliographic latitudes near the equator.
Throughout the 1800s, the shapes of these spots as well as their trajectories across the
solar disk were frequently recorded through drawings or with the help of photographic
plates. Moreover, lines in the photospheric spectrum were independently discovered by
Wollaston and Fraunhofer, the latter of whom subsequently developed a catalogue of
� 600 absorption lines - the Fraunhofer lines. The presence of these distinctive photo-
spheric features quickly attracted the interest of several other astronomers. Later in the
19th century, Schwabe, over a period of 43 years of meticulous observations, noted that the
spots on the photosphere followed a cyclic variation with a period of roughly ten years,
marking the beginning of modern research on the solar cycle. By the beginning of the
twentieth century, the association of these spots (sunspots) with strong magnetic �elds
had been established by Hale, who detected the Zeeman splitting of spectral lines using a
spectroheliograph. Thus, the photosphere became an important target of scienti�c inquiry,
prompting countless ground-based and space-based observing campaigns throughout the
twentieth century. Through those campaigns, our understanding of the physics of the solar
photosphere has dramatically improved.

The photosphere is the dominant source of solar irradiance in the visible region of
the electromagnetic spectrum. Its spectrum approximates that of a blackbody with a peak
wavelength of 500nmand an e� ective temperature of 5770K. Near the surface, the con-
tinuum opacity decreases with a scale height of� 100km, and the convection cells from
the interior become visible as a pattern of bright (granules) and dark (inter-granular lanes)
structures. Within the granules, pockets of hot gas rise up to the surface and overshoot into
the upper atmospheric layers. Due to the lower opacity of the gas, these pockets radiate
away a fraction of their internal energy (appearing bright), cooling down and becoming
dense in the process. Thus, the inter-granular lanes act as conduits for the mechanical
transport of the low-entropy gas back into the solar interior (1.3). The turbulent nature of
these bulk �uid motions is re�ected in the rapid morphological evolution of solar gran-
ulation, as well as their characteristic velocities (vrms � 2 km=s). Although, the solar
granulation pattern is one of the most easily identi�able features in photospheric images,
full-disk Dopplergrams reveal the presence of acoustic waves (for example, the p-mode
oscillations) as well as the existence of larger structures of convective origin - the meso-
granules (� 10000kmin diameter) and supergranules (� 30000km). These structures are
associated with characteristic velocities of 250m=s, and typically last for several days.
Their origin, however, remains unclear due to the lack of direct observations of the solar
interior, and is a topic of ongoing research. For a comprehensive review on supergranula-
tion, see Rieutord and Rincon (2010).

On the other hand, analyses of the polarization of photospheric radiation in spectral
lines reveal a near ubiquitous presence of magnetic �elds that occupy a hierarchy of spa-
tial scales. The largest magnetic structures occur in the form of bipolar active regions
(Sect. 1.3) - extensive distributions of magnetic �ux that emerge at the mid-latitudes dur-
ing the beginning of the solar cycle. The magnetic �elds in active regions may either
be monolithic (pores and sunspots), �lamentary (faculae), or both. As the solar cycle
progresses, supergranular di� usion and meridional �ow, in combination with the Joy's
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1 Introduction

law, lead to a preferential, poleward transport of the trailing polarity �ux over a period
of 11-years, becoming the seed �elds of the next solar cycle (Mackay and Yeates 2012).
However, our understanding of the origin(s) of their magnetic �elds and why they emerge
onto the solar surface at all is incomplete. Further, active regions are often sites of vi-
olent bursts of magnetic energy released in the form of solar �ares. While these �ares
have been studied at extreme-ultraviolet (EUV) wavelengths, what triggers them and how
they release their energy is still unclear. On smaller spatial scales, the magnetic �ux is
distributed into the network and inter-network magnetic �elds. The lateral dimensions
of these structures is on the order of a few hundred kilometers, and their �ux densities
are small compared to active regions. Thus, unlike active regions, these �elds are much
more susceptible to the eviscerating �ows of the turbulent convection and consequently
have very short lifetimes. Nonetheless, they constitute an important component of solar
magnetism as studies have shown that they account for the dominant fraction of the total
unsigned magnetic �ux. Moreover, the �ux in the form of these small-scale magnetic
structures is observed to be independent of the phase of the solar cycle, suggesting that
the origin(s) of their magnetic �elds may be linked to local turbulence-driven dynamo
mechanisms. For a comprehensive review on the magnetic �elds found outside active
regions, see Bellot Rubio and Orozco Suárez (2019).

This thesis focuses on the thermodynamic and magnetic properties of solar faculae.
The following sections aim to provide an account of the observational history of faculae,
as well as an overview of our understanding of their thermodynamic, and magnetic prop-
erties. In solar physics, the terms 'plage' and 'faculae' are now understood to refer to the
same constituent magnetic elements. However, in order to stay consistent with conven-
tional nomenclatures, these terms are used in the thesis to refer to the magnetic elements
as observed at the chromospheric, and photospheric layers, respectively.

1.2 Solar faculae

1.2.1 Facular magnetic �elds

The association between solar plages and magnetic �elds can be traced back to the in-
vention of the photoelectric magnetograph (Thiessen 1952, Kiepenheuer 1953, Babcock
1953), which measures the splitting in wavelength of the two� components of spec-
tral lines in the presence of a longitudinal magnetic �eld (longitudinal Zeeman e� ect),
yielding an estimate of the �eld strength after suitable calibration. A comprehensive de-
scription of such magnetographs and their associated calibration methods can be found
in Beckers (1968). In the years that followed, owing to their high sensitivity, magne-
tographs became widely used in detecting solar magnetic �elds. For example, Babcock
and Babcock (1955), over a period of two years, (1952� 1954) compiled more than 450
magnetograms in the Fe I 5250Å photospheric spectral line obtained at the Mount Wilson
observatory. In their observations, they discovered a weak 'general �eld' at high heli-
ographic latitudes in either hemisphere with a slit-averaged deduced longitudinal �eld
strength of 1 Gauss. In the lower latitudes, however, stronger �elds were observed to
be co-spatial with the bright structures (solar plages) in Ca-II and H� spectroheliograms.
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1.2 Solar faculae

Howard (1959) and Leighton (1959) later made similar comparisons using magnetograms
in the Fe I 5250Å and Ca I 6103Å lines, respectively, but with much higher angular res-
olution. They too arrived at the conclusion that the observed brightness distributions in
chromospheric spectroheliograms were fundamentally related to magnetic �elds. Thus,
plages soon came to be understood as �lamentary distributions of magnetic �ux with pos-
sible �ne structure (see Severny 1964, for a review). However, the e� ects of a number of
factors such as the spatial resolution, atmospheric seeing, and systematic changes to the
line pro�les on the deduced �eld strengths remained unknown or unclear.

The �rst investigation into the e� ects of spatial resolution was made by Sten�o (1966)
at the Crimean observatory. He obtained magnetograms in the Fe I 5250Å line of several
60” � 60” regions near the solar poles, with spectrograph slits of four di� erent sizes
(2” � 27”, 2” � 9”, 3” � 4:5”, and 3” � 2:3”). In his study, he found the slit-averaged
magnetic �ux to be larger for smaller slits, and vice-versa. If the magnetic regions contain
unresolved �elds of mixed polarity, this trend, he argued, would follow due to the partial
cancellation of the net Stokes V signal over the slit. Further, Sten�o (1966) also showed
that such partial cancellation e� ects are made worse by the combination of image motions
due to atmospheric seeing, and the integration of the signal over the time-constant of the
magnetograph. Thus, the true longitudinal �eld strengths of magnetic regions were likely
to be underestimated when observed with low angular resolution.

In parallel, in the late 1960s, numerous Fraunhofer lines were observed to weaken in
relatively strong non-sunspot magnetic �elds (Sheeley 1966, 1967, Howard 1967, Chap-
man and Sheeley 1968). Although this was initially attributed to the Zeeman-splitting of
the line, Chapman and Sheeley (1968) argued that it was not the dominant factor due to
the following reasons. Firstly, irrespective of the magnetic sensitivity of their observed
spectral lines, the Zeeman-splitting due to an assumed �eld strength of 500 gauss (which
was considered strong) was found to produce insu� cient weakening when compared to
the observations. Secondly, the observed weakening was found to be inversely correlated
with the ionization potential of the atomic species - lines corresponding to singly ionized
species were marginally a� ected compared to neutral atoms. Thus, based on calculations
of the number density of the atomic species from the Saha-Boltzmann equation, Chap-
man and Sheeley (1968) concluded that the weakening must also be driven by the local
temperature. The implications of this to the measurement of magnetic �elds were further
discussed by Harvey and Livingston (1969), who obtained simultaneous magnetograms
in several pairs of spectral lines at a time. In their analysis, they noted that the deduced
�eld strengths were similar only when the line-pair weakened identically, and di� erent
otherwise. Thus, correction factors between 2� 5 were suggested to the �eld strengths
estimated using particularly temperature sensitive lines like the Fe I 5250Å.

On account of these systematic errors, the deduced �eld strengths of small-scale mag-
netic elements were reported with considerable scatter. Thus, Sheeley (1966) found lon-
gitudinal �eld strengths varying from 200� 700 gauss, while Sheeley (1967) reported
absolute �eld strengths of 350� 50 gauss, by measuring the center-of-gravity shifts of
the � components in the magnetically sensitive Fe I 5250Å line. These reports of rel-
atively strong non-sunspot magnetic �elds were con�rmed in subsequent investigations
by Beckers and Schröter (1968), Grigorjev (1969), and Harvey et al. (1972), the last of
whom used the theory developed by Unno (1956) to produce �ts to the observed Stokes
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V pro�les (among the �rst precursors to spectropolarimetric inversions).

