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1 Introduction

Inverseproblemsolving hasevolvedto be a rathermathematicatliscipline,yet it
is intimitely relatedto obsenations.Thebasicgoalis to tell how muchameasure-
mentcancontribute to the validationor falsificationof a theoreticaimodelabout
the objectwe investigate In thatrespect seeit asa very physicaldiscipline: We
have to understandoththe theoreticalmodelwhich suggestsiow the signalwe
obsene is primarily producedandat the sametime a detailedknowledgeis often
requiredabouttheinstrumentwhich corvertsthe signalinto data.

In this first part| will give someexamplesof inverseproblemswhich shov
how deeplyphysicsis involvedto formulatetheproblems.Thetwo partsto follow
will be concernedvith the mathematicatoolsto solve the problemsandwe will
find that both solvability and solution dependon detailsof the problemwhich
oftencanbetracedbackto its physicalnature.

Thereis aconsiderableamountof literaturewhich givesanintroductionto the
topic, othersaremoreof the“cookbook” styleandgive adviceto thosewhoreally
wantto solve a problem.Amoungthefirst group,l canrecommend

1.J.D. Craig and J.C. Brown, InverseProblemsin Astronomy Adam
Hilger Ltd. Bristol, 1986. (An introduction,we dont have it in our
library, but I have a copy)

J.A. Scales and M.L. Smith, Introductory Geophysical Inverse
Theory Samizdat Press, 1997. (freely available in internet:
http://samizdat.mines.edu )

More comprehensie treatmentsare

A. Tarantola, Inverse Problems, Elsevier, 1987. (In the library at
[G6 81], abit old-fashioned)

R. Parker, GeophysicalnverseTheory Princeton,1994. (Standardef-
erencefor gephysicistspftenquoted,shouldperhapse boughtby the
library)

A first aid for practicalproblemsolvingis goodold

W.H. Press, B. Flannery S.A. Teukolsky, W.T. Vetterling, Nu-
merical Recipies, Cambridge University Press, 1986. (The
library code is [G6 70]. There are heaily revised more
recent editions, the latest version is available in internet:
www.ulib.org/webRoot/Books/N umerical _Recipies )
A lot of experiencein solving inverseproblemshasbeenaccumulatedy geo-
physicists- sodon’nthesitateo readgeophysicdooksor papersvhich dealwith
inverseproblemseavenif you considetyourselfanastrophysicisor planetologist.



2 Imagedeblurring

Greens theoremfor the wave equationcanbe usedto calculatethe electricwave
field E(r,t) atary point r insidea closedsurface A if E andits derivative in
surfacenormaldirectionareknown onthesurface.For asimpleopticaltelescope,
we assumeA to coincidewith the apertureplaneand E to vanishexcepton the
apertureareaA. As aperturewe assumea circular hole of radiusR. Thenthe
field behindthe aperturdas givenby anintegral only overthe aperturearea[l].

olik|r — 7| Q
E(r,t) = / E(r',t) d(kr") (2.1)
A
Here @) is a directionalfunction dependingon the cosinesof the anglesof the
surfacenormalwith » — ' andwith the wave vector k, respectiely. We will
considermtelescopeavith largefocallength f sothattheseanglesarecloseto unity
whichyields@ ~ 1. andwe canusethe Fraunhofemapproximatiorto evaluatethe
integral (2.1) for somepointr onthefocal plane. The geometryof thetelescope
is sketchedn Fig. 1. We assuma thin lenseimmediatelyin front of theaperture
planewhichfocusse®bjectsatinfinity ontothethefocal plane.

As a light source,we assumean infinitly distantpoint sourceat an anglea
from the optical axis. For corveniencewe will introducea separateoordinate
systemr 4 for thevectorr’ in theapertureplanewhich originatesin the centerof
theapertureareaA. In termsof r 4, thewave field in front of the apertureplane
andthelenseis thengivenby

iklr — '] 2

E,(’I"I, t) - E, ei(k"l"' — wt) - E, e’i(kA"f'A - ("Jt) (2.2)

whereby k4 we denotethe projectionof k& ontothe apertureplane. Obviously,
themagnitudeof k4 is k sin a.

The lenseintroducesan additional phaseretardationon the wave field of
Adrense(4) = Adrense(r4) beforeit reachegshe apertureplane. On the aperture
plane thewavefield is accordinglygivenby

E(ra,t) = E, ei(kA-T‘A — wt + Arense(T4)) (2.3)

Similarly asfor theapertureplane,we will introducea similar coordinatesys-
tem of vectorsry in the focal planewhich originatesin the centerof the image
areaF’ (seeFig. 1). For a point r on the focal planethe distancer — ' canbe
writtenin termsof 4 andrg, by rr + f — 74 wheref pointsfrom the centerof
theapertureareaA to the centerof theimageareaF'. The explicit useof 4 and
rr IS helpfulbecausevhenwe approximatehedistanceaccordingo theordering

f>>7”A>>7”F.



