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Tikhonov regularization: Bayesianview

We considerameasuremerdf f asanexperimentwhichmodifies
the probablity distribution of expectedmodelparameterg. The
inversionproblemis equivalentto the determinatiorof the

conditionalprobability p(g|f) of g givenf

FromBayestheorem
3 p(g)
p(glf) = p(flg)p<f)
f=Kg

s’
f obs

data space f

N) =(plgrf) df

model space g

Illustration of Bayes theorem for a nonlinear problem f = K(g)g and an ob-
servation fons. The probability p(g) in Bayes theoremisrenamed p,i(g).

Herep(f|g) is the probabilitythatwe measuref if themodelg is
given (forwardproblem).Typically,

p(f1g) ocexp— Y —{(Kg)i — [

for Gaussiamoisewith variances? of datumyf;. An alternatve is
Poissomoiseoftenusedin imageprocessing.
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Tikhonov regularization: A-priori knowledge

The probability p( f) in Bayestheoremis assumed constantand
ignoredif f istheobsenationwe have justmade.

The probability p(g) in Bayestheoremis moreinteresting. For-
mally it is the pdf of the model g without any knowledgeof f
(a-priori pdf).

p(9) = ppilg) = / plgn f)df

data space

If we have no prior ideahow g mightlook like, p,,i(g) is uniform
and anotherconstantwhich we could ignore. Any otherknowl-
edgeor even guesscan be castinto p,,i(g). Popularnontrivial
choicesare: .
ppri(g) < exp—c Y (gi — o)’
1=1

(g is probablycloseto a standardnodelg®")

m

Ppii(g) o exp —c¢ Z(Eh‘ﬂ —2gi + gi1)°
i=1

(g is probablysmoothandhasminimal 2"¢ derivative)

ppii(g) o< exp—c > gi[In (g%;i) —1]
=1 7

(g is positve andhasmaxentropy deviation from standard)
Theconstant expresseshecertaintyof thea-prioriknowledgeor

assumptionOtherformsof In p,,,; work aswell aslongasthey are
convex functionsof g.
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Tikhonov regularization: Minimizing function

Inverseproblem—; getthemostprobablemodelg from themax-
imum of conditionalprobability p(g|f) for givenobsenations f.
Equivalently, we minimize — In p(g| f), or

n

(I)(g) - Z[(Kg)z - f2]2 - 02 lnppri(g)

1=1
= |Kg — fI” + pllg — g™

wherewe assumedhefirst a-priori pdf from the previouslist and
o? = ¢? independenof ;.

e Insteadof finding theroot of alinearproblemKg — f we now
have to minimize aquadratidunction®(g).

e &(g) hasmary namesmeritfunction,costfunction, misfit func-
tion, objective function. In my view it hassomethingof athermo-
dynamicpotential.

e Theregularizationparametey: is the productof the certaintyc
of thea-priorymodelandthe noisevarianceof the datac?.

The dataterm and the regularizationterm in ®(g) canbe com-
bined formally becausdhe a-priory informationis equwvalentto
anobsenation,

~ ~ ~ K ~ f
d(g) = || Kg— f||> where K:< ), f:< ri>
(9) =1 Kg—{l Uil Jrgh
and1 is the unit matrix inN datasEace.Whenwe discusgterative

schemesye oftenmeanK and f whenwe write K and f.

e Sincel hasunit eigervaluesthesmallestSVD eigervalueof K
Is now /1 - ary nullspacenasvanished.

e Generalizationso otherregularizationoperatorg:1 — pR are
obvious. Thefinal nullspaceof K is N (K) N N(R).
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Tikhonov regularization: SVD analysis

Theconsequenced theTikhonov regularizationtermwhich stems
from thea-proriknowledgeaboutthemodelcanbestbestudiedby
anSVD analysisof .

Theminimumof &(g) = || Kg — f||* + ullg — g*||* is identical
with theroot of its first derivative

K'Kg-K'f+ulg—g™) =0
Insertionof the SVD system K = Z W\ ;
1=1

n

> ui[N(virg) = Ni(wi- f) + p(vicg) — p(vi-g™)] =0

1=1
o0 9= wlorg) = wl T we f) 4 1 (g™
i=1 i=1 Fittered , i TH _
~ nullspace
SVD partof g
inverse
. . : A2
It differsfrom the SVD inverseby filter factorsF'(\) = O
_ H
andaselectve contributionfrom g wherethe \; aresmall.

