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1 Introduction

Inverseproblemsolvinghasevolvedto bea rathermathematicaldiscipline,yet it
is intimitely relatedto observations.Thebasicgoalis to tell how muchameasure-
mentcancontributeto thevalidationor falsificationof a theoreticalmodelabout
theobjectwe investigate.In thatrespectI seeit asa veryphysicaldiscipline:We
have to understandboththe theoreticalmodelwhich suggestshow thesignalwe
observe is primarily producedandat thesametime a detailedknowledgeis often
requiredabouttheinstrumentwhich convertsthesignalinto data.

In this first part I will give someexamplesof inverseproblemswhich show
how deeplyphysicsis involvedto formulatetheproblems.Thetwo partsto follow
will beconcernedwith themathematicaltoolsto solve theproblemsandwe will
find that both solvability and solution dependon detailsof the problemwhich
oftencanbetracedbackto its physicalnature.

Thereis aconsiderableamountof literaturewhichgivesanintroductionto the
topic,othersaremoreof the“cookbook”styleandgiveadviceto thosewhoreally
wantto solveaproblem.Amoungthefirst group,I canrecommend

I.J.D. Craig and J.C. Brown, InverseProblemsin Astronomy, Adam
Hilger Ltd. Bristol, 1986. (An introduction,we dont have it in our
library, but I havea copy)

J.A. Scales and M.L. Smith, Introductory Geophysical Inverse
Theory, Samizdat Press, 1997. (freely available in internet:
http://samizdat.mines.edu )

More comprehensive treatmentsare

A. Tarantola, Inverse Problems,Elsevier, 1987. (In the library at
[G6 81], abit old-fashioned)

R. Parker, GeophysicalInverseTheory, Princeton,1994.(Standardref-
erencefor gephysicists,oftenquoted,shouldperhapsbeboughtby the
library)

A first aid for practicalproblemsolvingis goodold

W.H. Press, B. Flannery, S.A. Teukolsky, W.T. Vetterling, Nu-
merical Recipies, Cambridge University Press, 1986. (The
library code is [G6 70]. There are heavily revised more
recent editions, the latest version is available in internet:
www.ulib.org/webRoot/Books/N umer ical Recipies )

A lot of experiencein solving inverseproblemshasbeenaccumulatedby geo-
physicists– sodon’nthesitateto readgeophysicsbooksor paperswhichdealwith
inverseproblemsevenif youconsideryourselfanastrophysicistor planetologist.
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2 Image deblurring

Green’s theoremfor thewave equationcanbeusedto calculatetheelectricwave
field

����������	
at any point

�
insidea closedsurface 
 if

�
andits derivative in

surfacenormaldirectionareknown onthesurface.For asimpleopticaltelescope,
we assume
 to coincidewith theapertureplaneand

�
to vanishexcepton the

aperturearea � . As aperture,we assumea circular hole of radius � . Thenthe
field behindtheapertureis givenby anintegralonly over theaperturearea[1].�
��������	�������������������	���� ��! �#"$� � !�%��! �&"'� � !)(*�+-,/. � � ���0	

(2.1)

Here ( is a directionalfunction dependingon the cosinesof the anglesof the
surfacenormalwith

�1"2� �
andwith the wave vector 3 , respectively. We will

consideratelescopewith largefocallength 4 sothattheseanglesarecloseto unity
whichyields (65 1. andwecanusetheFraunhoferapproximationto evaluatethe
integral (2.1) for somepoint

�
on thefocal plane.Thegeometryof thetelescope

is sketchedin Fig. 1. Weassumea thin lenseimmediatelyin front of theaperture
planewhich focussesobjectsat infinity ontothethefocalplane.

As a light source,we assumean infinitly distantpoint sourceat an angle 7
from the optical axis. For convenience,we will introducea separatecoordinate
system

� �
for thevector

� �
in theapertureplanewhich originatesin thecenterof

theaperturearea� . In termsof
� �

, thewave field in front of theapertureplane
andthelenseis thengivenby� � ��� � ����	����98 � � � 3;: � � "=<���	 �>�98 � � � 3 � : � � "=<���	

(2.2)

whereby 3 �
we denotethe projectionof 3 onto the apertureplane. Obviously,

themagnitudeof 3 �
is �@?�A�B 7 .

The lenseintroducesan additional phaseretardationon the wave field ofC&D�EGF�HJI�F ��� � 	
=

CKDLEGF�HJIMF ��N � 	
beforeit reachesthe apertureplane. On the aperture

plane,thewavefield is accordinglygivenby����� � ����	��>�O8 � � � 3 � : � � "=<��QP CKDLEGF�HJI�F ��N � 	�	
(2.3)

Similarly asfor theapertureplane,wewill introduceasimilarcoordinatesys-
tem of vectors

�SR
in the focal planewhich originatesin the centerof the image

area T (seeFig. 1). For a point
�

on the focal planethe distance
�U"V� �

canbe
written in termsof

� �
and

��R
, by

��RWPVXY"=� �
where

X
pointsfrom thecenterof

theaperturearea� to thecenterof theimageareaT . Theexplicit useof
� �

and��R
is helpfulbecausewhenweapproximatethedistanceaccordingto theordering4[Z N � Z N\R

.
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Figure1: Geometryfor thecalculationof thepointspreadfunction,
 is theplane
of theaperture, _ is thefocal planeat a distance4 fromtheaperture. An object
is assumedinfinitly awayin directionof

�a`
andhasits geometricalimageat

��R�b
in thefocal plane.

Werewrite (2.1)as�����SRc����	��2�98 � � " � <��� *�+ 4 ��� � � d ����Re�J� � 	 , . ��� � 	
(2.4)

with threecontributionsto thefinal phaseof thefield on thefocalplaned ����Rf�J� � 	g� 3 � : � � P CKDLEGF�HJI�F ��N � 	QP ��! ��RKPhX�"$� � ! (2.5)

Thesearethe initial phasein theapertureplane,thephaseretardationdueto the
lenseandthe phasechangeafter the propagationfrom the apertureplaneto the
focalplane.

Thelasttermin (2.5)canbefurtherapproximatedwith 4[Z N � Z N\R
.! �SRKPhX�"'� � ! �ji 4 . P����SRk"$� � 	 .5 l 4 . PmN .�onQp " �SR : � �4 . PmN .�rq 5 l 4 . PmN .� " ��R : � �4

sothat(2.5)becomesd ���SRe�J� � 	�� 3 � : � � P CKDLEGF�HJIMF ��N � 	QP � l 4 . PsN .� " �4 ��R : � �� �4 ���SR�be"$��Rt	 : � � P CKD�EGF�H�I�F ��N � 	QP � l 4 . PsN .� (2.6)

where
��R�bu� 4 � 3 �
4



is the locationof geometricoptical imageof thedistantlight sourcein the focal
plane.If wemoreoverchooseCKDLEGF�HJIMF � D 8v" l 4 . PmN .�
with arbitrayconstant

D 8
, it is easyto seethat thephase(2.6) in

��R�b
is indepen-

denton which point
� �

thewave field haspropagatedfrom andhenceall waves
interferecoherentlyin

��R
=

�SR�b
. This choicethereforeinsuresthatplane T is in

focusand 4 is thefocal lengthof thelense.
Thefinal phasein (2.4) thereforeisd ���SRe�J� � 	�� D 8u" �4 ���SRk"$��R�b�	 : � � (2.8)

andanevaluationof thephaseintegral (2.4)now is straightforward.We abbrevi-
ate

�SRw"'��R�b
=

C �SR
For acircularapertureareawith radius � wehave��� � � d ���SRe�J� � 	 ,/. ��� � 	�� � � D 8 ��� � " �\xy C ��R : � � ,z. ��� � 	� � � D 8 �|{8 N � � .%}8 � " � xy ! C ��R ! N �Y~�� ?�� , �� ��� � , N �*�+�� 8�� �4 ! C �SR ! N � 	� *�+ n 4��! C �SR ! q . � � D 8 ���%���� �����a�8 � 8�����	�� , �� ��� �x {y ! C �SR ! ��� � x {y ! C �SR ! 	� *�+ � . ��� � x {y ! C ��R ! 	x {y ! C ��R ! � � D 8

(2.9)

Thefinal field is������Rc����	u�>�98 � � .4 ��� � x {y ! C ��R ! 	x {y ! C ��R ! � � � D 8v" } . "=<���	
(2.10)

But we aremeasuringintensitiesratherthanelectricwave fields. We therefore
square(2.10)anddefinethe power collectedfrom the light sourceat

��`
by the

apertureareaas � 8
=

+ � .�� � .8�� * . This power is distributedason thefocal plane
asintensity � ����Rt	g� �* ! ������Rc����	 ! . ��� 8+ n � �4 q .)� ��� � x {y ! C ��R ! 	x {y ! C ��R !�� .