An important method that allowed the detection of unresolved strong �elds was pro-
posed by Sten�o (1973), using the technique of line-ratios. In their method, a pair of
spectral lines with di� erent sensitivities to the magnetic �eld, but which otherwise form
at approximately the same atmospheric layers are selected. For example, the Fe I 5250Å
and the Fe I 5247Å lines satisfy this requirement - they belong to the same multiplet,
have similar line strengths, but di� erent Landé factors (ge� ). Thus, in an observed region
with weak magnetic �elds, the ratio of their Stokes V amplitudes (normalized to Stokes
I) is proportional to the ratio of theirge� . However, if the magnetic �elds are strong,
the line with the largerge� becomes Zeeman-saturated (i.e. its Stokes V amplitude stops
growing with �eld strength) and the ratios would deviate appreciably from their nominal
values. By measuring these deviations, an estimate of the peak magnetic �eld strength in
the resolution element can be derived. Sten�o (1973), using the line-pair described above,
applied the technique to observations of the photospheric network in a quiet Sun region
and deduced �elds as strong as 2000� 2400 gauss. The existence of such strong kilo-
gauss �elds were subsequenty con�rmed in several independent studies. Harvey and Hall
(1975) used the Fe I 15648Å (ge� = 3:0) infrared line to obtain strengths of 1500� 2000
gauss. Wiehr (1978) extended the line-ratio method to three relatively temperature insen-
sitive lines - Fe I 6302Å, 6336Å, and 6408Å - and obtained strengths of 1200� 1700
gauss. They found higher values of 1500� 2200 gauss using another method with three
exit slits in the Fe I 6173Å line. Further studies by Tarbell and Title (1977), Koutchmy
and Stellmacher (1978), and Solanki and Sten�o (1984) con�rmed an emerging picture
that magnetic �elds in the solar atmosphere do not form a continuous distribution in �eld
strength, but are rather strongly concentrated. However, inferences of the geometry of
these magnetic �elds became possible only after the development of better instruments
and more sophisticated analysis techniques.

In the late 1970s, the Fourier Transform Spectrometer (FTS, Brault (1978) at the Kitt
Peak McMath-Pierce solar telescope was equipped with a polarimeter (see e.g. Baur et al.
1980, 1981) that could simultaneously record both the total intensity (Stokes I) and the
circular polarization (Stokes V) component. Although the spatial resolution of the FTS
spectra was typically poor, the very high spectral resolution, signal-to-noise ratio (SNR),
and the large wavelength coverage made statistical studies of numerous strong and weak
spectral lines possible. Thus, Sten�o et al. (1984) obtained FTS spectra covering a wave-
length range of� 1000Å that included several well known chromospheric (Na I D1 5895Å
and D2 5889Å, H� 4861Å) and photospheric (Fe I 5250Å, Fe I 5247Å) spectral lines.
Their observational targets included plages and network magnetic �elds at the disk cen-
ter. In the Stokes V spectra, they found systematic asymmetries between the blue and red
lobes in several unblended lines, while their zero-crossing wavelengths were close to the
nominal line-center on average. This led them to conclude that the magnetic elements in
plages may harbour strong gradients in line-of-sight velocities (vlos), in sharp contrast to
the prevailing theoretical models that assumed hydro-staticity. Sten�o et al. (1984) ad-
ditionally used their observations to test the validity of the weak-�eld approximation, as
well as identify lines where the LS-coupling approximation failed.

A similar, but complementary study was undertaken by Solanki and Sten�o (1984)
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using observations covering 400 Fe I spectral lines from the same instrument. How-
ever, in addition to quantifying the amplitude and area asymmetry of the Stokes V lobes,
Solanki and Sten�o (1984) also numerically synthesized spectra of hypothetical Fe I lines
with di� erent atomic parameters, corresponding to a set of magneto-hydrostatic model
atmospheres. By comparing the line-depths and the broadening of the observed lines
with synthetic lines, they too veri�ed that magneto-hydrostaticity may be an insu� cient
approximation of the atmospheres in magnetic structures. Although such studies high-
lighted the existence of complex sub-structures in magnetic elements, they were unable
to circumvent the degeneracy with which the temperature, magnetic �eld, line-of-sight
velocity, and turbulent velocities a� ected the shapes of spectral lines. Consequently, the
development of a more formal technique - spectropolarimetric inversions - quickly gained
importance (see Chapter 4).

Auer et al. (1977) were among the �rst to develop a numerical code that retrieved
the atmospheric parameters using a least-squared (� 2) minimization method, with the
assumption that the atmospheric parameters varied linearly with optical depth (Milne-
Eddington approximation). A similar inversion code was implemented by Keller et al.
(1990) to retrieve the temperature and magnetic �eld of the plages in the same observa-
tions collected by Sten�o et al. (1984). In agreement with the facular models, they found
the magnetic �eld strengths to decrease with geometrical height - from 2000 Gauss at
log(� ) = 0:0 to 500 Gauss atlog(� ) = � 3:0. Although earlier magnetograms of di� erent
spectral lines had already established this property (since di� erent lines form at di� erent
layers), their study was among the �rst to con�rm the result using the method of inver-
sions.

In the following years, telescopes were equipped with better polarimeters that could
simultaneously record the full Stokes spectra, making spectropolarimetric inversions the
diagnostic method of choice. Although inversion codes still used the Milne-Eddington
approximation due to computational limitations, it became possible to retrieve the com-
plete vector magnetic �eld. Thus, Martínez Pillet et al. (1997) used the Advanced Stokes
Polarimeter (ASP) at the Vacuum Tower Telescope (VTT) to observer a number of active
regions at various heliocentric angles. Their data was obtained with a spatial resolution
of 1”, covering the well-known Fe I 6301Å (ge� = 1:5) and Fe I 6302Å (ge� = 2:5)
spectral lines. For the inversions, they used the Milne-Eddington inversion code devel-
oped by Skumanich and Lites (1987). Further, the spectra emerging from any given pixel
within the FOV were assumed to be an admixture of two independent atmospheres - a
magnetic component parametrized by� , and a non-magnetic component parametrized by
1 � � . The �lling factor � represented the fraction of a possibly unresolved pixel that was
magnetized, and was another free parameter to be constrained by the inversion code. The
use of such �lling factors was considered necessary to circumvent the issue of unresolved
�elds, especially in foreshortened faculae appearing close to the limb. In the maps of
the atmospheric parameters retrieved by their inversion code, Martínez Pillet et al. (1997)
observed that the magnetic �elds in faculae, both near and away from the disk center,
were almost vertical with respect to the local solar surface. The most probable value
of the distribution of their deduced inclination was found to be 10� , with a Full-Width
Half Maxima (FWHM) of roughly 20� . This was consistent with theoretical models (see
Chapter 1.2) and the results of other independent observational studies, for example, by

17



1 Introduction

Bernasconi et al. (1994). For the azimuth of these magnetic �elds, no preferred direction
was observed. However, given that their inversion code was Milne-Eddington based, the
variations of the magnetic �elds with height were instead investigated by studying them
as a function of the heliocentric angle (� ). At disk center, the most probable value (mode)
of the distribution of �eld strengths was found to be 1:4 kilo-Gauss with an FWHM of
300 Gauss. While the stronger �elds (> 1 kilo-Gauss) were nearly vertical, the weak �eld
regions (< 500 Gauss) were equally likely to be horizontal. On the other hand, the mode
of the distribution of �eld strengths was found to decrease for plages located close to the
limb. Combined with prior theoretical and observational studies, these results formed the
basis of what is still held to be generally true regarding the nature of small-scale magnetic
elements:

� They occur mostly in the strong-�eld form, contributing to more than 90% of the
total unsigned �ux through the photosphere (Frazier and Sten�o 1972).

� Their magnetic �elds rapidly expand with height above the photosphere, some of
which even reach coronal heights (Simon and Noyes 1971).

� They have a substructure that is unresolved with a spatial resolution of 1” (Mehltret-
ter 1974).

� The smallest magnetic structures are ephemeral, often having lifetimes comparable
to the granulation timescales (Dunn and Zirker 1973).

� The magnetic �elds are typically normal to the surface at the photosphere (Martínez
Pillet et al. 1997). Determining the variation of their inclination with height, how-
ever, required further observations with better quality data, and more sophisticated
analysis methods.

Further advances in our understanding of their geometrical structure were driven by im-
provements in the spatial resolution of observations, instrumentation and observational
techniques, as well as computational capabilities.Numerical codes were developed to re-
trieve the atmospheric parameters as a function oflog(� ) (full strati�cation) at select op-
tical depths (see Chapter 4). Consequently, better �ts were produced for the asymmetries
in the observed spectra in Stokes I and Stokes V, boosting con�dence in the constraints
set by such codes to the inverted physical parameters. Thus, Buehler et al. (2015) used
the SPINOR-LTE code (Frutiger et al. 2000a) to invert spectropolarimetric observations
of active region plages taken with the Hinode SOT/SP (Tsuneta et al. 2008, Suematsu
et al. 2008, Ichimoto et al. 2008, Shimizu et al. 2008). Unlike earlier studies, the retrieval
of independent atmospheric maps atlog(� 5000) = 0:0; � 1:0; � 2:3 allowed them to directly
seethe expansion of the magnetic �eld without recourse to theory. By applying a thresh-
old to the maps of the magnetic �eld strengths at all optical depths, Buehler et al. (2015)
found good agreement between the observed expansion of the �eld in select magnetic el-
ements and the semi-empirical thin �uxtube models constructed earlier (see Sec. 2.2.2).
Moreover, in the center of magnetic elements, they found the magnetic �elds to be nearly
vertical and the strongest (> 1:5 kilo-Gauss atlog(� 5000) = 0:0) at all optical depth nodes.
In the fringes of the magnetic elements, however, the weaker expanding �elds were often
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1.2 Solar faculae

found to be co-spatial with strong down�ows at the lower nodes. These fringe regions
were veri�ed to be the source of the amplitude and area asymmetries of the Stokes V
lobes, since the line-of-sight intersects the interior of the �uxtubes at the upper nodes and
the �eld-free exterior of the �uxtubes at the lower node, con�rming earlier �ndings by
Grossmann-Doerth et al. (1988) and Solanki (1989). On the other hand, the inhibition of
convection by the strong magnetic �elds of the plage (see for e.g. Narayan and Scharmer
2010) was also con�rmed in the line-of-sight velocity maps atlog(� 5000 = 0:0, where re-
gions with the strongest �elds - such as in the core of the magnetic elements - tended to
have plasma line-of-sight velocities that were close to zero.

1.2.2 Facular models and radiation

In the previous section, some of the important observational studies on the magnetic na-
ture of solar faculae were introduced, along with a brief discussion on the analysis tech-
niques. The focus of this section, however, is to provide an overview on the two broad
categories of facular models - semi-empirical models that were constructed with the aid
of observations, and purely theoretical models that were validated by numerical simula-
tion. The section also introduces the radiative characteristics of faculae, both from an
observational and theoretical perspective.