12

" Tikhonov filter factor

00, 5— 15 10 05 00 0.5

log(2)

Filter factor F'(\) for Tikhonov regularization
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Tikhonov regularization: Regularization parameter

Thereis no perfecttheoryabouthow to chosethe optimal param-
etery. It doesobviously make no sensdo minimize

®(g,) = | Kg, — FII* + pllg,. — ¢

ary furtherafter||Kg, — f||* < no? hasbeenreached.
— Mozorov’'sdiscrepang principle:
choosex > 1 (typical 2.. . 3), initial ;> 0, continue=true
dowhile (continue)
find g, = amgmin®(g,,)
if || Kg,— f||* ~ ano? continue= false
elseif||Kg, — f||* > ano? reduceu
elseif||Kg, — f||* < anc* enhance
endwhile

— Anotherway s to plot the L-curve. Theoptimal i is where
the L-curve hasits strongespositive curvature.

3.0

log |Kg " - fI?
10g |g;llr) _glrue|2

- . ‘ ‘ ‘ -05 — . ‘ ‘ ‘

log |Rg}" log |Rg(" 1
Iterative solutions for different . Data error (left) and model error (right) for
the iteration path towards the solution vs magnitude of the regularization term.
L-curveisthe dashed curve in the left diagram.
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Tikhonov regularization: Solution examples

Thesolutionsg,, in the previous diagramaretakenfrom a 2D to-
mograply testproblem.TheregularizationoperatorR waschosen
asa 2nd orderdifferentialoperator Hence,the solutionsbecome
smoothefrom right to left asu increases.

Example solutions g, for different 4. The upper left shows g**"¢ for comparison.
The solution numbersrefer to the numbers along the L-curve.
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lterati ve methods: Landweberiteration

Thegoalof aniterationis to decreas@(g) = || K g — f||* stepwise
by replacingg!™ — g+, To insurecorvergenceeachstep
mustproceeddownhill, i.e., g1 — g{) musthave acomponent
alongthe descentirection

_ §V(I)(g(ltr)> — _KT<Kg(1tr) _ f) — _KTK(g(ltr) . g(true))

- - - 4 - g

-~ "~

ditr) dataerror(itr) modelerroreit)

Thesimplestiterationschemas the Landwebelinteration:

(itr+1)

(itr) ad(itr)

g =9

Themodelerrorthenchangesteachstepby (simply subtracty®™"
from bothsides)

(itr+1) _ e(itr) . aKTKe(itr) _ (1 . aKTK)itre(O)

e
— erroronly declinesf 1 > ax(greateseigervalueof K’ K).

The error at iterationstep(itr+1) canbe expressecasa polynom
Py, of orderitr of thematrix K K appliedto theinitial error:

e(itr—i—l) _ Pitr(KTK> 6(0)

For theLandwebeiterationthepolynomis P, (A?) = (1—a)?)'".
For optimum «, the polynom P,.(\?) is minimal at eacheigen-
value)\? of KT K.

Theerrorimprovemente+1) - () is puilt up asavectorof

Krylov space K"(KTK,e")
—span{ KT Ke" (KTK)?, ... (KTK)"e}

which expandswith every iterationstep.
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Iterati ve methods: SVD analysis
of Landweber interation

Whatdoesthe solutionlook like if we stopatiterationitr ?

(1) — gl _ gt — (1 — o KTK)g™ + o KT f

g
wherewe insertedthe expressiorfor d. Hence,
gV =1-aK"K)g" + aK"f
g?=1-aK"K)’¢" + (1 — aKTK) oKTf + oK™ f

: itr—1
g =(1-aK"K)"g" + > (1-aK"K) oK' f
=0
ReplaceK! K by its SVD system
. F’IU"()\Z)

gt = Z'Ui[Pitr<)\22)('Ui'g(O)) + Y (sz)]
i=1 N—— '
decaydik e elit)

wherethefilter factorsfor the Landwebelterationare

itr—1
Fu(A) =aX ) (1—aXy =1—(1—a))"
7=0
1.2 ‘ | ‘
Landweber filter factors
1.0}
.«;\0.87 |
>
S 0.6 -
o) iterations itr =
- 041 ]
0.2% -
09,3 15 1.0 05 0.0

Filter factor F'(\) of Landweber iteration
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Iterati ve methods: Steepestescent

TheLandwebeiterationcanbeimprovedif the stepsizex is cho-
senwith morecare.