(2.11)
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Figure2: Crosssectionthroughthepoint spreadfunction
� p � + 	��°¯ � ����	 � ��	 . anda

Gaussian
� p �²± + 	 �´³Sµ "W��� � * 	 . of similar shape(dashed).

Notethatthecoefficientof � 8
ontheright handsideis normalizedandintegrating

theright handsideover theentirefocal planejust yields � 8
.

Finallywegeneralize(2.11)by replacing� 8
for thepointsourceby

� 8�����R�b�	 , . �SR�b
for a distributedsource.Thefinal integral is then� ���SRQ	g� � R � 8����SR�bJ	 p+ � ��� � x {y ! ��Rk"'�SR�b ! 	x {y ! ��Rk"$�SR�b !¶� . n � �4 q . , . �SR�b

(2.12)

If weknow thesourcedistribution

� 8�����R�b�	
wecancalculatewhattheobservedin-

tensity

� ���SRQ	
will look likeby simpleintegrationof (2.12).Thisusuallycalledthe

forwardproblem.Theequationbecomesan inverseproblemif we areinterested
to find out theoriginal intensitydistribution

� 8�����R�b�	
from theobservation

� ����Rt	
.

This latterproblemobviously is of muchmorepracticalrelevance.More gener-
ally, we will call

� ����Rt	
briefly the “data” and

� 8����SR�bJ	
the “model”. The kernel

function mapsthe modelto the dataandthe inversecharacterof solving for the
modellies in thefactthatthis mappinghasto beinverted.

In thepresentcontext thekernelfunctionis oftencalledthepointspreadfunc-
tion andis shown in Fig. 2. For practicalcalculations,it canwell beapproximated
by a Gaussian.Thekernelfunction in (2.12)dependsonly on thedifferencebe-
tween

�SR
, i.e., the coordinatein dataspace,and

��R�b
, the coordinatein model

space,which makes(2.12)a convolution type integral. It is obviousthat thefine
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structureof

� 8�����R�b�	
at scalessmallerthanabout 4 � � � arelost dueto thediffrac-

tion of theinstrumentandthereis quitesomeinterestto “deblurr” imagesin order
to resolve thesescales.

3 Tomography

The term tomographyis usedfor a variety of methodswhich all aim to deduce
theinteriorstructureof abodyfrom theoutsideobservations.In themathematical
literturethis termis usedevenmoregenerallyto denotethoseproblemswhichde-
riveparametersin theinteriorof adomainfrom datatakenon its boundary. Here,
we will only mentionthe mostprominentexamples.Standardreferencesin this
areaare[3] for amorepracticalpointof view and[2] for themoremathematically
interestedreader.

3.1 X-ray transform

The classicalexampleof tomographyis transmissiontomography. Herea diag-
nostic ray is penetratingthe body from variouspositionsandin differentdirec-
tions. Theattenuationof theray asit leavesthebody is thedatafrom which the
attenuationcoefficient · in the interior is derived. Hencefor a position

��8
of the

transmitterand
� �

of the receiver, both connectedby a ray path ¸ throughthe
domain ¹ , theinitial intensity

� 8
is attentuatedto� � ����8��J� � 	g� � 8 �º³Sµh»¼½ " �¾�¿ �JÀ�Á ��Â�ÃMÄ�Å · ���Æ	 , �aÇÉÈÊ (3.1)

To simplify theanalysis,thephysicalnatureof thediagnosticray is oftenchosen
suchthat the ray path ¸ is not refractedbut straightandthemediumis optically
thin (this is not alwayspossibleas,e.g., in acousticwave tomography).In this
casȩ canbecharacterizedby any point

��8
on theray andtheray direction Ë�Ì as¸ = Í ��8uP>Î Ë�Ì ! ÎÐÏVÑ;Ò

. Let
Î

=
ÎÓ8

and
Î �

correspondto the intersectionsof ¸
with theboundaryof ¹ , thenloragrithmof therelativeattenuationisÔ BKÕ � 8v" � � ���S8\��Ö×	� 8 Ø ���VÙ ÂÙ À · ���S8eP-Î Ë�Ì 	 , Î�Ú�Å Û �VÙ ÂÙ À|Ü ����8fPVÎ Ë�Ì "'�Æ	 , Î�Ý · ���Æ	 ,/Þ �
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Figure3: Illustrationof theX-raytransform(left) andtheRadon-transform(right)
geometry. In bothcasestheview direction Ë�Ì is thesame. Thedifferentintegration
areais grey-scaledin each case.

wherein the last formulationthe kernel function is written out explicitly in the
squarebrackets (by a Ü function with vectorargumentwe meanthe productofÜ functionsof the componentsof the vectorargument). In termsof an inverse
problem,the logarithmof therelative attenuation

� � 8@" � � 	 � � 8
is thedata,and ·

themodelto besolvedfor.
(3.1)canalsobelookeduponasa setof projectionsof · alongthedirectionsË�Ì onto

�S8
. Up to now, thediagnosticrayshavenotbeenspecified.To investigate

a 3D body, theusualsetupis to take a 2D manifoldof positions
��8

(which make
up an image)for a 1D manifold of directions(the scandirections

Ö
mustcoveråçæ � +tè

, a viewing direction Ë�Ìêé " Ë�Ì givesthe integral in 3.1). In this casethe
(3.1) is calledanX-ray transformandthe inversionproblemis to deduce· on a
3D domain ¹ from asetof 2D imagestakenat a seriesof view directionsË�Ì (see
Fig. 3).

Thedegreeto which (3.1)canbesolveddependsstronglyamongotherthings
on the resolutionof the imageandthe selectionof view directions.Gapsin the
angularcoverageor in partsof theimagecancausetheinverseproblemto become
unsolvable. A favourablearrangement,on theotherhand,is to choosetheview
directionsË�Ì to lie in aplane.Thenthe3D X-ray transformdecomposesinto aset
of 2D transformswhichcanall besolvedindependently.

TheX-ray transformarisesalsoin many otherproblemswhich canapproxi-
matelybelinearized.As anotherexampleconsiderthecasewheretheradiationis
generatedinsidethebody(aplasmaof emittingparticlesor a radioactivepharma-
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ceuticalnuclei in a humanbody). Thenthedatain anintegral equationformally
identicalto (3.1) is theobservedradianceor intensityandtheattenuation· is re-
placedby thelocalemissivity of theradiation.Anothercasewhichleadsto (3.1)is
traveltimetomography. Thetimeasignalneedsto propagatefrom thetransmitter
to thereceiverassumingthepropagationtakesplacealongstraightlinesisë ���S8\��Ö×	u�2�|Ù ÂÙ À p� ���S8cP-Î Ë�Ì 	 , Î (3.2)

where � is the local signalspeed.To solve (3.2) for the speed� directly would
make theproblemnonlinear. Instead,(3.2) is usuallysolvedfor its reciprocal,the
“slowness”

p � � (Note, however, that in 3.2 � ���Æ	
cannotvary by a large amount

becausethentheraypathwouldbediffractedwhich invaldatesourassumptionof
straightrayspaths).Then(3.2)formally becomesequalto anX-ray transformand� canbedeterminedfinally from therecipocalvalueof theslowness.

3.2 Radon transform

A differenttransformarisesif insteadof solvingfor thespatialvariationof a pa-
rameter, we wantto resolvea distribution in velocity space.Assumewe aremea-
suringtheline emissionfrom acloudof plasmafrom differentdirectionsË�Ì with-
out any spatialresolutionbut ratherusinga spectrographto obtainthe Doppler
shift informationfrom the plasmaparticles. The intensityat a frequency ì off-
setfrom the line centerby a shift

C ì = ì - ì 8 is directly proportional(assuming
againtheplasmais optically thin) to thenumberof particleswhichhaveavelocity
componentí = � C ì � ì 8 towardstheobserver. Hence,� � C ì ��Ö×	u��î � , ìï �ð�ñ ò�óõôaöº÷/øøùÀ 4 ��ú�	 , . ú (3.3)

where 4 is thevelocity distribution function,
ï

= î 4 , Þ ú is the total numberof
emittingparticlesand î � , ì theintegratedline intensitywhichmustbeindepen-
dentof thedirectionit is measuredfrom.

(3.3) is anexampleof a Radontransform.For a singleview direction Ë�Ì , the
integration now is on planesnormal to Ë�Ì ratherthan on lines along Ë�Ì as for
the X-ray transform(seeFig 3). Eachplaneis labeledby its distancefrom the
origin which hereis proportionalto

C ì . Therefore,for eachdirectionwe only
get a 1D manifold of data(the spectrum

� � C ì 	
) andwe needa 2D manifold of

directions( Ë�Ì hasto cover a half sphere,againreplacing Ë�ÌWé " Ë�Ì gives the
samespectrumin (3.1) exceptfor a sign changein

C ì ) to resolve the complete

9



velocity distribution. This is a difficult measurementand(3.3) is thereforeoften
usedtogetherwith theassumptionof somesymmetriesof thevelocitydistribution
functionlike,e.g.,gyrotropy whichmeansthat 4 ��ú�	

hasazimuthalsymmetrywith
respectto themagnetricfield direction.