1.2.2.1 Semi-empirical models

In the early semi-empirical models, faculae were conceived as vertical columns of mag-
netic �eld embedded in a �eld-free photosphere. The atmospheres in both the faculae and
the photosphere were considered to be plane-parallel, and the gas was thought to exist in
hydrostatic equilibrium (Fig. 1.4). One of the key methods of constructing facular models
was to use the center-to-limb variation (CLV) of the intensity contrasts of faculae at con-
tinuum wavelengths, as well as in the cores of spectral lines. For example, Chapman and
Sheeley (1968) used the broadband observations of Rogerson (1961) to calculate the con-
trasts of observed faculae as a function of their heliocentric angle (� ). This CLV, and by
extension the facular limb-darkening, were inverted to obtain a preliminary strati�cation
for the temperature (T(� � )) from which the strati�cation of the gas pressure, the electron
pressure, and the opacity were iteratively computed by integrating the equation of hydro-
static equilibrium. For the initial strati�cation of these quantities, the reference Bilderberg
Continuum Atmosphere (BCA, Gingerich and de Jager (1968)) was chosen. Finally, since
they considered a facular atmosphere of a �nite lateral size, Chapman (1970) additionally
modi�ed the strati�cation of the temperature through trial and error to ensure that the ob-
served facular contrasts at the limb (� < 0:2) matched the numerically synthesized values.
Thus, they arrived at an atmosphere that was cooler than the quiet Sun in the photosphere
by approximately 300K. The temperature was then found to equal the quiet Sun at at
log(� ) = � 0:8 before exceeding it by approximately 900K at log(� ) = � 1:0.

However, the e� ects of scattered light and low spatial resolution contributed to a large
scatter in the observed CLVs (see e.g. Schmahl 1967, Chapman 1970, Frazier 1971),
causing the constructed facular models to become incompatible with observations of the
line-pro�les i.e. the temperature excess in faculae indicated by the weakening in the cores
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Figure 1.4: Sketch of the facular model of Chapman (1970). The facular contrasts were
computed as a function of� by calculating the emergent intensity of a ray passing through
the multiple (facular and photospheric) atmospheres.

of Fraunhofer lines was much less than that computed from the CLV studies (Stellmacher
and Wiehr 1971, 1973, Caccin et al. 1974). In order to bring the two studies into parity,
Chapman (1977) studied the e� ects of scattered light and strong magnetic �elds on the
line-pro�les. In his analysis, he considered the observed spectra in their resolution ele-
ment to be a mixture of spectra from the faculae as well as the surrounding photosphere:

Iobs = � Iph + (1 � � )I f (1.3)

whereIobs is the photospheric spectrum,I f is the facular spectrum, and� parametrizes
the fraction of scattered light from the photosphere in the resolution element. Thus, a set
of spectra were generated for existing models of the faculae (with prescribed strati�cation
of the temperature) with both� andB, the magnetic �eld in the faculae, tuned such that
the central intensity of the synthetic facular spectra matched that of the observed spectra
of eight independent spectral lines simultaneously. The atomic parameters of the chosen
spectral lines were each independently calibrated using the reference HSRA atmosphere
(Gingerich et al. 1971) and the observed line-pro�les of the quiet Sun, assuming local
thermodynamic equilibrium (LTE). With the chosen setup, they found that a large fraction
of the observed spectra was likely contaminated by scattered light from the quiet Sun (� �
0:6). Correcting the apparent deduced longitudinal �elds for this scattered light yielded
actual �eld strengths of upto 2:4 kilo-Gauss, similar to the independent estimations of
Sten�o (1973).

Further re�nements to the semi-empirical facular models were proposed by Chapman
(1979) (Fig. 1.5), who included a strati�cation of the magnetic �eld in the same method
followed by him earlier (Chapman 1977). While the pressure due to the magnetic �eld
was added to the internal gas pressure in the equation describing horizontal pressure equi-
librium, he neglected the curvature forces, arguing that signi�cant errors are introduced
only at the upper layers of the atmosphere:

20
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Figure 1.5: Sketch of the updated facular model of Chapman (1979). The dotted line
represents thelog(� ) = 0:0 layer, which is now depressed within the faculae, and the
magnetic �eld strength varies with height (z).

Pe(z) = Pi(z) + B2(z)=2� 0 (1.4)

wherePe, pi are the external and internal gas pressure, respectively, andB is the magnetic
�eld in the faculae. In order to maintain pressure equilibrium at equal geometric heights,
the facular model was shifted downwards such thatPi < Pe at each depth (z). The above
equation was then inverted to retrieve both the magnetic �eld as a function of the depth, as
well as the radius (R(z)) assuming a cylindrical �eld region with a �ux of (� = 4:4 � 1017,
Mehltretter (1974)). However, an important limitation of the semi-empirical models de-
scribed above were that they exclusively relied on measurements of the total intensity, but
not the polarization intensities (Stokes Q, U, V). Thus, fewer observational constraints
were available, preventing an adequate resolution of the intrinsic degeneracy between dif-
ferent physical factors (�lling factor, �eld strengths) that could produce, in principle, the
same Stokes I spectra. Subsequent improvements to semi-empirical models of �uxtubes
based on the Stokes pro�les were later pioneered by Sten�o (1975) and Solanki (1986),
the latter of whom used FTS spectra with several hundred spectral lines.

While the CLVs of facular contrasts continued to be investigated (see for e.g. Foukal
et al. 1981, Chapman and Klabunde 1982), other authors attempted to characterize the
line-of-sight velocities in magnetic elements. However, a number of contradictory results
were often obtained and the existence of systematic �ows in facular elements remained
unclear. Giovanelli and Slaughter (1978) computed the zero-crossing wavelengths of
the Stokes V spectra in isolated magnetic elements and plages from observations made
with photospheric (Fe I 8688Å, C I 9111Å) and chromospheric (Mg I 5183Å) spectral
lines, respectively. While they found no meanvlos in the chromospheric layer, redshifts
of up to 1:6 km s� 1 were reported at the photosphere. Using the height range spanned
by the formation layers of these lines, they reasoned that for a down�ow to persist for
the observed lifetimes of� 2 h, matter near the temperature minimum region would have
to be continuously fed into the magnetic structures from the non-magnetic surroundings.
Similarly, stronger redshifts of up to 2km s� 1, detected with the Ca+ spectral line using
the same method, were hypothesized to be evidence of the convective collapse mechanism
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(Spruit 1979) by Wiehr (1985).
Contradictory results were produced by investigations of systematic down�ows made

with FTS spectra. For example, Solanki (1986) used two methods to determine the ex-
istence of �ows in magnetic elements - the zero-crossing wavelengths of the Stokes V
pro�les, as well as the broadening of the Stokes I pro�les. Since with the FTS, the spectra
are integrated in time, the former method is mainly sensitive to persistent uni-directional
line-of-sight velocities spanning multiple layers of the magnetic structures. The latter
method, however, is more sensitive to gradients in line-of-sight velocities (which broaden
the spectral lines), as well as oscillations. In his study, Solanki (1986) found an upper limit
of 250m=s for global �ows in either direction along the line-of-sight in both plages and
network elements, an indication that siphon �ows, such as those proposed by Giovanelli
and Slaughter (1978), may not exist for long periods of time in magnetic elements. How-
ever, his study did not preclude the existence of mass motions on shorter time-scales like
propagating waves and the �ve minute oscillations, as he reported that it was necessary
to include a microturbulent and/or a macroturbulent velocity in order to reproduce the
observed broadening of spectral lines.

Further, to study the disparity between the results of Solanki (1986) and Giovanelli and
Brown (1977), Giovanelli and Slaughter (1978), Wiehr (1985), Solanki and Sten�o (1986)
simulated the e� ects of a �nite entrance slit and grating resolution on the Stokes V spec-
tra. With decreasing resolution, they found that the spectral smearing of an intrinsically
asymmetric Stokes V pro�le introduced spurious shifts in its zero-crossing wavelengths
- the worse the spectral resolution, the larger the redshift. The e� ect was veri�ed again
for the line-center-magnetogram technique of Giovanelli and Ramsay (1971) on which
the study of Giovanelli and Slaughter (1978) relied. Similarly, the study was repeated for
the chromospheric Mg Ib1 line of Giovanelli and Slaughter (1978). Again, the �nite slit
width was found to produce �ctitious shifts in the doppler velocity exceeding the mean
vlos reported by them. Thus, they argued that on account of these instrumental factors that
were unknown in earlier studies, the results of the earlier studies are compatible with the
limit of mean 250m=s reported by Solanki (1986).

1.2.3 Theoretical models

In the photosphere, a fraction of the gas exists as ionized plasma - including several
species of ions and free electrons. Due to the high density, however, the collision rate
between the di� erent ions and neutral atoms is high enough so that the theory of single-
�uid ideal magneto-hydrodynamics (MHD) holds. For an isolated strand of weak mag-
netic �eld that is introduced into the turbulent gas, the coupling of the �eld with the ions
(Lorentz force back-reaction) causes the bulk motions of the �uid to drag the �eld lines
with them - Alfvén's frozen �ux scenario (Alfvén 1942). The dragging of �eld lines is
especially e� ective in small-scale magnetic structures whose �eld strengths are too weak
to arrest the turbulent motion of convection. They consequently act as tracers of the lat-
eral motion of solar granulation, eventually accumulating in those regions where the �ow
�elds on the surface converge i.e. intergranular lanes, and boundaries of super-granules
on larger scales (see for e.g. Leighton et al. 1962, Parker 1963, Simon and Leighton 1964).
At these locations, the �eld lines are concentrated until horizontal pressure equilibrium
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with the surrounding photospheric gas is reached, leading to the formation of �ux concen-
trations whose �eld strengths are determined by the equipartition between the magnetic
energy density and the kinetic energy density of the gas.