The methodof steepestiescentletermineghe stepsizex ateach
stepso that the minimum alongthe descentdirectionis reached
(line search):
d(a) = (g™ — ad™)
_ HK( (itr) 1tr> f||2 ||,r1tr aKd(itr)HQ
_ H,r, (itr) HQ (T(ltr)°Kd(ltr ) 4+ a2||Kd(itr)H2

This givesa stepsizeof

(,,.(itr) K d(itr)) ( ( KT,r(itr)) . d(itr)) ” d(itr) H2
”Kd(itr)”2 B ”Kd(itr)HZ o ”Kd(itr)HQ

o =

— ConsequenceThe new descentirectiond™*1) is perpen-
dicularto theold d™).

Sequence of iteration steps of the steepest decent algorithm
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lterati ve methods: Conjugate gradients

An essentiafurther improvementis achieved if the new search
directionis chosemot orthogonalo the old, but sothatit is con-
jugateto theold.

CG doesnot advanceexactly alongthedescentirectionbut
g(itr+1) _ g(itr) . &q(itr) where q(itr) _ d(itr) 4+ ﬁq(itr—l)

3 is chosersothatq™ andgq(—1) are K7 K -orthogonalconju-
gacgy) which makessuccessie dataerrorvectorsorthogonal

0= <q(itr—1) 'KTKq(itr))
_ (Kq(ltr—l) 'Kq(ltr)) _ (,r(ltr—l) .,r(ltl"))

Theoretically CG needsat mostn stepgo find theminimum. The
error polynome!™ = P, (KTK)e is constructedso that for
itr=n its rootsareplacedexactly at the eigervaluesof K K. For
itr<n, (ei. KT Ke(*) hasno morecontritutionsfrom the cur-
rentKrylov spaceC" (KK, e®)

Conjugacy of g™ and ¢~ causes a 2D minimum to be reached
in 2 steps.
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Iterati ve methods: Non-Krylo v spaceschemes
Kaczmarz iteration

The ideais simple: considereachrow of Kg — f = 0 asthe
definition of a hyperplanein modelspaceR”. Eachhyperplane
hasthei™ columnvectorof K7 = {k,, ks, ..., k,} asits normal.
Theng hasto satisfyn the hyperplanesquationsf; = (k;-g)

Kaczmarzsrecipeis:
selectinitial g
dowhile (no corvergence)
dofor everydatumf;
projectg ontotheplanef; = (k;-g)
endfor
endwhile

e Goodcornvergencef theproblemis consistenti.e.,if theplanes
all intersectn al leastonepoint.

e No cornvergencsdf theproblemis inconsistent— underrelax

(k19)=11

3 fl_(kl-g(m))
1 i/cl.lcli

KaczmarZ scheme is a sucession of projections onto planes. If the
planes do not intersect in one point, g will jump around in a limited
region around the point which has a minimum distance to all planes.
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Iterati ve methods: Non-Krylo v spaceschemes
Multiplicati ve reconstruction

Ratherthanaddinga correctionto g{"), why not multiply a cor-
rectionfactor? Numerousvariantsof sucha schemeexist. The
basicscanbecodedin afew lines:

defineg™ = K f

selectinitial g

dowhile (no corvergence)
setglitr) = KT K g((itr)

(itr+1) _ g(itr) ?Z(-OO)

v v _Z(itr)

correctg fori=1,n

endwhile

Theschemecornvemgesbecausehe correctionaddedo eachgfi“)

(itr-+1) (itr) (itr) ?Z(-OO) gfitr) _
g =9 (Tgm—1) = m(gi 9i

= A VI (T
1 1

(20) _ i)

(itr) . . i) (itr) (i)
= "y (K f — KT Kg™)i = ——d;

1 ]

is again alongthe descentirection,however with a differentstep
sizefor eachcomponent. Note K"K is positive andtherefore
thefactorg™ /5™ is alwayspositive or zeroif theinitial g is.