In a 2D geometry, theX-ray transformandtheRadontransformareactually
identicalexceptthat Ë�Ì is rotatedby

+ � *
.

4 Radiative transfer inversion problems

Many inverseproblemsarisefrom remotesensingobservations. The physical
basisis thetransferof radiationthroughmediawith varyingopticalproperties.In
its simplestform, the radiance

��û
at a frequency ì andsimilarly thebackground

atmospherehave a spatialvariationonly with height ü . Thenignoringscattering,
the radiance

� � ü ��Ö×	
propagatingat an angle

Ö
with respectto the vertical ýþ is

modifiedlocally by absorptionandthermalemissionaccordingto,,×ÿ ��û � ü �JÖ 	�� ~�� ? Ö ,, ü ��û � ü ��Ö×	�� " · û � ü 	 ��û � ü ��Ö 	�P �
û

(4.1)

Here, · û
is the local absorptioncoefficient. A commonapproximationfor the

emissionsource�
û

is a local thermodynamicequilibriumfor which it is propor-
tional to Planck’sblackbodyradianceof thelocal temperture

ë � ü 	
�
û � · û � ü 	�� û � ë � ü 	�	 where

�
û � ë � ü 	�	�� *�� ì Þ� . p�º³Sµ � � ì��� ë � ü 	 	c" p (4.2)

Theintegrationof (4.1) is usuallysimplifiedby introducingthefrequency de-
pendentopticaldepth

�
û � ü 	��Ú� `

	 · û � ü � 	 , ü � hence · û , ü � " , � û (4.3)

which startsat zerofar above theatmosphereandincreasesdownwards(in oppo-
sitedirectionto ü ). Thischanges(4.1)to~�� ? Ö ,, � û ��û � � û �JÖ 	�� ��û � � û ��Ö×	c"
�

û � ë � � û 	�	
or

~�� ? Ö ,, � û � ��û � � û �JÖ 	 � " �
û � ~�� ? Ö
� � "��

û � ë � � û 	�	 � " �
û � ~�� ? Ö

(4.4)

Integration of (4.4) is straight forward except that we have to take accountof
boundaryconditionswhichtypically aredifferentfor thecaseof upgoingradiation
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(
ÖÐÏ å " + � * � + � *�è

with

~�� ? Ö��
0) anddowngoingradiation(

ÖÐÏ å " + �\" + � *�è��å + � * � +tè
with

~�� ? Ö��
0).

For the caseof upgoingradiationwe assumea certainradiance

� I����û
emitted

from thesurfaceat ü = 0, i.e. where�
û

attainsthevalue �������
û

of theopticalthick-
nessof thewholeatmosphereanda radiance

� I�� �û
far above theatmosphereat �

û
= 0 in space.With theseboundaryvaluestheintegrationof (4.4)yields��û � " �

û � ~�� ? Ö"!!!$#&%('*)ø8� ��� � � " � #+%('*)ø8 �
û � ë � � û 	�	 � " �

û � ~�� ? Ö , � û~�� ? Ö� I����û � " �������
û � ~�� ? Ö " � I��,�û

or
� I��,�û � � I����û � " �-�����

û � ~�� ? Ö PV� #+%('*)ø8 �
û � ë � � û 	�	 � " �

û � ~�� ? Ö , � û~�� ? Ö (4.5)

In the secondcaseof downgoingradiationwe assumea the radiance

� I����û
to

reachthe surfaceat ü = 0, i.e., at �
û

= �������
û

andset the incomingradiance

� I��,�û
from above theatmosphereto zero. Thensimilarly asabove (but now

~�� ? Ö
is

�
0) � I����û �Ú� # %('.)ø8 �

û � ë � � û 	�	 � " � � �����û " �
û 	 � ! ~�� ? Ö ! , � û! ~�� ? Ö ! (4.6)

4.1 Solar limb darkening

Thefirst caseis characteristicfor atmosphericobservationsfrom space.Another
applicationis the radiative transferthroughthe solaratmospherewhere

� I��,�û
ist

the radianceof the Sundetectedon earth(ignoring modificationsby the earth’s
atmosphere).In the caseof the Sun, the surfaceis not well defined,but it can
ratherbe looked uponasa ball of gaswith increasingoptical depthtowardsthe
interior. A commondefinitionof thephotosphereis infact thelevel where �

û
= 1

for acertainfrequency in theopticalspectrum.Wecanthereforemovethelevel ü
= 0 deepinto theSunandreplace(4.5)by� I��,�û � ~�� ? Ö×	g�Ú� `8 �

û � ë � � û 	�	 � " �
û � ~�� ? Ö , � û~�� ? Ö (4.7)

This integral equationhasbeenusedto infer thevariationof
�

û � ë � � û 	�	 through-
out the solaratmospherefrom observationsof

� I��,�û � ~�� ? Ö 	
, i.e., the brightnessof

the solardisk with relative distance
�

= / p " ~�� ? . Ö
from the center[7]. From�

û � ë � � û 	�	 thetemperaturevariationcanthenbededucedby inverting(4.2). The
kernelof theabove inverseproblemis theexponentialfunction. Since

~�� ? Ö
can-

not rise above 1, (4.7) is ratherinsensitive to
�

û � ë � � û 	�	 for �
û
�

beyond about
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1.5which is naturalbecausewe cannot“look” into theoptically thick layersand
thereforecannotfind how they arestructured.For

~�� ? Ö
closeto 0 thekerneldrops

rapidly with �
û

and

� I�� �û
is an integral over only theuppermostlayerswith �

û
0

1. Sincetheobservationsthis closeto the limb aredifficult, (4.7) practicallycan
beusedonly for a rangeof �

û
betweenabout0.1and1.5.

For opticalfrequencies,thebrightnessdropswith
�

= / p " ~�� ? . Ö
(limb dark-

ening)sothatqualitativelyweexpectadecreaseof thesourcefunction
�

û � ë � � û 	�	
with decreasing�

û
, i.e.,with increasingheight.Therelatedtemperaturedecrease

on theSunoccursfrom thephotosphereto thechromosphere.However, because· û
differswith frequency, thesensitive rangeof �

û
of the integral kernelin (4.7)

relatesto differentphysicalheightranges.In fact,observationsat UV andEUV
frequenciesshow a limb brighteningratherthana darkeningindicative of a tem-
peratureincreaseat greaterheights.However, at theseheightstheassumptionof
local thermodynamicequilibriumwhich leadsto (4.2) is nomorevalid.

4.2 Trace gas line inversion

An examplefor the secondcase,the downgoing radiation(4.6), is the probing
of the Earth’s atmospherefor tracegasesby measuringtheir thermalradiation
at GHz andTHz frequencies(see,e.g., [5]). A variablesensitivity for different
height rangesof the atmosphereis thenachieved by tuning the spectrometerto
frequenciesat differentdistancesto thecenterof a molecularrotationaltransition
line. Hence,themethodexploits thespectralvariationin theabsorption(or emis-
sion)coefficient · û

. Wewill thereforerewrite (4.6)for zenithobservation( ! ~�� ? Ö !
= 1) andreplace�

û
againaccordingto (4.3)� I��1�û � � `8 �

û � ë � ü 	�	 � " î 	8 · û � ü � 	 , ü � · û � ü 	 , ü� � `8 �
û � ë � ü 	�	 , 
 û

, ü , ü where 
 û � ü 	v� p " � " î 	8 · û � ü � 	 , ü � (4.8)" é � `8 �
û � ë � ü 	�	 · û � ü 	 , ü if optically thin (4.9)

In (4.8), 
 û
is the attenuationat frequency ì betweenthe Earth’s surfaceand

height ü .
To simplify theanalysis,we will restrictto a line which is optically thin, i.e.,

for which 
 û � ü 	 remains
0

1 evenfor ü�é32 . Thiscaseis well approxiamtedby
(4.9). The absorpioncoefficient · û

is a complicatedexpressionanddependson
thedetailedphysicalprocesswhich leadsto theabsorptionof thephoton.For the
inversionproblemweonly needto know its dependenceonfrequency ì , tempera-
ture

ë
anddensity465 of themoleculartracegas7 underinvestigation.All other
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constantswill be absorbedin a constant8 . Considera line at centerfrequencyì:9<; =
�>= ; "
= 9 	 � � for a transitionfrom state4[é@? . Then(see,e.g.,[6])· û � 8A465 Á 9)ì�B � ì " ìC9<; 	Q� p " � "EDGFIHGDGJxLK
M 	