In early analytical studies, the role of numerous physical processes were investigated
in understanding the observed �eld strengths. For example, a �eld strength of 500 Gauss
corresponds to a magnetic pressure of 104 dynes cm� 2, compared to a gas pressure of
NkT = 105 dynes cm� 2 at the photosphere i.e. either the external gas must con�ne the
magnetic �elds, or the �elds must exist in a force-free con�guration. The latter scenario
was excluded by Parker (1976a), who showed that a force-free con�guration of the �eld
produces insu� cient magnetic �ux through the magnetic elements, compared to observed
estimations. Thus, dynamical mechanisms such as turbulent pumping (Parker 1976b), and
the Bernoulli e� ect (Parker 1974) were suggested as the primary ways by which �elds in
�uxtubes are enhanced to several hundred Gauss. However, the discovery of kilo-Gauss
�elds that soon followed presented additional challenges that could not be addressed by
these mechanisms. The �rst attempt at resolving the conundrum was made by Parker
(1978), whose theory is as follows. Consider a slender magnetic �uxtube with a �eld
strength that is strong enough to inhibit convection within the �uxtube. That is, the lateral
heat transport coe� cient of convection is reduced by several orders of magnitude (104), so
that the gas is well insulated from the ambient gas of the surrounding �eld-free regions at
sub-surface layers. In such a case, a downward displacement of the gas within the �uxtube
leads to an adiabatic increase in its temperature, in contrast to a superadiabatic increase
that a similar displacement would produce in the �eld-free convecting region at the same
depth. Thus, if systematic downdrafts in the �uxtube exist, Parker (1978) argued that they
would cause a partial evacuation of the gas within the �uxtube at the photosphere, and
that the magnetic �elds there would intensify to compensate for the reduced gas pressure
in the �uxtube. The latter argument trivially follows from the assumption of pressure
equilibrium. Further, Parker (1978) also presented theoretical calculations to show that
the lateral heat transfer from the surrounding convecting regions is too ine� cient to heat
the descending gas in the downdrafts fast enough. Consequently, he concluded that this
superadiabatic e� ect is a likely mechanism for enhancing magnetic �elds from a few
hundred Gauss to kilo-Gauss values.

However, the theory above did not explicitly discuss the initial �eld strengths, or their
regimes, for which thesuperadiabatic e� ectwas purported to occur. This was addressed
by Spruit (1979) and Spruit and Zweibel (1979), who studied the stability of a slender
magnetic �uxtube (Defouw 1976, Roberts and Webb 1978) as a function of their initial
�eld strength using linear stability analysis. In their study, they found the important result
that adiabatic perturbations in the vertical displacement of the gas are unstable if the initial
�eld strength of the �uxtube is less than 1270 Gauss. The �uxtube is, thus,collapsedinto
a new equilibrium state with a higher �eld strength, smaller cross-section, and lower
energy. This convective collapse is now thought to be the primary mechanism that causes
kilo-Gauss �elds in magnetic elements.

The construction of the �uxtube model also proved indispensable in explaining the
excess brightness of limb faculae (Fig. 1.6). In his analytical study, Spruit (1976) con-
sidered the pressure and energy balance between the �uxtube and the photosphere. His
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Figure 1.6: Schematic of the hot-wall e� ect (Spruit 1976). Radiation from the walls of
the faculae propagates freely into the line-of-sight indicated by the cross-hair.

model is as follows: For an embedded �uxtube, pressure equilibrium at the photospheric
layer lowers the density within the tube at equal heights. Consequently, the opacity of the
gas is also reduced, causing a depression of the (log(� ) = 0 surface (Wilson depression).
For small �uxtubes (r < 300km), the reduction in this opacity allows radiation from the
walls of the neighbouring granules to propagate and heat up the interior. This heating is
particularly e� cient when the radius of the �uxtube approaches� 100km. Regardless,
for a tube that is viewed at an oblique angle, the line-of-sight eventually intersects the
wall of the limbward granule adjacent to the magnetic structure. If the degree of opacity
reduction is larger (a factor determined by the strength of the magnetic �eld), the bright-
ness of the limbward granule is also higher. This 'hot-wall e� ect' (Fig. 2.6) is currently
thought to be the reason for the brightness of limb-faculae.

Since the 1980s, the development of the theory of magnetohydrodynamics and ra-
diative transfer spawned numerous studies based on direct-numerical-simulations (DNS).
Such simulations came to be routinely used in investigating the relevant radiative and
MHD processes that imparted the observed characteristics to faculae and other small-
scale magnetic elements. Initially, due to computational limitations, 1D-MHD simula-
tions were used to study the variation of the �eld strength, velocity, and temperature as a
function of height in �uxtubes. Although such simulations were simplistic, they played an
important role in verifying the physical theories developed thus far. For example, the 1D-
MHD simulations by Sirajul Hasan (1984), and Hasan (1985) provided immediate con�r-
mation of the convective collapse mechanism. Beginning with an initial �eld of 400 Gauss
at the photosphere, they found that the instability quickly established a �nal mean �eld
strength of 1400 Gauss. However, in their simulations, the �nal solutions ofB(z), v(z), and
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T(z) exhibited oscillations in time with amplitudes as large as 400 Gauss, 1km s� 1, and
500 K, respectively. Subsequent investigations by Takeuchi (1993), however, attributed
the oscillations to the closed boundary conditions (no mass exchange) adopted by Sirajul
Hasan (1984). These studies were soon followed by more sophisticated 2D-MHD sim-
ulations using a slab-geometry. Thus, Deinzer et al. (1984), and Knoelker et al. (1988)
provided key veri�cation of the temperature, �eld strengths, and their strati�cation. Fur-
ther con�rmation of the observed properties were provided by Grossmann-Doerth et al.
(1998), who were able to reproduce the Stokes V amplitude asymmetries observed by
Sten�o et al. (1984) in spectra synthesized from their simulations. On the other hand,
Steiner et al. (1998) studied the interaction of the �uxtubes with the photospheric granula-
tion. They presented and discussed several dynamic, hitherto unknown, phenomena such
as shocks, persistent down�ows at the �uxtube-granule interface, considerable �ne-scale
structure in the magnetic element, and vigorous bu� eting of the �uxtube due to turbulent
convection. These characteristics have been veri�ed in the more sophisticated 3D-MHD
simulations by Vögler et al. 2005. Vögler and Schüssler (2003), Vögler et al. (2005a),
Keller et al. (2004), Carlsson et al. (2004), the latter of whom were also able to explain
the excess brightness of faculae observed at an oblique angle for the �rst time. However,
since simulations are typically performed with a grid-spacing that far exceeds the best
resolution available in observations, the �ne-scale structure and characteristics pertaining
to the dynamic nature of solar magnetic elements await con�rmation from observational
studies.
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For any distant astrophysical object, the only measurable quantity is its instantaneous
spectrum i.e. intensity as a function of wavelength. This is achieved using a spectrograph
and a detector, for example. If a polarimeter is used, the state of its polarization (Stokes
vector) can also be recorded. In the solar case, however, two additional degrees of freedom
are available:

I inst
� � I (x; y; � ) (2.1)

where (x; y) is the two-dimensional position on the solar disk,� is the wavelength, and
I inst denotes the instantaneous intensity. The equation above lists the independent vari-
ables that this intensity could theoretically be a function of. However, in practice, since
the detector is two-dimensional, either a spectrum or an image can be obtained at any
given time. Thus, in spectrographs, a slit is used to disperse the incident beam through
a prism or a di� raction grating. The dispersed spectra, therefore, represent the instanta-
neous intensities of a thin strip of the solar disk over a range of wavelengths. By scanning
the solar-disk in time, one can construct a �eld of view (FOV) from the individual slits,
with spectra recorded for each pixel in this FOV:

I � � I (x; �; y(t)); (2.2)

wherey(t) is assumed to be the direction perpendicular to the slit. Consequently, the spa-
tial distribution of intensities at a particular wavelength do not correspond to an instanta-
neousimage. On the other hand, �ltergraphs typically use a Fabry - Perot interferometer
tuned to a speci�c wavelength to capture images. The spectra are then constructed by
capturing successive images at a number of wavelengths:

I � � I (x; y; � (t)) (2.3)

and, therefore, the intensities as a function of wavelength at a given position on the solar
disk do not represent true spectra. In either case, a three-dimensional matrix of values
can be obtained to represent the distribution of intensities over a FOV as well as wave-
length, recorded over a given period. We use the termdata-cubeto refer to such a matrix.
However, before the recorded intensities can be used to infer the physical properties of
the solar atmosphere, the issue of image degradation, due to the Earth's atmosphere as
well as the optical instruments, must be addressed. In this chapter, an overview of the
theory behind image degradation in ground-based observations is provided, followed by
an introduction to the methods currently used in correcting them.
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2 Image restoration

Figure 2.1: Schematic of the corrugations introduced in a plane-parallel wavefront by the
refractive index �uctuations - atmospheric seeing.

2.1 Image degradation

Image degradation is simply the loss of quality of images. It can occur in various forms
(loss of spatial resolution, noise, distortions, etc.) with di� erent degrees of severity. While
a certain amount of degradation in the �nal data is unavoidable (for example di� raction), it
is generally bene�cial to characterize other kinds so as to gain access to data that represent
the distribution of intensities in the source faithfully (Eq 3.3).

2.1.1 The Earth's atmosphere

The Earth's atmosphere is far from a stably strati�ed medium. During the day, the heat-
ing of the crust by solar radiation is partly transferred to the atmosphere, establishing
convection currents that ascend from the ground. Thus, at any given position and time,
the density� (xxx), temperatureT(xxx) become stochastic variables, in turn causing �uctua-
tions in the refractive index of air. The stochastic nature of the thermodynamic parameters
may also be caused by other phenomena such as wind shears and jet-streams. Regardless,
in the context of image formation, the relevant fundamental property of the Earth's at-
mosphere is the refractive indexn(xxx; t), a three-dimensional time-varying function whose
�uctuations are non-deterministic. Thus, a plane-parallel wavefront ( (rrr) = 1) propa-
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2.2 Image restoration methods

gating through the Earth's atmosphere acquires a random phase� (rrr), as a function of the
two-dimensional position, before reaching the aperture of a telescope at a timet (Fig. 2.1).
To describe the corrugations of this wavefront statistically, the appropriate structure func-
tion (D� ) can be de�ned as follows:

D� (�; t) = hj� (rrr + ���; t) � � (rrr; t)j2i ; (2.4)

whereD� is a function of the displacement��� between two pointsrrr andrrr + ��� in the plane,
and the angular braces indicate spatial averaging over the aperture. The structure function
thus represents the phase-similarity between two neighbouring points on the wavefront in
a statistical sense, which can be shown to be related to the auto-correlation function.

The form of the structure function is determined by the model of turbulence. For the
speci�c case of the Earth's atmosphere, Kolmogorov's theory of turbulence (Kolmogorov
1941) is typically taken to be a good approximation for scales between 1cmand 100m,
andD� takes the following form (Roddier 2004):

D� (� ) = 6:88(�=r0)5=3 (2.5)

r0 = 0:423k2(cos
 )� 1

"Z
C2

N(h)dh
#� 3=5

; (2.6)

where� represents the spatial scale of �uctuations in the phase,k is the wave-number,

is the zenith angle, andr0 is the Fried parameter (Fried 1966) - a statistical quantity that
represents the maximum e� ective diameter of a telescope for which di� raction limited
images can still be obtained under the given seeing conditions. It is related to the structure
constantCN and increases with the wavelength of observations i.e. therelativee� ect of
atmospheric seeing is reduced in observations made at larger wavelengths. Typical values
of r0 vary from 5cm(poor seeing) to 20cm(good seeing).