Advantages:

e g neverchangesignduringtheiteration,i.e., negative densities
or intensitiesareautomaticallyavoided.

e |If your modeldomainhasa complicatecboundaryuseasimple
squaregrid box andsetinitially all g, outsideof your domainto

zero.Therespectre grid pointswill not contritute.
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lterati ve methods: Performancetest
without noise

O T I

LANDWEBER

log |Kg""- £?

0 10 20 30 40 50
iteration count itr

3.0~

LANDWEBER

IOE |g(itr) _gtrue|2

CONJGRAD
-0.5H |

0 10 20 30 40 50
iteration count itr

Evolution of data error (top) and model error(bottom) for different
iteration schemes. The problem to be solved was consistent.
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lterati ve methods: Performancetest
with noise- semicorvergence

log kg™ - I

LANDWEBER

4 0 10 20 30 40 50
iteration count itr
3.0
25 LANDWEBER
o 201
> 15
> 107 CONJGRAD STEEPDESC ]
N
2 05} N MART _
0.0} 1
0.5 0 10 20 30 40 50

iteration count itr

Evolution of data error (top) and model error(bottom) for different
iteration schemes. The problem to be solved was inconsistent, noise
with standard deviatiuon of 5% of maximum signal was added to f.
Note that the model error eventually increases while the data error is

still iterated down.
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Nonlinear methods: Weak nonlinearity

Thetreatmenof nonlinearmproblemss still ata somavhatexperi-
mentalstage.

The nonlinearityis weak if the minimizing function can be ex-
pandedaroundanapproximatesolution

®(g) = ||h(g) — fII°
~ [h(g™) + (g — g7")-Th(g™™) ~ f|

andhigherdervativescanbe negglected.Thisis thecaseif either
e thestructureof h allows for suchanexpansionor
e theguesggy®P™ is sufficiently closeto the expectedsolution.

In caseof a weaklinearity, a safeapproachs to embedda linear
problemsolverin aniterative correctionof the approximatesolu-
tion:
selectg?PP™
dowhile (||dg||* > 0)
setsf = f — h(g™), KT = Vh(g"™™)
minimize||Kdg — d f||?
correctg®P™ = g*P™ + §g
endwhile

e If thelinearsolweris iterative, the externalnonlinearcorrection
andthe inner linear iteration can be combined,e.g., by an im-
provedline search.

e Generalyspeakingfor nonlinearmethodg¢he emphasiss more
on the fact that the right solution (global minimum ratherthana
local minimum) is found or thata solutionis found at all , while
for linear schemeghe corvergencespeeds anissue—; switch
to alinearschemaf g*PP™ is sufficiently closeto the solution.
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Nonlinear methods: Levenberg-Mar quardt

Even with nonlinearitythe Landweberterationinto descentdi-

rectionshouldstill work providedthe stepsizesaresmallenough.
However, if the nonlinearityis weak,a fastercornvergencewould

bedesirable.

Expand®(g) = ||h(g) — f||* asbefore
®(g) ~ ®(g**P™) + 2(6g-d) + (6g- K Kdg) where
—d=—-K'(h— f) atg®™isthedescentlirection
K" =Vh atg®"™ is theJacobiarof h
To approactthe minimum, we have to correctg?*™ by
6g with K'Kég = —d

while a Landwebeistepwould be 0g = —ad
with é > largesteigervalueof K K

Both stepsarecombinedn the Levenbeg-Marquardischeme:
selectg”) anda, calculateh(?) = h(g(?), setitr=0
dowhile (||dg||* > 0)

calculateK” = Vh(g(it")
setd = K7 (h() — f)

solve (KTK + él)ég = —d

correctg 1) = g 1 5g
calculateh(itr+1) = p(glitr+1))

it ||plt+D — £|12 < ||R1") — £|2 enhancey
elseif||h+D) — £]|2 > ||h0Y) — £]1? reducen
itr=itr+1

endwhile
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Artificial neural network (ANN)

For alinear problem:Constructinversematrix W which solves

f=Kg by g=~Wf

W hasn + m unknovn elementswvhich areto be determinedby
a trainingsphase:producepairs { f', g'}, i = 1,1 andsolve the
linearproblem