(4.10)

Thelastfactorincludesthecorrectionfor inducedemission,which is notnegligi-
ble for energiesin the IR rangeandbelow where

= ; "N= 9 5 �
� ë
or evenless.465 Á 9 is thenumberof 7 moleculesin thelower state4 which in thermalequilib-

rium canbeexpressedby thegasdensity4 �PO � , therelativeconcentration� 5 of the
constituent7 andrelativenumberof themin state4

465 Á 9 � 4 �PO � � 5RQ 9²� " D Jx K MS � ë 	 (4.11)

Here, Q 9 is thedegeneracy of state4 and
S � ë 	

is thepartitionfunction. Thefre-
quency dependenceis expressedin theline shapefunction B � ì " ì:9T; 	

which for
a largepartof theEarth’satmosphereis dominatedby thecollisionalbroadening.
Theshapeis well modelledby aLorentzianline profileì-B � ì " ì:9T; 	 5 ìC9<;UB � ì " ì:9T; 	g� ì:9T; C ìWV� ì " ì:9<; 	 . P2� C ìWV 	 . (4.12)

of width
C ìXV 0 ì:9T; . In theatmosphere,thelinewidth

C ìWV is essentiallypropor-
tional to theambientgaspressure(weneglectaminor temperaturedependence)C ìXV � C ì 8ZYY 8 (4.13)

wherethecoefficients
C ì 8 , Y 8 areusuallydeterminedexperimentally.

If we insert(4.10)to (4.13)into (4.9)andconcentratetheall temperaturede-
pendencein a function T"9T; , we obtainfinally after replacing4 �PO � by Y � �
� ë

andì:9<; by
�[= 9 "
= ; 	 � �� I����û � � `8 T\9<; � ë � ü 	�	 n Y � ü 	Y 8 q .

] ì " ì:9T;C ì 8 ^ . P n Y � ü 	Y 8 q . � 5 � ü 	 , ü (4.14)

where T"9T; � ë 	�� 8 Q 9 Y 8� C ìWV �
û
J_F � ë 	 = ; "
= 9�
� ë � " DGJx_K
M " � " DGFxLK�MS � ë 	

13
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Figure4: Left panel:Typical temperatureprofileof theEarth’satmosphere. Cen-
tral panel: Factor T"9T; of (4.14) in arbitrary units. Right panel: Line shape
functionof kernelin (4.14)at variousheights.

The conventionalprocedureis to use(4.14) first with a molecularline of 7 =
CO. or O to solve (4.14) for the temperaturefactor T"9T; . Thesemoleculesare
well mixedin theatmosphereup to about100km sothat � 5 is practicallya con-
stant. Oncethe temperatureprofile is known (4.14) canbe usedto retrieve the
concentration� 5 of othermoleculeslike H . O, OÞ . The line shapefactorvaries
between1 at low heights(whereat ì " ìC9<; 0 C ìWV ) and0 atgreatheights(where
at ì " ì:9T;|Z C ìXV ). The transitionoccursat theheightwhere ì " ìC9<; 5 C ìXV� Y � ü 	 . Hencevarying ì " ì:9T; resultsin kernelsof (4.14)which reachup to dif-
ferentheights.This allows to vary thekernelmuchmoreeffectively thanby thep � ~�� ? Ö

factorin the limb darkeningequation(4.7). Themethodcanbe usedto
find � 5 upto heightswhere(4.12)is valid. For toosmallvaluesof

C ìWV atheights
above about80 - 90 km theDoppershiftof the thermalmotion of themolecules
eventuallydeterminesthewidth of the line ratherthancollisions. Theline width
thenis nomorepressuredependentandthekernelfunctionconsequentlylosesits
heightsensitivity.
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5 Helioseismology

Therearetwo differentapproachesin helioseismology. Thefirst is to measurethe
travel timesof acousticwavesby correlatingDopplerdatafrom differentplaces
onthesolarsurfaceandinfer from it essentiallytheacousticwavespeedbelow the
Sun’ssurface.Thesecondapproachanalysestheeigenoscillationsof theSunand
comparesthemwith theeigenfrequenciescalculatedfrom standardsolarmodels.
With helioseismicinversion,discrepanciesbetweenthe observed andcalculated
acousticwavedispersioncandirectlyberelatedto changesof thefluid parameters
in theSun’s interiorwith respectto thestandardmodel.

Theapproachis basedonavariationalprinciplewhichconsistsof theintegra-
tion of the effect of small perturbationsover the entirevolumeof the Sun. It is
favourableto dothis integrationin termsof Lagrangianvariablesratherthanusing
theconventionalEulervariablesof thefluid. Thetransformationof theequations
of continuity, momentumandpressureto theLagrangianframeis not trivial and
is derived in appendixA. To simplify the matter, we will our considerationsto
a horizontally layeredfluid with vertical gravity acceleration� � ü 	 . We count ü
positiveupwardsand Q = ýþ :�� is negative. Thissettingcouldbelookeduponasan
approximationfor wavemodeswhichdonotpropagatedeeplyinto theinteriorof
theSun.

Hence,we assumethat the backgroundpressureY 8
and density

�/8
depend

only on depth ü , arein hydrostaticequilibriumand Q variesconsistentlywith the
densitydistribution � Y 8r� � �/8

and

� :�� � " ± +\� �/8
(5.1)

(5.1) canreadily be integratedfrom the surfacevaluesY 8�� ü � æ 	
= 0 (negligi-

ble pressurefrom the corona)and Q � ü � æ 	
, which is the known gravitational

accelerationon theSun’ssurface.
Thepropagationof wavesis controlledby threemore ü dependentbackground

parameters,the acousticspeed,� Ù , the Brunt-Vais̈alä-frequency
ï

andthe pres-
surescaleheight � definedby � . Ù ��� Y 8�/8 (5.2)ï . � �õ" Q 	 n�� 	 Y 8� Y 8 " � 	 �/8�/8 q � �õ" Q 	� n Y 8��� 8 q H � �� ü n Y 8��� 8 q

(5.3)

� � Y 8! Q ! �/8 � �´.Ù� ! Q ! (5.4)

Both, � Ù and � increaserapidly towardsthe Sun’s interior. The Brunt-Vaisala
frequency

ï
is practicallyzeroin theconvectionzoneandonly finite deepinside
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theSunwhereit is stablylayered.In (5.2)-(5.4),� is thepolytropicindex (ratioof
specificheats).Wewill assumefor simplicity thatit is aconstant.In therealSun,� is consideredto vary with depthdueto changesin thechemicalcompositionin
its interior.

We assumea generalperturbationexpressedby the Lagrangianexcursion� �>�g8\����	
of a fluid elementfrom its equilibriumlocation

��8
(For convenience,we

will droptheindex 0 from
��8

in themaintext usedin theappendicesto denotethe
equilibriumposition). As shown in appendixA, theperturbationobeys in linear
approximation(seeA.23)�� ��� � " p 	 � � � : � 	QP � . Ù � � � : � 	QP � � �@: � 	��o" 
 � � 	

(5.5)

This equationalso neglectsthe gravitational effect of the densityperturbations
associatedwith (5.5), a commonsimplification termedCowling approximation.
Theassociateddensityandpressureperturbationsare(A.13) and(A.16)Ü�� �9� "��/8c� � : � 	 and Ü�� Y � " � Y 8c� � : � 	

(5.6)

As boundaryconditionsfor theperturbationwedemandthatit shouldvanishdeep
in theinteriorat ü é " 2 andat thesurfaceandthepressureat thesurfaceshould
stayzero,which requiresthat

� � : � 	�� ü � æ 	
= 0.

From the Dopplerobservationson the Sun’s surfacewe obtainafter Fourier
transformin timeandsurfacecoordinatesthefrequency

<
andhorizontalwavenum-

ber 3�� of theperturbations.Consequently, wewill decompose� �>� ����	g����<� Á � � �<� Á � � ü 	-�<� ¿*� � ñ � H �X�0Ã P �X� �X� (5.7)

andsimilarly for Ü�� � and Ü�� Y . Equationssimilar to (5.5) and(5.6) but with ad-
ditional termsalsohold in the more generalcasewhenselfgravitation is taken
accountof or if magnetohydrodynamicfluid forcesareallowedfor.