Each wavefront is associated with a Point Spread Function (PSF), a function that de-
termines the spatial distribution of the intensity of a point source in the recorded image.
In the absence of seeing, the PSF of an optical system is exclusively determined by the
telescope and other optical elements downstream. In the presence of seeing, however, the
central peak of the airy disk is typically broken into a pattern of speckles that change on
the time-scales of seeing-�uctuations. Thus, images obtained without any correction to
the wavefronts become distorted and blurred, causing a (usually) severe loss of spatial
resolution and thereby signal. Additionally, if the observations include polarimetric data,
atmospheric seeing may also cause 'crosstalk' between the polarization signals (see e.g.
del Toro Iniesta 2003). Thus, to prevent (or reduce) the systematic degradation of ob-
servations due to atmospheric seeing, a suite of instrumental and numerical methods are
frequently used.
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Figure 2.2: Schematic of the working principle of adaptive optics (AO) systems.

2.2 Image restoration methods

2.2.1 Adaptive optics

In the pursuit of reducing (or avoiding) image degradation, a good starting point is to
reverse the random retardation in phase of the incident wavefronts (i.e. �atten them)
before the optical elements and instruments downstream. This is achieved through the
use of Adaptive Optics (AO) systems, which have become practically indispensable in
ground-based observations, especially in solar telescopes larger than 1m. A typical AO
system consists of the following components (Fig. 2.2):

� Beam Splitter - The incident beam from the observed source is split into two, si-
multaneously feeding the primary optical train (scienti�c elements) and a Wavefront
Sensor (WFS).
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2.2 Image restoration methods

� Wavefront Sensor (WFS)- The WFS is a device used for measuring aberrations
of an optical wave front. One common type is the Shack-Hartmann WFS, which
consists of an array of sub-apertures spatially distributed so as to sample di� erent
regions of the pupil plane. A sub-image corresponding to each sub-aperture is gen-
erated, and the local slope of the wavefront is encoded in the shift of the sub-image
with respect to a reference image.

� Deformable Mirror (DM) - The DM can be mechanically deformed to the desired
shape through the use of piezo-electric actuators connected to its faceplate. The
number of actuators used is usually equal to the number of sub-apertures of the
WFS.

� Processing unit- The processing unit computes the slope of the wavefront at each
sub-aperture from the image shifts, and converts them into appropriate voltages
before applying them to the respective actuators of the DM.

Thus, AO systems continuously measure the shape of the wavefronts and deform the mir-
ror so as to maximize the spatial coherence of the re�ected wavefront. If the control
loop is run signi�cantly faster (~2kHz) than the de-correlation time of a single wave-
front, the latency between the detection of the shape (in the WFS) and the application of
the voltages (to the DM) can be assumed to introduce only a small error in the applied
corrections. However, since the number of sub-apertures is �nite, aberrations in the in-
cident wavefronts corresponding to larger spatial scales (low-order) are corrected more
e� ciently than those corresponding to smaller spatial scales (high-order). The presence
of residual, i.e. uncorrected high-order aberrations may also be caused by the insensitivity
of the WFS to the second-order shape (curvature of the wavefront over each sub-aperture).
Thus, while AO systems dramatically improve the SNR and the spatial resolution of the
�nal images, residual aberrations may still prevent them from being di� raction limited,
requiring further restoration using computational methods. Additional causes of residual
aberrations include di� erential seeing in the Earth's atmosphere (multiple turbulent layers
geometrically separated by height). Di� erential seeing typically induces anisoplanatic ef-
fects in the wavefronts i.e. the statistical properties of wavefronts vary with angle, limiting
the area over which wavefront aberrations are corrected by the AO. For a comprehensive
review on the design and performance of AO systems, see the review by Rimmele and
Marino (2011).

2.2.2 Speckle reconstruction

Before the deployment of modern AO systems in telescopes, a method used to surpass the
resolution limit set by atmospheric seeing was the speckle interferometry holographic
technique, proposed by Labeyrie (1970). The technique relied on capturing multiple
short-exposure images of an apparent point source, the instantaneous intensity distribu-
tion (I inst

? ) of which can be described in the spatial and Fourier domains, respectively,
by:
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I inst
? (xxx) = I0(xxx) � p(xxx) (2.7)

Î inst
? (kkk) = Î0(kkk) � p̂(kkk); (2.8)

where I inst
? (xxx), I0(xxx), and p(xxx) denote the observed intensity distribution, the unknown

source intensity distribution, and the PSF of the optical system, respectively. In the pres-
ence of atmospheric seeing, sinceI inst

? (xxx) is broken into a pattern of speckles for a point
light-source, the estimation of the angular diameter of a star (or the detection of binary
stellar systems) directly from the observed images is di� cult. Thus, the photographic
�lms on which the intensities were recorded were used as an aperture to di� ract a coher-
ent light source such as a laser (holography). Recording the observed di� raction patterns
of the incident laser for each short-exposure image then yielded the power spectra of the
observed intensities of the respective frames:

jÎ0(kkk)j2 =
P

jÎ inst
? (kkk)j2

P
jp̂(kkk)j2

; (2.9)

where the power spectra of the source intensity distribution are retrieved from Eq 3.8.
However, since information about the phase of the Fourier transformed image is lost in the
holographic technique, the reconstruction of the source intensity distribution is only pos-
sible under the assumption thatI0(xxx) is centro-symmetric. Nonetheless, Labeyrie (1970)
used the method to show the presence of characteristic interference patterns in the optical
Fourier images of a simulated double-star system separated by an angular distance much
smaller than the seeing-limited spatial resolution. The validity of the method was subse-
quently veri�ed in observations of nine stars (including binary stellar systems) by Gezari
et al. (1972), who detected stellar angular diameters as small as 0:016”.

The issue of the unknown phase was subsequently addressed by Knox and Thompson
(1973), who used interference from an additional o� -axis reference coherent light source
to retrieve the phase information. With both the power spectra and the phase of the source
so determined, the construction of the intensity distribution of the source in the spatial
domain became possible. Thus, von der Luehe (1985), von der Luhe (1987), von der
Luhe and Dunn (1987), and Keller and von der Luehe (1992a) extended the method to
solar observations. The latter, for example, used two cameras in two channels with di� er-
ent �lters (one broad-band and one narrow-band) to simultaneously record the intensity
distribution of the solar scene (speckle imaging). The broad-band images were used to
derive the instantaneous Optical Transfer Function (OTF) corresponding to each frame,
following which the source intensity distributions in the narrow-band were retrieved.

2.2.3 Multi-Object Multi-Frame Blind Deconvolution

One of the limitations of the speckle reconstruction methods is the assumption that the
properties of atmospheric turbulence are statistically well described, an assumption that
does not apply well to wavefronts that have been partially corrected in the lower orders
by an AO system, or for bursts of data that are too short to obtain the statistics accurately
(especially for apertures larger than one meter). In the Multi-Frame Blind Deconvolution

32
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(MFBD) method developed by Paxman et al. (1992), Paxman et al. (1996), and later
van Noort et al. (2005), this limitation is circumvented as the method makes no prior
assumptions about the behaviour of the atmospheric seeing, except that they �uctuate on
time-scales typically much shorter than the time-scales of evolution of the observed solar
features. The theory of this method is brie�y described below.

In the MFBD method, multiple images (frames) of the object are captured in succes-
sion through a variety of di� erent independent channels (�lter or polarization states). The
image formation model described in Eq. 3.7 and Eq. 3.8 are assumed to be valid after
the addition of an additive (Gaussian) noise term. Additional channels that improve the
restoration such as Phase-Diversity (Löfdahl and Scharmer 1994a) may also be used to
record more intensities. For frames recorded within a given well-de�ned span of time, the
object (solar scene) is assumed to be static so that variations in the observed distribution
of intensities with time can be assumed to be exclusively driven by di� erent realizations
of atmospheric seeing. In the case of atmospheric turbulence, such realizations are usu-
ally su� ciently linearly-independent to constrain the intensity distribution of the source.
In MFBD, however, the estimation of the PSFs corresponding to each observed, degraded
frame is indirect - they are computed from wavefronts parametrized by a set of coef-
�cients (��� j) that represent the 'components' of the wavefronts when projected onto an
orthonormal set of basis modes (Zm(xxx)) de�ned over a circular aperture:

� j(xxx) = � j +
X

m

� jmZm(xxx) (2.10)

where j denotes a speci�c frame, and� j represents the addition of known aberrations, for
example the de-focus in Phase-Diversity channels. The modesm are typically arranged
in the order of decreasing spatial scales. Thus, estimating the wavefront that caused the
degradation of aspeci�c frame translates to estimating the correct��� j corresponding to
that frame. This is subsequently achieved by iteratively minimizing a suitably de�ned
Maximum-Likelihood error metric for each independentobjectin the observations:

L(��� j) =
X

�

2
6666664
X

j

jI inst
j j2 �

j
P

I inst�
j p̂j j2

P
jp̂j j2 + 
 j

3
7777775 (2.11)

whereL(��� ) is the error metric,� represents the channel, andj indexes the recorded frames
corresponding to a single object. Minimization of this error metric yields the best estimate
of the coe� cients��� j, as well as the most probable intensity distribution of the source,
assuming those coe� cients are correct. Thus, bothI0(xxx) and p(xxx) are estimated by the
MFBD method.

Nonetheless, a few issues in this formalism exist. While MOMFBD is �exible in its
implementation, the expansion of the wavefronts in terms of the basis modes is invariably
truncated at a particular mode limitM . This leads to a systematic underestimation of the
degradation caused by high-order aberrations in the wavefront - i.e. stray light. A more
detailed description of this e� ect is provided in the next chapter.
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2.3 Restoration of slit-spectra

In the previous section, some of the prevalent methods that are used to restore images
obtained from ground-based telescopes were brie�y introduced. The current section pro-
vides an overview of the restoration of slit-spectra on which this thesis is based.

As described in the introductory sections of this chapter, traditional long-slit spectro-
graphs exchange a spatial dimension (perpendicular to the slit) for simultaneous infor-
mation along wavelength. The intensity distribution of the FOV is then constructed by
scanning the slit over the solar surface. While this allows the spectrum in a given pixel
to represent that of the Sun more faithfully than �ltergrams (especially when magnetic
elements evolve rapidly), the exchange comes at the cost of not having simultaneous in-
formation about the distribution of intensities around the slit - a prerequisite for the image
restoration methods described above. Moreover, long-slit spectrographs were often paired
with long integration times (0:1� 1 s) to improve the SNR, making it di� cult for observa-
tions to reach the di� raction limits of the telescopes due to the smearing from atmospheric
seeing.