{gt,....g¥ ={f",....FYw'

Use cornventional linear methods(e.g., Kaczmarziteration) ex-
tendedfrom vectorsto matrices. mustbe > m to avoid the prob-
lem to be underdeterminedMind linearindependencef f' and

g’
For anonlinear problem:Vectorsg and f areconsideredslay-
ers,elementwiseonnectedy a matrix. The matrix elementsde-
fine the strengthof this connection.The simplestextensionof the
linear caseis the threelayer perceptrorwith two matricesV and
W in between

Input .| v _|intermediate, | w_| output
ayer F| =" layer || layer 9

On every layer, the “signal” is modified by the sigmoidfunction
sgm(z) = 1/(1 + e~*). Hencetheinversionis donein two steps

h=sgm(Vf), g=sgm(Wh),

Sincethe intermediatdayer hasto passall relevantinformation,
its dimensionmustbe atleastthe dimensionof min(n, m).

e Trainingis ratherexpensve
e OnceW and/orV arefound,inversionis fast
e Adaptationto differentSNRIevelsis a problem
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Simplex Optimization

Ratherthan pusha single g through model spaceon searchof
the minimum with nonlinearproblemsit may be effective to let
awholebunchof g dothesearchn parallel.
The simplex optimization algorithm employs n 4+ 1 vectorsg;.
They form the verticesof a simplex in modelspaceR"” if then
edgevectorsg; — g,,.1, t=1,n arelinearlyindependent.
Searchstratey:
e Thenew g; arealinearcombinationof the old
e Maintainthelinearindependencef theedges
¢ Do notreplaceg;=g.,i, Which givesthelowest®(g)

but try to improve g;=g...x Whichyieldsthelargest®(g)
Typical stepsare:

Smplex optimization steps.  Above:
Line search for the worst with search
direction g directed from the worst g
to the center of the opposite face. Left:
Contraction towards the best g.

min

9

Advantages» No needto calculatedervativesof
e Findsaminimumalmostcertainly evenif ®
IS notanalytic.
Disadwantage:e Very slow corvergence mary evaluationsof ¢
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Gencodes

Usually we want to find the global minimum of ¢ ratherthana
local one. Algorithmswhich satisfythis requeshave to bedriven
by two opposingprinciples:
e Tendeng to approacha minimumonceg is close
e Diversityto exploreunknowvn regionsof modelspace
Gencodesake evolution asa model(which assumeghatmankind
astheultimateresultof evolutionis the globalminimum):

Startwith asetof g;, « = 1, k (population)

Calculated; = ®(g;) (fitness)

Selectthefittestg; in pairsfor marriage

Encodeg of eachcoupleto a stringof bits, decimals,

or... (chromosomes)
Let eachcouplewith someprobabilityexchangearandom

partof theirchromosomegecombination):
crossover after pos 5

dad: [8[3[4]0[4[9]1[7] [813]4]0[4[5][3]2]

- }oﬁ‘springs
mum: [5[1]4]8]9[5]3[2] [511[4]8]9[9[L[7]

Randomlymanipulatefew chromosomesf the offsprings
(mutation)

Decodechromosomebackto g

Replaceold generatiorby the offspringsandgoto start
Eventually thefithesspressurégselectionshouldtake themajority
of the populationto or nearthe globalminimumof .
Numerousvariantsexist for the differentsteps(Selection recom-
bination,mutation),all controlledby probability distributions.
Advantages» No needto calculatedervativesof

e Findsaglobalminimum
Disadwantage:e Very slowv convergence,mary evaluationsof ¢
e Many parametergpdfs)for tuning.
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Summary: Which method for which problem?

precon-
big ditioned
size CG Steepest
descent
with
CG NL
line
search
Levenbeg- Gencode
Marquardt
SVD,
Backus- :
smalll | Gilbert Simplex
optim.
linear nonlinear nonanalytic

e Most methodscanbe combinedwith Tikhonov-regularization,
replaceK — K andf — f

e If g is supposedo be > 0 andhaslargeareaswith g ~ 0

try MART.

e For somenonlineamroblemsherepeatedtalculationof the
Hessianj.e., VV® ~ KT K canbevery expensie. Simplified
approximationsometimesvork justaswell.
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