5.1 Approximation of short vertical wavelengths

As alsoshown in theappendix,(5.5) describesacousticandgravity waves. The
former are associatedwith pressurevariationsor accordingto (5.6) with   A�¡ � ,
the latterwith a verticaldisplacement¢ 	 of thefluid parcelsagainstgravity. The
respectivewaveequationsfor verticalwavelengthsshortcomparedto thevertical
scaleheight � are  A�¡ �� " � . Ù C   A1¡ � 5 æ

and
C¤£¢ 	 P ï . C �¥¢ 	 5 æ

(5.8)

The boundaryconstraintswhich we imposeon the perturbationsis that they do
not produceany pressurechangeat thesurface ü = 0 sothat the total pressureisY 8�� ü � æ 	

= 0 andthatall perturbationsvanishfor ü é " 2 .
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Thisapproximationis notmeaningfulfor gravity waves.From(5.8)and(5.7)
including a Fourier transformwith respectto ü (since � � 	 Z 1 we canneglect
the ü dependenceof

ï . ) wefind adispersion� .	 � ü 	 5 n ï . � ü 	< . " p q � � (5.9)

An increaseof
ï . with depthcausestheverticalwavenumber� 	 to increasetoo,

hencegravity waves tend to be deflecteddownwardstowardsthe centerof the
Sunand ¢ 	 � ü 	 é 0 for üKé " 2 . Theconvectionzonewith

ï 5 0 in addition
preventsthemto reachthesurfacesothatthey arehardto detectat thesurface(Up
to now theso-calledQ -modesarestill unobserved).In oursimplifiedgeometrywe
thereforehave to rule out gravity waves in ordernot to get in conflict with the
integrability of thewave functionsandtheboundaryconditionsfor

�
demanded

above.
For acousticwavesthe above approximationmakessense.Their dispersion

from (5.8)afterFourier transformin spaceandtime is (againvalid only for � � 	Z 1) � .	 � ü 	 5 < .� . Ù � ü 	 " � .� (5.10)

hencefor increasing� . Ù � ü 	 with
" ü theverticalwavenumber� 	 decreasesto zero

wherethewave is reflectedupwardsagain.If thenumberof nodesof thewave in
verticaldirectionis 4 thenthe integrationof thewaves’ phasechangein vertical
directionyields � 8

	>¦¨§ � 	 � ü 	 , ü � � 4 P 7 ��© P 7 8�	 +
(5.11)

where 7 ��© and 7 8
arephasecorrectionswhich dependon the specificreflection

conditionsat ü = ü �1© and ü = 0, but notonwavenumberor frequency. Experimen-
tally, avalue 7 ��© P 7 8

= 1.45is found[10].
Using(5.2)and(5.3),wecanroughlyestimatehow � Ù increaseswith depth,at

leastinsidetheconvectionzone.With
ï . 5 0,p� . Ù , �´.Ù, ü � n p

Y 8 , Y 8, ü " p�/8 , �/8, ü q� n p
Y 8 , Y 8, ü " p

� Y 8 , Y 8, ü q ��� p " p
� 	 Q �/8Y 8 �o� � " p 	 Q� . Ù

We canusethis equationto rewrite thedispersion(5.10)as� .	 � ü 	 5 < .� � " p 	 Q ü " � .�
17



(Note,both Q and ü arenegative),andinsertthis resultinto (5.11)� 8
	>¦¨§ < .� � " p 	 Q ü " � .� , ü� � � ! ü ��© ! � �8 / ª H � " p , ª � � � ! ü �1© ! + * �o� 4 P 7 ��© P 7 8�	 +

where ü ��© =
�ù< � � � 	 . � � � " p 	 Q . The last equationyields the observablerelation

betweenthefrequency andhorizontalwavenumber< . �6< .�<� Á 9 5 * � � " p 	 Q � 4 P 7 ��© P 7 8´	 � � (5.13)

Thereforenot all frequencies
<

originally allowed for in (5.7) arepossible,but
only adiscretesetlabeledwith 4 Ï Í æ Ò �¬«

. Henceweshouldseea largenumber
of modes4 with similardispersioncurves.However, wecanonly hopethis result
to be even approximatelyvalid as long as ü ��© lies inside the convection zone.
Conversely, any observeddeviation from (5.13) tells us thatour guessaboutthe
fluid parametersinsidetheSunhave to becorrected.

5.2 The inverse problem from a variational princple

To find thesecorrections,we have to go backto (5.5) without restrictionon the
verticalwavelength.An essentialrequirementof themomentumequation(5.5) in
a losslesssystemis that thedifferentialoperator
 is selfadjoint with respectto�/8

. In appendixB we show that this is indeedthecase.For two perturbations
�

and ­ wehave(seeB.10)�-® À �/8 ­�: 
 � � 	 , Þ �'� �-® À �/8 � :�
 � ­ 	 , Þ �'� �-® À �/8 
 � � ­ � � 	 , Þ � (5.14)

where
 �
is adifferentialoperatorwhich is symmetricin bothits arguments
 �ù� ­ � � 	���� Y 8�/8 � � :�­ 	�� � : � 	QP p�/8 � � : � 	�� ­v: � Y 8�	P p�/8 � � :(­ 	�� � : � Y 8�	QP ¢ 	&¯T	 � 	 �/8 � 	 Y 8� .8 (5.15)

If we introducethe Fourier transform(5.7),
 changesto 
 � � where

�
is

replacedby
� 	 P � 3�� whenit actson

�
. As 
 is selfadjoint, 
 � � is hermitianand

hencepossessesaseriesof orthogonaleigenvectors
� � � with realeigenvalues

< .�T�
for each 3�� . Theseareexactly the modeslabeledwith 4 in our simplified first
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approachabove. In termsof theseeigenvectorsandeigenvalueswe rewrite (5.5)
as < .� � Á 9 � �<� Á 9 � 
 � � � � �T� Á 9 	 (5.16)

which is an ordinary differential equationin ü . It becomesa Sturm-Liouville
eigenvalueproblemif theboundaryconditionsfor

� �<� Á 9 aretakenaccountof (see
text following 5.5).

Theorthogonalityconditionfor theseeigenvectorsis� 8
H ` �/8 �-°� � Á ; � ü 	 � � � Á 9 � ü 	 , ü � Ü ; Á 9
± �<� Á 9 (5.17)

where ± � � Á 9 is the normalizationconstantsometimescalled the modeinertia.
Likewise,(5.14)with thehelpof (5.16)canberewrittenas< .� � Á 9 ± �<� Á 9 � � 8

H ` �/8 �²°� � Á 9 : 
 �T� � � � � Á 9 	 , ü� � 8
H ` �/8 
 � � � � � °�T� Á 9 � � �<� Á 9 	 , ü (5.18)

The operator
 � �<� is identical to (5.15)exceptthat

�
is replacedby ýþ � 	6³ � 3��

whereit operatesontothefirst or secondargumentof 
 � �<� , respectively.
Theeigenvectorsof (5.16)form theelementsof a Hilbertspaceandthe tech-

niqueto correcttheeigenvaluesandeigenvectorsdueto changesin theoperator
 � �<� are borrowed from perturbationtheory developedin quantummechanics.
The changesof 
 � � � aredueto correctionsin the backgroundquantities

�/8
, Y 8

,Q which appearascoefficients in the operator. However, dueto (5.1)
�/8

, Y 8
, Qarenot independent.Henceit is sufficient to only vary

�/8
independentlyandtake

accountof changesin the otherbackgroundparametersin a consistentmanner.
Thesechangeswill inducea perturbationof theoperator
 � � andfinally further
changesof theeigenvectorsandeigenvalues
 � � é 
 � � P Ü 
 � �� � � Á 9 é � � � Á 9 P Ü � � � Á 9< .� � Á 9 é < .� � Á 9 P Ü �ù< .� � Á 9 	

Thecorrectionto theeigenfunctionscanbeexpressedasacombinationof the
unperturbedfunctions(Note,the

� � � Á 9 , arein generalcompletebut wehereignore
thegravity wavesin our simplifiedtreatment)Ü � �T� Á 9 �´� ; 8�9 Á ; � �<� Á ; (5.19)
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Thefreeconstantof theperturbededeigenfunctionsarechosensuchthatthenor-
malization(5.17) is maintainedand ± � � remainsunaffected. As is easilyseen
when

� � Á 9 é � � Á 9 + Ü � � Á 9 with (5.19)areinsertedinto (5.17), 8�9 Á 9 P 8 °9 Á 9 must
vanish. The free complex phaseof the pertubedeigenvector is chosento make8
9 Á 9 vanishentirelysothat� 8

H ` �/8 Ü �²°�<� Á 9 : � � � Á 9 , ü � æ
(5.20)

A variationof (5.16)thenyieldswith (5.19), 8�9 Á 9 = 0 andalsotakingaccount
of thelinearityof theoperator
 � �Ü �ù< .� � Á 9 	 � �<� Á 9 P'< .� � Á 9 Ü � �<� Á 9 � Ü 
 � � � � �T� Á 9 	�P 
 � � � Ü � �<� Á 9 	� Ü 
 � � � � �<� Á 9 	QP��;¶µô 9 8�9 Á ;u
 � � � � �T� Á ; 	� Ü 
 �<� � � �T� Á 9 	QP �;·µô 9 8¸9 Á ; < .�<� Á ; � �T� Á ; (5.21)

Multiplication with
�/8 � °� � Á 9 with (5.19)and(5.17)givesÜ � < .� � Á 9 	 ± �T� Á 9 � � 8

H ` �/8 �²°� � Á 9 : Ü 
 �<� � � � � Á 9 	� � 8
H ` �/8 Ü 
 � � � � � °�<� Á 9 � � �<� Á 9 	 , ü (5.22)

Hencethe variationof the eigenvalue is obtainedfrom the variationof the op-
eratorelementswith respectto the unperturbedeigenfunctions.The perturbed
eigenfunctionsarenot requiredatall at this approximation.