In spite of these challenges, the �rst attempt to restore data obtained from slit-spectro-
graphs was made by Keller and Johannesson (1995). In their setup, they used a slit-jaw
camera with a broad-band �lter to image the distribution of intensities around the slit, and
another camera to record the dispersed spectra. The bandwidth of the broad-band �lter
included the spectral range covered by the spectrograms. While the image formation
model for the traditional case has been described above, the corresponding model for the
observed intensities of the slit-spectra, neglecting the noise terms, are described by:

Is(�; y; t) =
Z

w(x(t) � x0)(I0(x0; y; � ) � p(x0; y; t))dx0 (2.12)

whereIs(�; y; t) is the spectrum recorded by the spectral camera,I0(x0; y; � ) is the unknown
true source distribution of the spectra,y is the direction along which the slit is oriented,
w(x(t)) is the transmission function of the slit located atx(t), and the integration is per-
formed over the slit-width. Using the broad-band slit-jaw images, Keller and Johannesson
(1995) deduced the PSFs of the individual frames with the speckle imaging technique as
a function of time. By discretizing Eq 3.12 and re-arranging the terms, the equation can
be recast to the following matrix equation:

IsIsIs = K I0I0I0 + NNN (2.13)

whereK is a matrix storing information about the deduced PSFs, and the observed inten-
sitiesIs(�; y; t) are stacked to form the column matrixIsIsIs with N2 elements. The additive
noiseNNN has been re-introduced in the image formation model. Thus, recovering the un-
known true solar spectraI0I0I0 follows if the inverse of the matrixK can be computed. This
is, in general, a di� cult task as the matrixK is ill-conditioned due to the discretization
and the presence of error terms, and may also be non-square. Keller and Johannesson
(1995) attempted to retrieve the solutionI0I0I0 through the Tikhonov-regularization method:

I0I0I0 = (K T K + � LTL)� 1K T IsIsIs; (2.14)
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where the regularization matrixL was chosen to be the two-dimensional Laplacian. Thus,
in their application of the method to observations of solar granulation, they found that
the granulation contrasts increased from 7:0% in the raw-data to 10:5% in the speckle-
reconstructed spectra, and the variation of intensities at the high-frequencies were im-
proved compared to the raw data. Although their method was an important theoretical
development, the inherent issues in speckle imaging and the lack of better instruments
(sensors and polarimeters) limited the applicability of their method to observations with
lower spatial resolution compared to modern telescopes.

Following the advances in AO systems, the development of fast polarimeters, and
improvements to the camera read-out speeds, a more recent attempt to revisit the restora-
tion of slit-spectra was undertaken by van Noort (2017a). He obtained slit-spectra with
the TRIPPEL spectrograph (Kiselman et al. 2011b) at the 1m Swedish Solar Telescope
(SST, Scharmer et al. (2003a)). Although his formulation of the restoration is theoreti-
cally similar to the one followed by Keller and Johannesson (1995), a few key distinctions
in the acquisition of data are worth noting. The �rst is the spatial resolution(~0:06”), the
spectral resolution (~41” mÅ), and the comparatively broad spectral range (~16Å) of his
observations, covering several spectral lines. This allows inversion codes to set better con-
straints on the deduced atmospheric parameters as a larger number of spectral lines each
encode the physical parameters of the solar atmosphere in di� erent ways. Secondly, his
observations were made with the polarimeter, the slit-jaw camera and the spectral camera
operating at a frequency of 400f ps. This enabled him to signi�cantly reduce the integra-
tion time of the scan compared to earlier studies, thereby reducing the smearing e� ects
of atmospheric seeing. Thus, the spatial resolution of his observations were reasonably
close to the di� raction limit of the 1m telescope at 6300Å. Lastly, the estimation of the
PSFs from the slit-jaw images was performed using the MOMFBD method, although the
underestimation of the wings of the PSFs (as described in the earlier section) was a persis-
tent limitation. Consequently, the results of his e� orts indicate that it is possible to obtain
near di� raction-limited observations, even in data obtained from the ground with long-slit
spectrographs.

While these image restoration methods have signi�cantly improved the quality of
ground-based observations, persistent residual image-degradation in the form of stray-
light contamination continues to be an important issue that is worth characterizing, since
the detrimental e� ects of such contamination are more evident in the way spectral line
pro�les are modi�ed. Without methods to correct for the stray-light contamination, the
accuracy with which the thermodynamic and magnetic atmospheres of solar faculae are
retrieved by inversion codes would be limited. In the next chapter, a statistical method
based on Kolmogorov-turbulence to remove stray-light contamination from slit-spectra
is discussed, along with a more detailed description of the data obtained by van Noort
(2017a). Further, the chapter also outlines where, and how modern image restoration
methods fall short of addressing residual image degradation in ground-based observa-
tions.
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Abstract

A long-standing issue in solar ground-based observations has been the contamination of
data due to stray light, which is particularly relevant in inversions of spectropolarimetric
data. We aim to build on a statistical method of correcting stray-light contamination due to
residual high-order aberrations and apply it to ground-based slit spectra. The observations
were obtained at the Swedish Solar Telescope, and restored using the multi-frame blind
deconvolution restoration procedure. Using the statistical properties of seeing, we cre-
ated arti�cially degraded synthetic images generated from magneto-hydrodynamic simu-
lations. We then compared the synthetic data with the observations to derive estimates of
the amount of the residual stray light in the observations. In the �nal step, the slit spectra
were deconvolved with a stray-light point spread function to remove the residual stray
light from the observations. The RMS granulation contrasts of the deconvolved spectra
were found to increase to approximately 12.5%, from 9%. Spectral lines, on average,
were found to become deeper in the granular lanes and shallower in the inter-granular
lanes, indicating systematic changes to gradients in temperature. The deconvolution was
also found to increase the redshifts and blueshifts of spectral lines, suggesting that the
velocities of granulation in the solar photosphere are higher than had previously been
observed.

3.1 Introduction

The degradation of observations due to stray light has been a long-standing issue in solar
physics. The term stray light, in recent literature, has come to refer to extraneous undesir-
able contributions to pixel intensities in images and spectra caused by one or more inde-
pendent physical processes. Stray light is currently understood to be the sum of multiple
components with possibly di� erentiable characteristics (see Martínez Pillet (1992), Beck
et al. (2011) for a comprehensive review). For ground-based observations, these include

1 c
 ESO. Reproduced with permission. DOI: https://doi.org/10.1051/0004-6361/201937100

37



3 Correction of atmospheric stray light in restored slit spectra

the refraction of light due to seeing, as well as large-scale scattering due to the presence
of aerosols, dust, molecules, etc. The former e� ect varies rapidly with time and is the
dominant e� ect over distances typically up to a few arcseconds, while the latter exhibits
slower modulation and brings contributions from sources that are much farther away. For
example, the inexplicable brightness of sunspot umbrae (Zwaan 1965) was found to be
due to atmospheric scattering of light from the full solar disk. Stray light is also generated
within telescopes and instruments by the di� raction of light, as well as scattering due to
the surface roughness of optical elements. It is even present in space-based observations
and may be anisotropic and inhomogeneous over the �eld of view (FOV).

Stray-light contamination manifests itself di� erently in images and spectra. Images
su� er a loss of spatial resolution, as well as a reduction in intensity contrasts - an e� ect
veri�ed by observations obtained through both space-based and ground-based instruments
(see Uitenbroek et al. 2007, Sánchez Cuberes et al. 2000, Danilovic et al. 2008). While
this contrast reduction has been satisfactorily modelled in space-based observations (e.g.
Mathew et al. 2009, Wedemeyer-Böhm and Rouppe van der Voort 2009), a discrepancy
still exists in ground-based observations (Scharmer et al. 2010a). The e� ects of stray light
on spectra are revealed by inversions of spectropolarimetric data. The mixing of inten-
sities alters the depth, broadening, and symmetry of spectral lines, introducing di� erent
errors in di� erent spectral lines. The quality of the �t in inversions is therefore gener-
ally poorer, and the reliability of the retrieved physical parameters is reduced. Several
prescriptions to tackle spectral contamination can be found in the literature.

Orozco-Suárez et al. (2007) �rst proposed such a method by constructing a local
stray-light pro�le from a 100region surrounding every pixel. The inversion code was then
allowed to �t the weight of this pro�le in the pixel being inverted. Although a signi�-
cant step forwards, the method is formally incorrect as the stray-light contribution in a
pixel cannot be directly estimated from the contaminated data. An improvement over this
method through a self-consistent coupled inversion scheme was proposed by van Noort
(2012). However, the method requires prior knowledge of the transfer functions that do
not vary within the FOV. These constraints are likely not satis�ed by ground-based ob-
servations (especially from spectrographs), and the preferred approach, therefore, is to
restore the data as perfectly as possible before inversions.

Restoration of degraded observations is only possible with an estimate of the transfer
function of the optical system. Systematic e� orts have been undertaken along these lines.
The earliest such attempts were made by Wanders (1934), Stump� (1961), and David and
Elste (1962). They de�ned an analytical point spread function (PSF) that quanti�ed the
extraneous contribution to intensity in a given pixel, as a function of distance. Subse-
quent theoretical and empirical re�nements to the model were made by Zwaan (1965),
Staveland (1970), Mattig (1971), and later Martínez Pillet (1992). Although instructive,
early models of the spread function were limited in their ability to improve the quality
of ground-based observations due to the use of coarse assumptions. A signi�cant boost
came from parallel developments in data acquisition, adaptive optics (AO), and image
restoration techniques, such as speckle (Keller and von der Luehe 1992b), phase-diversity
(Paxman et al. 1992, Löfdahl and Scharmer 1994b), and multi-frame blind deconvolution
(MFBD; van Noort et al.2005), which attempt to model the true PSF as it changes with
time. In the current paradigm, AO systems and image restoration methods are routinely
employed to circumvent degradation and/or reverse it to an acceptable level.
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Despite the progress, persistent signs of degradation in ground-based observations
have prompted a careful search for the sources of residual stray light. Scharmer et al.
(2010a) found that high-order wave-front aberrations - corresponding to the wings of the
PSF, which were systematically underestimated by MFBD - could be partly responsible
for residual stray light in ground-based observations. They used a statistical method based
on Kolmogorov statistics and knowledge of the Fried parameterr0 (Fried 1966) to approx-
imate corrections to the transfer functions returned by MFBD and subsequently reduce the
amount of residual stray light in observations. We propose a re�nement to this method by
using the values of the Fried parameter to generate fully turbulence-degraded synthetic
observations. Restoring the synthetic observations along with the actual observations in
parallel, using MFBD, allows us to self-consistently quantify the e� ciency with which
the AO reversed seeing-induced degradation in the actual observations. Given that AO
systems are not perfect, these e� ciencies can be used to arrive at estimates of the resid-
ual degradation present in the AO-corrected, MFBD-restored observations. In this paper,
we discuss the theory of the method and its implementation on spectropolarimetric data
obtained from the Swedish Solar Telescope (SST, Scharmer et al. 2003b).