Thedensityvariationleadsto a pertubationoperatorÜ 
 � �T� � Ü �/8 , actuallythe
Fréchetderivative of 
 � �T� , which we derive in the appendixC. This operatoris
againa Hilbert spaceoperatoras 
 � �T� itself. Our final inverseproblemcannow
bestatedin termsof new operator(5.22)asÜ � < .� � Á 9 	< .�T� Á 9 � � 8

H `º¹ �T� � �»°�<� Á 9 � � � � Á 9 	 Ü �/8�/8 , ü (5.23)

wherewe definedthekerneloperatorin accordancewith thehelioseismiclitera-
ture[8] by

¹ � � � � °� � Á 9 � � � � Á 9 	u� � .8± �<� Á 9 < .� � Á 9 n Ü 
 � �<�Ü �/8 q � � °� � Á 9 � � � � Á 9 	 (5.24)
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Figure5: Kernel functions ¼ � � for an acousticmodefor the Sun,for spherical
geometryso that 3�� hasto be replacedby

i ½ � ½ P p 	 � �¿¾ . Here,
½

= 10 and the
eigenfunctionshavethe order 4 = 6. Thefirst subscriptparameterdenotesthe
parameterwhich is varied,thesecondtheoneassumedfixed.Here, À = �º.Ù � � , � °
is essentiallya measureof

ï . � ! Q ! and Á is therelativeHeliumabundance. From
[8].

In (5.23) Ü �ù< .�<� Á 9 	 is the deviation betweenthe observed frequenciesand those
calculatedfrom a standardsolarmodel. Hencebeforesolving (5.23), we must
calculatetheeigenfrequenciesandeigenfunctionsfor thestandardmodelfrom the
unperturbedwave equation(5.16). Theeigenvectorshave to beusedto calculate
thekernelfunctionsandthesquaredeigenfrequencieshave to besubtractedfrom
thoseobserved to obtain Ü �ù< .� � Á 9 	 on the left handside. The inversionof (5.23)
thenyields Ü �/8 , thecorrectionwhich wehave to applyto our standardmodel(in-
cludingconsistentchangesin Y 8

, Q etc.) to obtainabetteragreementbetweenthe
observedandthe modeleigenfrequencies.A solutionto (5.23) is madedifficult
by the fact that the kernel ¹ is strongly influencedby the eigenfunctions

�
and

oscillatesheavily (seeFig. 5). Also a specifickernelonly coversthedepthrange
betweenthesurfaceandthe reflectionheightof the respective modeso that it is
insensitiveto densitychangesbelow thereflectionheight.
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A Fluid equations in Lagrange variables

Be
�g8

theunperturbedlocationof a fluid elementand
��8cP � �>�g8\����	

its perturbed
location. In principle,

�g8
may be floating with a zero order backgroundflow,

but we will for simplicity restricttheunperturbedstateto a stationary, vertically
layeredfluid in hydrostaticequilibrium. Moreover, we assume

�
small andwill

linearizewith respectto
�
. The relation betweenEuler coordinates

�
and the

Largrangianequivalentis then �'�Â�g8eP � �[��8�����	
(A.1)

For a generalvariable T , we denotetheunperturbedstateby T 8��>�u	
which in

our caseis assumedstationary. Thetemporalevolution of theEulerianperturba-
tion of T is alwaysmeasuredat afixedlocation

�
andwedenoteit by [9]Ü D T �[� ����	g� T �>� ����	c" T 8��>�u	

(A.2)

In theLagrangianframe,thetemporalevolutionof T is measuredin theframeof
referencefloatingwith afluid particle.WedenotetherespectiveperturbationbyÜ�� T �>�g8�� � �>�g8\����	º����	g� T �>�g8fP � �>�g8\����	´����	c" T 8Ó�>�g8´	

(A.3)

If
�

is chosenaccordingto (A.1), thenobviously, T �[� ����	
= T �[��8cP � ����	

and
to lowestorder,Ü�� T �>�g8\� � �>�g8\����	º����	g� Ü D T �>�g8\����	QP � �[��8�����	 : � T 8��[��8�����	

(A.4)

An integraloveravolume Ã ����	
whoseboundaryfloatswith theperturbedfluid

transformsfrom Eulerto Largrangiancoordinatesaccordingto� ® ¿ �0Ã T �[� ����	 ,/Þ �'��-® À T �[�g8cP � �>�g8\����	º����	
det

!!!! � �>�g8cP � �[��8�����	�	� �[�g8º	 !!!! , Þ �g8
(A.5)

wherethe Lagrangianintegration volume Ã 8
is the unperturbedvolume which

mapsto Ã ����	
under(A.1). Thedeterminantin (A.5) is theJacobianof thetrans-

formation(A.1) andcompensatesthechangeof theinfinitesimalvolumeelement
dueto themapping(A.1). TheJacobiancanbesimplifiedif we linearize

det
!!!! � �>�g8gP � �[��8�����	�	� �[�g8º	 !!!! � det

!!!!�Ä P � � � �[�g8\����	�	� �[��8º	 !!!!5 p P
trace

n � � � �[�g8\����	�	� �>�g8º	 q � p P�� � : � 	��>�g8\����	
(A.6)
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The integral in Euler coordinatesis muchmoredifficult becausethe bound-
ariesare time dependent.We thereforetransformthe integrandto Lagrangian
coordinates.Thefluid (Euler)equationsin Eulervariablesaren ,, � q D �W� " � � : ú (A.7)n ,, � q D ú � " p� � Y P � (A.8)n ,, � q D Y � " � Y � : ú (A.9)

where n ,, � q D � �� � Pmúu�>� ����	 : � (A.10)

is the convective derivative in Euler variablesandwe assumefor simplification
that � � ü 	 is anunperturbedquantityin ýþ direction.This is equivalentto theCowl-
ing approximationfor sphericalgeometryandneglectsthevariationsin thegrav-
itationalaccelerationdueto thedensityperturbations[10].

Equation(A.7) expressestheconservationof fluid massin a convectingvol-
ume Ã �ù��	

comparedto the unperturbedmassin Ã 8
at time

�
= 0 beforethe per-

turbationstarted.Hencewe make useof (A.5) to expressmassconservation in
Largrangiancoordinates:� ® À �/8��>�g8´	 , Þ �g8v� � ® ¿ �0Ã ���[�;����	 , Þ �� �-® À ���>�g8cP � �[��8�����	º����	

det

!!!! � �[��8cP � �>�g8\����	�	� �>�g8º	 !!!! , Þ �g8
(A.11)

Since Ã 8
was arbitrarily chosen,the last relation also holds for the integrands.

Using(A.6) �/8��>�g8´	g�2���[��8fP � �>�g8\����	´����	
det

!!!! � �>�g8eP � �>�g8\����	�	� �[��8º	 !!!!5 ���>�g8fP � �[�g8\����	º����	Q� p P�� � : � 	��[��8�����	�	
(A.12)

TheLagrangianperturbation(A.3) of thedensityin lowestapproximationis thenÜÅ� ���>�g8\� � �>�g8\����	´����	��>���[��8cP � �>�g8\����	´����	c"$�/8��>�g8´	5 " �/8��[�g8´	Q� � : � 	��>�g8\����	
(A.13)

This result can simply be tranferedto any variablewhich dependsonly on
denstiyÜ�� T ����	��>�g8\� � �>�g8\����	´����	�� � T� � ���/8��>�g8´	�	e�/8��>�g8´	Q� � : � 	��>�g8\����	

(A.14)
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We will applythis relationto thepressureperturbation.From(A.9) and(A.7) we
concludethatthefluid behavesadiabaticallyn ,, � q D n Y� � q � æ

(A.15)

with thepolytropicindex � , sothatit canbeconsideredto dependonly ondensity�
, i.e., Y � � �

. From(A.14) wefind immediatelyÜ�� Y �[�g8\� � �[�g8\����	º����	u� " � Y 8��[�g8´	Q� � : � 	��>�g8\����	
(A.16)

If you compare(A.7) and (A.9) with their Lagrangiancounterparts(A.13)
and (A.16) you might be temptedto concludethat the transformationcould be
achievedformally by replacingessentially

�>Æ � Æ&��	 D by ÜT� . In fact,[9] show that
thesetwo operationscommuteunderfairly generalconditions.If wedefine

�
ata

fixedtime
�

by (A.1) thenalso T �[�;����	
= T �>�g8fP � �[�g8\����	º����	

andespecially,úu�>� ����	g�2úu�[�g8cP � �>�g8\����	º����	g� Ç� �>�g8\����	
(A.17)

Hence,theconvectivederivative in Eulercoordinatesis exactly thefull time der-
vative in Lagrangiancoordinates(includingthetimedependenceof

�
)n ,, � q D T �>� ����	g� n �� �²T Pmú : � T q �[�;����	� n �� � T PÈÇ� �>�g8\����	 : � T q �[�g8cP � �>�g8\����	º����	�� ,, � T �>�g8fP � �>�g8Ó����	º����	

(A.18)

With thesepreliminarieswe transformthe momentumequation(A.8) to the
Largrangianframeby formally applying ÜT� to all terms.Usingthefact that

úL8
=

0, (A.17) and(A.18). ÜT� Û n ,, � q D ú Ý �[�g8\� � �[��8�����	º����	� Û n ,, � q D ú�Ý)�>�g8cP � �>�g8\����	´����	c" Û n ,, � q D úL8�Ý� ��� � �[��8�	æ� ,, � úu�>�g8cP � �[�g8\����	º����	u� ,, � Ç� �>�g8\����	g� �� �>�g8\����	
(A.19)
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and Ü � Û p� � Y Ý)�[��8�� � ����	 5 " � Y 8� .8 Ü � ���[�g8Ó� � ����	QP p�/8 ÜT� å � Y è �>�g8\� � ����	� " � Y 8� .8 Ü � ���[��8�� � ����	QP p�/8 å � � Y 	��>�g8fP � ����	c"6� � Y 8º	��[��8�	 è
5 " � Y 8� .8 ÜT� ���>�g8\� � ����	QP p�/8 å � � Y 	��[�g8\����	c">� � Y 8´	��>�g8´	� ��� � PO� � : � 	�� � Y 8J	��[��8�����	 è� å Y �>�g8fP � ����	c" Y 8��>�g8´	� ��� � " � � : � 	 Y 8��>�g8\����	 èÜT� Y �>�g8\� � ����	� " Ü � � � Y 8� .8 �>�g8\� � ����	QP p�/8 å � ÜT� Y �>�g8\� � ����	�" � � � : � Y 8´	��>�g8\����	QP2� � : � 	 � Y 8��[��8�����	� ��� � è" � � ¢ 	 � 	 Y 8Æ	QP ýþ ¢ 	 � .	 Y 8w� " � 	 Y 8 � ¢ 	� " � Y 8� .8 ÜT� ���>�g8Ó� � ����	QP p�/8 � ÜT� Y �>�g8\� � ����	c" p�/8 � 	 Y 8 � ¢ 	 �>�g8\����	

(A.20)

As for � , we wantto neglect thegravitationaleffect duethedensitychangesÜT� �(Cowling approximation),hencein the Euler frame � remainsconstant. In the
Lagrangianframe,however, aperturbationis seenasaresultof theinhomogeneity
of � of ÜT� å � è �>�g8\� � ����	�� � �>�g8fP � 	c" � �>�g8´	��� � �[��8�����	 : � 	 � �[�g8�	�� ýþ ¢ 	 �>�g8\����	 � 	 � p�/8 � 	 Y 8�	Q�[�g8�	

(A.21)

Thefinal linearizedform of themomentumequationin Lagrangianvariables
thenis obtainedby collectingthe terms(A.19-A.21)with appropriatesign asin
(A.8) �� �>�g8\����	�� ��/8 Ü � ���[�g8Ó� � ����	c" p�/8 � ÜT� Y �>�g8\� � ����	QP � � �@: � 	��>�g8\����	

(A.22)

wherewe usedthehydrostaticequilibriumcondition

� Y 8 � �/8
= � . Anotherform

of the momentumequationis obtainedby expressingÜT� � and Ü � Y with help of
(A.13) and (A.16) in termsof

�
andabbreviating � Y 8 � �/8

= � . Ù for the acoustic
speed�� �[�g8\����	g��� � " p 	 � � � : � 	��>�g8\����	QP � . Ù � � � : � 	��>�g8\����	QP � � � : � 	��>�g8\����	

(A.23)

Acousticwavesareimmediatelyapparentin (A.23) by takingthedivergence
of (A.23)   A�¡ �� " � . Ù C   A�¡ � (A.24)��� � " p 	�� � :���  A1¡ � 	QP � 	 � . Ù � 	 �   A1¡ � 	)P C � � : � 	
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Thefirst andsecondtermon theleft describestherefractionof theacousticwave
in thestratifiedmediumif theverticalwavelengthapproachesthepressurescale
height � , thesecondtermdescribesthecouplingwith gravity waves.

Gravity wavesaremoretideousto obtain. We startwith (A.22) andreplaceÜT� � by the adiabaticrelation
�/8 ÜT� Y � � Y 8

from (A.13) and(A.16) anduseagain
� Y 8 � �/8

= � . �� � � Y 8� .8 ÜT� �)" � n ÜT� Y�/8 q " � �/8� .8 Ü � Y P � � �@: � 	� n � Y 8� Y 8 " � �/8�/8 q Ü � Y�/8 " � n ÜT� Y�/8 " �@: � q� " ýþ ï .Q ÜT� Y�/8 " � n ÜT� Y�/8 " � : � q
(A.25)

Note that Q � æ
. We usethehorizontalandverticalcomponentsof this equation

differently. On the horizontalcomponentswe operatethe horizontaldivergence
� � andsolve for Ü � Y � �/8

to obtain� .� n ÜT� Y�/8 q � � .� � � : � 	c" � � £¢<� (A.26)

On the vertical componentof (A.25) we operate

� .� =
C � and replace ÜT� Y � �/8

from theequation(A.26) aboveC � £¢ 	 � " n ï .Q P � 	 q n C � ÜT� Y�/8 q P � 	 C � � � : � 	� " n ï .Q P � 	 q ] � .� � �@: � 	c" � � £¢¥� ^ P � 	 C � � �@: � 	� n ï .Q P � 	 q � � £¢¥� " ï .Q C � � � : � 	
(A.27)

Finally, we replace

� � £¢¥� by   A1¡ �� " � 	 £¢ 	 andrearrangetermsin (A.27) to finally
obtain C¤£¢ 	 P ï . C �¥¢ 	 (A.28)� " ï .Q � � 	 Q � 	 ¢ 	 P � 	 � ¢ 	 � 	 Q 	 P � 	 £¢ 	 � P n ï .Q P � 	 q   A1¡ ��
Again,thefirst termontheright describestherefractionof thegravity waveif the
verticalwavelengthbecomesof theorderof the � heightof fluid. The last term
is responsiblefor the couplingwith acousticwaves (A.24) (A reformulationof
(A.24) and(A.28) in termsof wave amplitudes

� : �/8 � and
�/8 ¢ 	 shouldeliminate

therefractiontermin bothequations).
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B Selfdjointness of É
Werewrite (5.5),or likewise,(A.22or A.23)slightly differentlyusing �º.Ù = � Y 8 � �/8
and Q = , Y 8 � , ü�/8 �� � � � " p 	 � å Y 8�� � : � 	 è P Y 8 � � � : � 	QPm�/8 � � � : � 	u� " �/8 
 � � 	

(B.1)

If ­ is anotherperturbationvectorsatisfyingthe boundarycondition then 
 is
selfadjointif � ® À �/8 ­u: 
 � � 	 , Þ �g8r� � ® À �/8 � :�
 � ­ 	 , Þ �g8

(B.2)

We insert(B.1) andshow termby termthattheintegrandis symmetricin ­ and
�

andhencethey canbeinterchanged.
The first term of the right-handside of (B.1) obviously gives a symmetric

integrand.After partial integration� ® À � � " p 	�� ­u: � 	 å Y 8�� � : � 	 è , Þ ��8���-Ê ® À � � " p 	 Y 8�� ­u: ýË 	�� � : � 	 , . �g8�"s� ® À � � " p 	 Y 8�� � :(­ 	�� � : � 	 , Þ �g8
(B.3)

wherethesurfaceintegral vanishesbecauseY 8
= 0 on thesurface.Here ýË = ýþ is

the surfacenormalvectorof
� Ã 8

. For the secondterm of (B.1) we obtainafter
partial integration �-® À Y 8Ó� ­�: � 	�� � : � 	 , Þ �g8� � Ê ® À Y 8�� ­u: � 	�� ýË : � 	 , . �g8�" �-® À å ¯ � � � ¢ 	 � 	 Y 89P Y 8 �XÌ ¯ � � � ¢ Ì è , Þ �g8� " �-® À å Q �/8�� ­�: � 	 ¢ 	 P Y 8 �XÌ ¯ � � � ¢ Ì è , Þ �g8