3.2 Residual degradation in ground-based observations

When observing astrophysical objects through a telescope of �nite aperture, di� raction
sets a fundamental limit to the spatial resolution of the �nal image(s). In the presence
of atmospheric seeing, or due to the instruments themselves, additional degradation may
be introduced. For a given optical system, quanti�cation of image degradation in the
observations is made with its transfer function. If the optical system includes the atmo-
sphere, such as is the case for ground-based observations, the transfer functions are also
time-dependent. We write the image formation model in the fourier domain:

Î (~k; t) = T̂atm(~k; t)T̂inst(~k)Ô(~k) + N̂(~k); (3.1)

where~k and t denote spatial frequency and time, respectively,T̂atm(~k; t) is the transfer
function of the atmosphere,̂Tinst(~k) is the transfer function of the telescope and relevant
instruments, andÔ(~k) represents the true solar scene.N̂(~k) represents additive noise,
andÎ (~k; t) is the �at-�elded, dark-current subtracted image, recorded by the detector. In
ground-based observations, the explicit dependence ofÔ(~k) on time is dropped because
the timescales of solar evolution are much larger than the �uctuation timescales of the
Earth's atmosphere.

To modelT̂atm(~k; t), the approximation that it is the result of a pure phase error in
the wave front is commonly made. Wave-front phase errors are introduced either by the
optical elements themselves (static) or by the atmosphere (dynamic). TheT̂atm(~k; t) is then
computed using:

� (~x; t) = exp (i� (~x; t)); (3.2)

T̂atm(~k; t) = R(�; � � ); (3.3)

where� (~x; t), � (~x; t), andR(�; � � ) are the wave fronts, the pupil function, and the auto-
correlation function, respectively. A perfectly �at wave front corresponds to an ideal
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3 Correction of atmospheric stray light in restored slit spectra

transfer function that drops nearly linearly with~k. In the presence of aberrations, the
decline with~k is much steeper, forming images with a reduced signal to noise ratio (S/N)
at high spatial frequencies. To prevent this, an AO system can be deployed combining
a wave-front sensor (WFS) with a deformable mirror (DM) to measure and compensate
wave-front aberrations in real time. The e� cacy of such systems is a function of the
number of actuators driving the DM, sampling of the wave front by the WFS, and the
bandwidth of the AO. A review on the design and performance of AO systems is found in
Rimmele and Marino (2011).

Aberrations are often quanti�ed by projecting the corresponding spatial distribution
of the wave-front phase error onto an ordered set of basis modes (Zernike polynomials,
Karhunen-Loève functions, etc.):

� (~x; t) =
1X

l=0

Cl Zl(~x; t); (3.4)

wherel denotes the mode number,� is the wave-front phase error,Zl are the basis modes,
andCl are mode amplitudes. In closed-loop operation, AO systems act as high-pass �lters
(Rimmele and Marino 2011). Speci�cally, the amplitudes of low-order aberrations are
suppressed better than the high orders. The meaning of "low" and "high" in this context
is somewhat arbitrary as no such sharp boundary exists. Nonetheless, it is instructive to
rely on such a classi�cation for the purposes of motivating what follows. The action of
AO on the wave-front error can then be written as:

� AO =
1X

l=0

(1 � � AO
l ) Cl Zl; (3.5)

where explicit dependence on~x andt is dropped for brevity.� AO is the phase-error after
compensation by the DM, and� AO

l quanti�es the suppression of model. That is, � AO
l

characterises the e� ciency of the AO in compensating for phase errors with a spatial
distribution according to model. For perfect compensation,� AO

l = 1, and the residual
wave-front error would be identically zero over the entire aperture. Realistically,� AO

l
would depend onl and typically vary between zero and one. Given that AO systems act
as high-pass �lters,� AO

l would be close to one at the lower orders and close to zero at the
higher orders. One would also expect the AO to become completely ine� ective beyond a
certain point, that is:

� AO
l = 0; 8 l > L: (3.6)

However, during the application of our method to actual observations, several scenarios
were observed when� AO

l was non-zero even whenl > 200 were observed. Further inter-
pretations of this characteristic are provided in Sec. (3.7) of this paper. Additional com-
plications concerning the nature of� AO

l are that they may potentially vary with seeing, and
within the FOV. The dependence on seeing is due, in part, to the way in which the WFS
detects the shape of incident wave fronts. For instance, a Shack-Hartmann WFS, such as
the one used at SST, simultaneously images a local region in the FOV through an array of
sub-apertures. Cross-correlations of the sub-images are then used to compute their rela-
tive shifts, and subsequently the local tip-tilt of wave fronts over the sub-apertures. The
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3.2 Residual degradation in ground-based observations

reliability of these shifts is particularly impacted when the seeing is very poor. Corre-
spondingly, the� AO

l would be low. The second complication - dependence of� AO
l on the

location - is due to anisoplanatism. When using an AO with a single mirror and a WFS,
only the seeing that is common to the whole FOV can be corrected over the whole FOV.
The more distant the atmospheric turbulence is, the smaller the area of the FOV that shares
the same wave-front aberrations (isoplanatic patch), and the smaller, therefore, the area
that can be fully corrected. However, any corrections that are speci�c to one isoplanatic
patch are unavoidably applied to the whole FOV, and therefore added to the aberrations
everywhere else, thus causing a statistical increase in the wave-front errors there, rather
than a decrease. To avoid this, a ground-layer WFS can be used that relies on a larger area
than one isoplanatic patch to calculate the wave-front slope, so that the cross-correlations
are less sensitive to wave-front errors that are not shared across that area.

In practice, this method reduces, but does not completely eliminate, the sensitivity to
anisoplanatic wave-front aberrations, so that the correction of the wave-front phase errors
becomes increasingly ine� ective with distance from the region to which the AO is locked
onto (hotspot). This leads to statistically poorer corrections at the edges of the FOV. A
combined e� ort of evaluating how the corrections get worse with distance, and how the
high altitude seeing intrinsically varies within the FOV is required in order to characterise
this e� ect. In the context of this section, the most important realization concerning� AO

l
is that they are generally unknown. This leaves the pro�le of residual wave-front phase
errors unknown, and therefore the corresponding residual transfer functions unknown.
Revising the image formation model to allow AO-compensations, and denoting the resid-
ual transfer functions corresponding to� AO asT̂AO, we write:

Î (~k; t) = T̂(~k; t)Ô(~k) + N̂(~k): (3.7)

It is implicit that T̂(~k; t) corresponds to the combined optical system where the time-
dependence is solely caused by the atmosphere. The subscripts have, therefore, been
dropped. Further improvements to the quality of observations are availed with the use of
post-facto processing methods such as MFBD(van Noort et al. 2005, van Noort 2017b)
that do not require prior knowledge of the degrading transfer functions. In MFBD image
restoration, estimates of the transfer functions are made directly from the degraded ob-
servations. This is achieved by expanding the wave-front phase errors onto an orthogonal
basis and �tting for the amplitude of every mode. However, the basis used by MFBD is
ultimately �nite and the expansion is truncated to a mode limitM, which causes a system-
atic underestimation of the wings of the Point Spread Functions (PSFs). Therefore, while
MFBD corrects for degradation caused by lower-order modes, the e� ects of the higher
orders (stray light) are left largely untreated. Since image restoration with MFBD is nor-
mally performed on observations that are already AO-compensated, one may assume that:

� AO+MFBD
l = 1; 8 l < M; (3.8)

that is, residual degradation in AO-compensated MFBD-restored observations are exclu-
sively due to the higher-order modes. A peculiar state of compensation is realised when
the AO corrects more modes than MFBD (L > M). In this case, modes withl < M are per-
fectly compensated by the AO and MFBD, modes with M< l < L have been compensated
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3 Correction of atmospheric stray light in restored slit spectra

by the AO (but with unknown e� ciency), and modes withl > L have not been compen-
sated at all. Alternatively, one may try to perform image restoration withM increased
to ~L so that the issue of the unknown correction e� ciency of the AO is circumvented
entirely. However, given that the e� ciency of wave-front corrections made by the AO
vary within the FOV, mitigation of this issue is attempted during image restoration - by
segmenting the FOV into a grid of patches and restoring each patch individually. In doing
so, the assumption that wave-front phase errors over each patch are isoplanatic is made.
This imposes a limitation on the admissible physical size of the PSFs, and indicates that
restoring with arbitrarily high mode limits is not bene�cial. The preferable approach is
therefore to develop a self-consistent method of removing residual stray light from the
restored data directly.

We clarify that the term 'residual stray light' here refers exclusively to the component
of stray light arising from high-order aberrations. Other sources of stray light, such as
true scattering in the atmosphere and within the instrument, are beyond the scope of this
paper. Correspondingly, we refer to the PSF describing stray-light contamination as a
stray-light PSF.

3.3 Residual degradation in slit spectra

In the previous section, we reviewed the limitations of AO and MFBD and qualitatively
addressed the nature of residual degradation in ground-based observations. We now de-
scribe the characteristics of residual stray-light contamination in spectropolarimetric data
obtained with Spectrographs. A detailed discussion on how such data are obtained and
restored is found in van Noort (2017b). Here, we only brie�y review the relevant details.
In the interest of keeping the description concise, we ignore the polarimetric aspect of
such data. We assume that the conclusions drawn in this section apply to all the Stokes
components equally.