(B.4)

whereagainthesurfacetermvanishesdueto Y 8
= 0. Theonly remainingnonsym-

metricterm,thefirst partof theintegrandin thelast integral is compensatedby a
similar termarisingfrom theintegrationover thethird termof (B.1)� ® À �/8�� ­u: � 	�� �@: � 	 ,/Þ �g8� �-® À å Q �/8�� ­u: � 	 ¢ 	 Ps�/8 ¢ 	,¯ 	 � 	 Q è , Þ ��8

(B.5)
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Adding all terms(B.3) - (B.5) together, we can write the integral over the
accelerationoperatorin theform proposedby [9]� ® À �/8 ­u: 
 � � 	 , Þ �g8�2� ® À å � � " p 	 Y 8�� � :(­ 	�� � : � 	QP Y 8 �XÌ ¯ � � � ¢ Ì "$�/8 ¢ 	+¯ 	 � 	 Q è , Þ ��8

(B.6)

In thehelioseismicliterature,however, anotherform of theoperatoris used,
which seemsto have beenintroducedfirst by [11]. It is found by changingthe
integralover thesecondtermof (B.1) to�²® À Y 8Ó� ­v: � 	�� � : � 	 , Þ �g8@� � Ê ® À Y 8�� ­u: ýË 	�� � : � 	 , . �g8" �-® À � ­u: � Y 8�	�� � : � 	�P Y 8�� � :�­ 	�� � : � 	 , Þ ��8

(B.7)

insteadof (B.4). Again thesurfaceintegral vanishesbecauseY 8
= 0. Theintegral

over thethird termof (B.1), expression(B.5), is furthermanipulatedto�²® À å � 	 Y 8f� ­v: � 	 ¢ 	 Ps�/8 ¢ 	,¯T	 � 	 Q è , Þ �g8� � ® ÀÎÍ � ­u: � 	�� ¢ 	 � 	 Y 8Æ	c" ¢ 	+¯T	 � .	 Y 89Pm�/8 ¢ 	,¯ 	 � 	 QÐÏ ,/Þ ��8� � Ê ® À � ­u: ýË 	 ¢ 	 � 	 Y 8 , . �g8" � ® À Û � � :�­ 	 ¢ 	 � 	 Y 89P ¢ 	+¯ 	 � 	 �/8 � 	 Y 8�/8 Ý ,zÞ ��8
(B.8)

whereweused �/8 � 	 Q " � .	 Y 8k� " � 	 Y 8 � 	 �/8�/8
Thesurfaceintegral in (B.8) vanishesbecause

�/8
= 0 andhence

� 	 Y 8
= Q �/8 van-

ishesat the surface. Collecting (B.3), (B.7) and(B.8) we find asalternative to
(B.6) � ® À �/8 ­u: 
 � � 	 ,/Þ �g8�2� ® À Í � Y 8�� � :�­ 	�� � : � 	QP�� � : � 	�� ­�: � Y 8´	PO� � :�­ 	�� � : � Y 8´	QP ¢ 	+¯T	 � 	 �/8 � 	 Y 8�/8 Ï , Þ �g8

(B.10)
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This representationof theaccelerationoperationhastheadvantagethatdifferenti-
ationsareshiftedontothegentlyvaryingfunctions

�/8
and Y 8

ratherthanontothe
heavily oscillatingwave functions.

C Variational change of ÉÒÑ
Wederiveherethevariationalexpressionfor theoperator
 �

, asdefinedin (5.15).
Therespectivevariationof 
 � � � Á 9 is asusualobtainedby setting

� é 3��UÓ ýþ � 	
First we write down how Y 8

and Q areaffectedby a variation Ü �/8 . We assume
that Q ¾ is thegravitationalaccelerationon theSun’s surfaceat ü � æ

which is to
stayconstant.Wewe thereforeallow only variationsÜ �/8 for which î Ü �/8 = 0, i.e.
themassis only redistributed.Thereasonfor this constraintis thatthetotal mass
of the Sunis very well known from celestialmechanicsandwe don’t want this
parameterto bechangedwhensolvingtheinverseproblem.From(5.1)

Y 8Ó� ü 	�� " 8� 	 Q �/8 , ü and Q � ü 	g� Q ¾ P ± +�� 8� 	 �/8 , ü (C.1)

(rememberQ and Q ¾ arenegative)weobtainÜ Y 8@� " 8� 	 � Q Ü �/8cPm�/8 Ü Q 	 , ü and

Ü Q � ± +\� 8� 	 Ü �/8 , ü � " ± +\� 	�H ` Ü �/8 , ü (C.2)

Wecannow attactthevariationof theoperator
 �Ü 
 �ù� ­ � � 	�� � � � :�­ 	�� � : � 	 Ü ] Y 8�/8 ^ P Í � � : � 	 ¯T	 P�� � :�­ 	 ¢ 	 Ï Ü Q P ¢ 	,¯ 	 Ü ] Q � 	 �/8�/8 ^
where Ü ] Y 8�/8 ^ � Ü Y 8�/8 " Y 8 Ü �/8� .8 (C.3)Ü ] Q � 	 �/8�/8 ^ � � 	 �/8�/8 Ü Q P Q�/8 � 	 � Ü �/8º	W" Q � 	 �/8� .8 Ü �/8 (C.4)

Insertiongives�/8 Ü 
 � � ­ � � 	g� � � � :�­ 	�� � : � 	 Õ Ü Y 8u" Y 8 Ü �/8�/8êØ P Í � � : � 	 ¯T	 P�� � :�­ 	 ¢ 	 Ï �/8 Ü QP ¢ 	+¯ 	 Õ � 	 �/8 Ü Q P Q � 	 � Ü �/8º	9" Q � 	 �/8�/8 Ü �/8 Ø (C.5)
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which in (5.22)wehave integrateover theentiredomain.
In afinal stagewewantto removetheintegrationon Ü �/8 implicit in Ü Y 8

and Ü Qandalsothedifferentionon Ü �/8 sothatwefinally canseparateÜ �/8 in theintegrand
andthusobtaina multiplicative kernel. This will beachievedby suitablepartial
integration.Thetermwith

� 	 � Ü �/8º	 gives8�H ` Q ¢ 	&¯ 	 � 	 � Ü �/8´	 , ü � " 8�H ` � 	 � Q ¢ 	_¯T	 	 Ü �/8 , ü
wherethe contributionsat the boundariesvanishbecausethere Ü �/8 = 0. Terms
with Ü Y 8

for � � � � � � :�­ 	�� � : � 	 yield8�H ` � � Ü Y 8 , ü � 8�H ` � 	 ] � 	H ` � � � ü �0	 , ü � ^ Ü Y 8 , ü� " 8�H ` ] � 	H ` � � � ü � 	 , ü � ^ � 	 � Ü Y 8º	 , ü� " 8�H ` ] � 	H ` � � � ü � 	 , ü � ^ � Q Ü �/8fPm�/8 Ü Q 	 , ü
Similarly termswith Ü Q for� . �6�/8 Í � � : � 	 ¯T	 P2� � :�­ 	 ¢ 	 Ï P ¢ 	+¯ 	 � 	 �/8#"$�/8 8�H ` ] � 	H ` � � � ü �0	 , ü � ^ give8�H ` � . Ü Q , ü � " 8�H ` ] � 	H ` � . � ü � 	 , ü � ^ � 	 � Ü Q 	 , ü� ± +\� 8�H ` ] � 	H ` � . � ü � 	 , ü � ^ Ü �/8 , ü
In both casesthe integral over coefficient � vanishesat

" 2 and Ü Y 8
or Ü Q , re-

spectively, vanishat theupperintegrationboudaryso that theboundariesdo not
contribute to thepartial integration. Insertingtheseexpressionswith appropriate
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coefficientsandreorderingyieldsfinally8�H ` �/8 Ü 
 � � ­ � � 	 , ü � 8�H ` �/8 ] Ü 
 �Ü �/8 ^ � ­ � � 	 Ü �/8�/8 , ü where�/8 ] Ü 
 �Ü �/8 ^ � � � � � :�­ 	�� � : � 	�� 8
	 Q �/8 , ü ��" Q �/8Æ� 	H ` � � :�­ 	�� � : � 	 , ü � �" � 	 � Q �/8 ¢ 	+¯T	 	 P ± +\� �/8Æ� 	H `ÕÔ �/8 , ü � (C.7)

with

Ô � ü 	u� Í � � : � 	 ¯T	 P2� � :�­ 	 ¢ 	 Ï P ¢ 	+¯ 	 � 	 �/8�/8 " � � 	H ` � � :�­ 	�� � : � 	 , ü �
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