Slit-spectra are obtained with a detector that collects light that has passed through
a slit, and that has been dispersed by a dispersive element, usually a grating. Another
detector (slit-jaw camera) is used to image the slit and the surrounding FOV through a
broadband �lter spanning the spectral region covered by the spectra. Both the detectors
are operated synchronously so that the recorded images/spectra can be assumed to be
degraded by the same seeing, and the frame-rates of the detectors are kept high enough to
prevent seeing-induced distortions, and seeing-induced crosstalk. The images recorded by
the slit-jaw camera are restored in bursts with MFBD to yield estimates of the degrading
PSFs as a function of space and time. However, to restore the slit-spectra, one cannot
directly deconvolve them as the intensities perpendicular to the slit have not been recorded
co-temporally. Instead, the problem is reformulated into a set of linear equations that
connect the observed intensities with the undegraded solar spectra through the PSFs. That
is, Eq.1 can be re-written into a matrix equation of the form:

M̂x = y; (3.9)

wherex represents the coveted undegraded spectra,y represents the seeing-degraded in-
tensities recorded by the spectral camera, andM̂ is, in principle, a non-sparse non-square
matrix that represents an instantaneous PSF. The values of such PSFs are obtained from
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3.3 Residual degradation in slit spectra

the MOMFBD restoration of the slit-jaw images, and therefore the matrixM̂ is completely
known. Eq. 3.9 can be constructed for every wavelength point, and for each instant of
time, yielding an over-determined system of coupled equations. SinceM̂ is not a square
matrix, one could instead solve the pseudo-inverse problem:

Â~x = ~b; (3.10)

whereÂ = M̂T M̂ is a square matrix, and~b = M̂T~y. However, since a large number of
equations and unknowns are typically involved, it is di� cult to directly invert the matrix
Â. The solution therefore, is obtained using a variation of the iterative Lucy-Richardson
scheme. Since the matrix̂A is constructed using PSFs whose wings are underestimated,
the solution thus obtained is likely to still contain some residual stray light. If we were
to estimate a correction� Â to Â that addressed this issue, the most self-consistent way
forwards would be to construct a new matrixÂ0 = Â + � Â and restore the raw data again.
However, due to the rapid scaling of computational workload with the size of the domain,
usingÂ0 becomes prohibitively expensive. We therefore propose an alternate method of
removing stray light directly from the restored spectra.

First, the Stokes signals are converted to modulated intensities using an arbitrary mod-
ulation scheme for each wavelength, yielding four modulated intensities corresponding to
each Stokes parameter. This is followed by degrading the modulated intensities with a
di� raction limited PSF corresponding to the aperture of the telescope. The degraded in-
tensities corresponding to each Stokes parameter are then deconvolved using the same set
of PSFs that describe residual stray light exclusively across all wavelengths. Although the
deconvolution is bound to amplify the noise in the signals, this ampli�cation is uniform
across the Stokes parameters and does not, therefore, introduce spurious polarization sig-
nals(polarimetric precision is preserved). After the deconvolution is performed, the same
modulation scheme used in the forward modulation is used to invert the deconvolved in-
tensities back into Stokes spectra. The method described above requires that a set of
suitable stray-light PSFs be found. Two key aspects of such a set of stray-light PSFs have
to be noted.

Firstly, at any given wavelength, slit-spectra are not truly images because the inten-
sities along the scan-direction have been recorded at di� erent times. It then follows that
residual stray light generally varies along the scan-direction as the seeing evolves with
time. Therefore, to remove residual stray light from a single 'image' at a particular wave-
length, multiple stray-light PSFs spanning the duration of the scan have to be computed.
This complication is not shared by observations made with �ltergraphs, as intensities there
are obtained strictly co-temporally. Secondly, consider a �xed point on the Sun. Let the
slit sample this point at timet0. According to Eq. (3.10), the true solar intensity of this
point (solution) is computed from the intensities in the slit recorded betweent0 � � t and
t0 + � t, where 2� t is the time it takes for the slit to scan the spatial extent of the PSF.
Naturally, intensities recorded att0 carry the highest weights towards the solution while
those recorded att0 � � t carry the lowest. The correct amount of residual stray light is
therefore described not just by one stray-light PSF computed att0, but through a weighted
average of many stray-light PSFs computed betweent0 � � t andt0 + � t, with the weights
speci�ed in the matrixÂ.
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3 Correction of atmospheric stray light in restored slit spectra

Figure 3.1: Kolmogorov wave fronts simulated for di� erent values of the Fried param-
eter r0, for an aperture size of 1 m. The mean values of all the wave fronts have been
subtracted, and a uniform grey scale has been used in the illustration of the wave fronts.

3.4 Estimating the stray-light PSF

Scharmer et al. (2010a) followed a statistical method, where values of the Fried parameter
(r0) were used to simulate a set of wave fronts obeying Kolmogorov statistics.r0 values
were calculated using a setup employing a wide-�eld wave-front sensor installed before
the tip-tilt mirrors and the DM. At the time, the DM was driven by a 37-electrode con�g-
uration, corresponding to roughly 37 KL-modes. However, the DM at SST has since been
upgraded to a con�guration using ~85 electrodes, or roughly 100 KL-modes. As men-
tioned earlier, image-restoration is typically performed using MFBD with a mode limit of
~40, so that the amplitude of KL-modes betweenl = 40 andl = 100 in the residual wave
fronts is unknown. We propose that the average correction e� ciency of the AO can be
computed from the following procedure: (i) ther0 values are �rst used to simulate wave
fronts obeying Kolmogorov statistics; (ii) the corresponding transfer functions computed
through Eq. (3.2) & Eq. (3.3) are used to degrade an image synthesised from MHD simu-
lations; (iii) both the sets of observations(synthetic and actual) are restored using MFBD
(which returns the mode amplitudes); (iv) the ratio of the standard deviations of the mode
amplitudes (Eq. 3.11) in both the restorations yields the e� ciency of the AO as a function
of the mode. This e� ciency is mathematically expressed as:

� AO
l = 1 � (� obs

l =� syn
l ); (3.11)

wherel denotes the mode number, and� syn
l and� obs

l are standard deviations of the mode
amplitudes returned by MFBD restoration of the synthetic and original recorded observa-
tions, respectively. Interpretation of Eq. (3.11) is straightforward for the trivial cases. For
example, if the recorded observations are found to not have any degradation caused by
model, the standard deviation for model computed from image restoration would ideally
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be zero. This then implies that the AO perfectly compensated model in the incident wave
fronts (� AO

l = 1).
A potential source of error in the calculation of� AO

l is the assumption that MFBD
works identically on the input observations, irrespective of the state of their degradation.
To address this issue, the procedure outlined above can be followed iteratively - after the
�rst round of � AO

l are found, these can be used to subtract modes from the incident wave
fronts. These partially compensated wave fronts can then be used to generate another
set of degraded observations followed by another round of image-restoration, and the
cycle can be followed until the computed e� ciencies are found to converge. Once a
converged set of� AO

l are found, residual stray light in the observations is estimated by
�rst perfectly subtracting all modes withl < M, followed by subtracting modes with
l > M with e� ciency� AO

l . The residual wave fronts thus generated are largely dominated
by higher-order aberrations, and they approximate the amount of residual stray light still
present in the observations.

3.5 Kolmogorov phase screens

A frequent approach to characterizing AO-systems is through the use of Kolmogorov
phase screens, which are simulations of the spatial distribution of phase errors (wave
fronts) incident on the telescope. These simulations are statistical in nature since mod-
elling the exact propagation of a wave front requires knowledge of the refractive in-
dex at all spatial locations within the path of the wave front. The statistical properties
of these Kolmogorov phase screens are well established in the works of Noll (1976),
McGlamery (1976), Lane et al. (1992), and Glindemann et al. (1993). They conform to
the Kolmogorov-Obukhov power law, and can be numerically simulated (Nagaraju and
Feller 2012) as a function ofr0:

� (~k) = 0:023(D=r0)� 5=3j~kj� � ; (3.12)

where� (~k) is the power at spatial frequency~k, D is the diameter of the phase screen,
and� = 11=3. Fig. 3.1 shows examples of such phase screens simulated over a circular
aperture of 1 m diameter. The mean value of all wave fronts has been subtracted, but
no other modes have been removed. The phase screens are then used to compute the
PSFs with which the synthetic MHD-generated images are degraded, and an appropriate
amount of noise, by comparison with slit-jaw observations for example, is added to the
synthetic data. We make a note that the validity of the MHD simulations is irrelevant
as we are only interested in the synthetic images. Restoring the synthetic data and the
original recorded observations with MFBD facilitates a comparison of their respective
mode amplitudes.

3.6 Observations and data reduction

The dataset used in this paper was obtained on 28 June 2016 at the SST (Scharmer et al.
2003b), using the TRIPPEL spectrograph, a detailed description of which has been pro-
vided by Kiselman et al. (2011a). A fast polarimeter designed for slit-spectra - based
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3 Correction of atmospheric stray light in restored slit spectra

Figure 3.2: Panels showing the FOV and its location with respect to the full solar disk.
Left: Continuum intensity image from the restored observations. The red arrow points
towards the disk centre.Right: Line-of-sight magnetogram from HMI taken at approxi-
mately the same time. The red box highlights the FOV of the observations.

on the concept of FSP (Iglesias et al. 2016a) - was installed and used during the same
campaign (TRIPPEL-SP, Doerr et. al 2019, in prep). The scan was made under moderate
seeing conditions with the help of an AO consisting of an 85-electrode bi-morph mirror,
a Shack-Hartmann wave-front-Sensor (WFS), a correlation tracker, and a separate mirror
for tip-tilt adjustments. The AO reported an average Fried parameter value of 13 cm over
the duration of the scan.

Two Jai SP20000 CMOS cameras were used for recording the slit-jaw images, whereas
the spectra were recorded using two Jai SP12000 CMOS cameras. The latter allowed 4-
Mpixel frames to be recorded at a rate of up to 400 Hz, the designed modulation rate
of the FSP modulator. All cameras were synchronised using an external trigger signal.
Although frames were recorded with a spatial sampling of 0:04400, the sampling of the
restored slit-spectra was scaled down to 0:0600- corresponding to the critical sampling of
the SST at 6300 Å.

3.6.1 Image restoration

The slit-jaw frames were restored in bursts of 2000 frames (5 s) with a temporal overlap
of 3.75 s. As indicated in earlier sections, the restoration was performed over a grid of
patches that were 128� 128 pixel2 in size, with an overlap of 118� 118 pixel2. The
PSFs returned by MFBD for each patch were interpolated across the length of the slit.
Karhunen-Loève modes were used as the basis functions, and the mode limit for the
restorations was set toM = 45. As outlined in Sec. (3.3), the values of the PSFs were
used to construct the matrix̂A, and subsequently restore the data recorded by the spectral
camera.

The restored slit-spectra cover a 5300� 5300FOV around a mostly uni-polar active re-
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