Figurel: Geometryfor thecalculationof the pointspreadfunction,A is theplane
of theapertur, F is thefocal planeat a distancef fromthe aperture. Anobject
is assumeanfinitly awayin directionof r,, and hasits geometricalimage at r 5,
in thefocal plane

We rewrite (2.1) as

ke 1wt id(r
— F, TA) 2
E(rp,t) = Ey ] Ae d*(ra) (2.4)
with threecontritutionsto thefinal phaseof thefield onthefocal plane
O(rp,ra) =kara+ Adrense(Ta) + klre + f — 74| (2.5)

Thesearetheinitial phasen the apertureplane,the phaseretardationdueto the
lenseandthe phasechangeafter the propagatiorfrom the apertureplaneto the
focal plane.

Thelasttermin (2.5) canbefurtherapproximatedvith f > r, > rp.

re + f —7al = V2 + (rp — 14)?

TrTA TrTA
~ \/f2 475 (1—7) ~ 0/ f24rE —
YU P+ T
sothat(2.5)becomes

k
O(rp,1a) =kaTa+ Adrense(r4) + b/ 2+ 714 — —rp-1rs

f
k
= ?(TFO_TF)'TA+A¢lense(TA)+k\/f2+7'124 (26)
where rp, = %kA



is the locationof geometricopticalimageof the distantlight sourcein the focal
plane.If we moreo/erchoose

A(blense = ¢0 Y. f2 + 7”124

with arbitrayconstantp,, it is easyto seethatthe phase(2.6)in r, is indepen-
denton which point r, the wave field haspropagatedrom andhenceall waves
interferecoherentlyin rr = rx,. This choicethereforeinsuresthatplaneF' isin
focusandf is thefocal lengthof thelense.

Thefinal phasan (2.4) thereforeis

®(rp,ra) = ¢o — ;(TF — Tro) TA (2.8)

andanevaluationof the phasentegral (2.4) now is straightforward. We abbrevi-
aterr — rr, = Arp For acircularapertureareawith radiusk we have

/eﬂ)(rp,rA) dQ(TA) :eléf’o/e_ZfArF"’“A d2(rA)
A A

. R 2T -k
:ewﬁo/ TA/ . i%|Arp|ra OSP4 dr s
0 0

7

-~

k
QWJO(?|A’I’F‘7‘A)

kR
f 2 T\A'r‘p|
=27 (MAT‘F\ el i Jo(p) pdp

v

-~

B Are| 11 (5 Arp|)
Ji(5EArg|)

%o 2.9
EE|Arg] (2.9)

= 21 R?

Thefinal field is

kR
kR? J1(F|ArE|) Ji(do — T — wt)

But we are measuringntensitiesratherthan electricwave fields. We therefore
square(2.10) and definethe power collectedfrom the light sourceat ., by the
apertureareaas P, = mR? cEj /2. This power is distributedason the focal plane
asintensity

c ) 2 (1, (k& Arp)\
1) = §1ire ) = 22 (AF) (M> @.10)

T f ’“f—R|A'rF|



Point spread function in diffraction limit
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Figure2: Crosssectionthroughthe point spreadfunction(1/7)(Ji(p)/p)? anda
Gaussian(1/4m) exp —(p/2)? of similar shape(dashed).

Notethatthecoeficientof P, ontheright handsideis normalizedandintegrating
theright handsideovertheentirefocal planejustyields F,.

Finally wegeneraliz€2.11)by replacingP, for thepointsourceby Io(rr,)d*rr,
for adistributedsource.Thefinal integralis then

I(rp) = /F IO(rFO)%( £71?|| Tz‘”D) (%) Prp, (2.12)

If we know the sourcedistribution I;(rr,) we cancalculatewhatthe obseredin-
tensity!(rr) will look like by simpleintegrationof (2.12). Thisusuallycalledthe
forward problem. The equationbecomesan inverseproblemif we areinterested
to find out the original intensitydistribution y(r,) from the obseration (7).
This latter problemobviously is of muchmore practicalrelevance. More gener
ally, we will call I(r) briefly the “data” and I (rr,) the “model”. The kernel
function mapsthe modelto the dataandthe inversecharacteiof solving for the
modelliesin thefactthatthis mappinghasto beinverted.

In thepresentontet thekernelfunctionis oftencalledthe point spreadunc-
tion andis shavnin Fig. 2. For practicalcalculationsijt canwell beapproximated
by a Gaussian.The kernelfunctionin (2.12)dependsnly on the differencebe-
tweenrp, i.e., the coordinatein dataspace,andrg,, the coordinatein model
spacewhich makes(2.12)a convolution typeintegral. It is obviousthatthe fine
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structureof I, (rr,) atscalessmallerthanaboutf /4R arelost dueto the diffrac-
tion of theinstrumentandthereis quite someinterestto “deblurr” imagesn order
to resolethesescales.

3 Tomography

The term tomographyis usedfor a variety of methodswhich all aim to deduce
theinterior structureof abodyfrom the outsideobsenations.In themathematical
literturethistermis usedevenmoregenerallyto denotehoseproblemswvhich de-
rive parameteri theinterior of adomainfrom datatakenonits boundary Here,
we will only mentionthe mostprominentexamples. Standardeferencesn this
areaare[3] for amorepracticalpointof view and[2] for themoremathematically
interestedeader

3.1 X-raytransform

The classicalexampleof tomographyis transmissiortomography Here a diag-
nosticray is penetratinghe body from variouspositionsandin differentdirec-
tions. The attenuatiorof theray asit leavesthe body is the datafrom which the
attenuatiorcoeficient « in the interior is derived. Hencefor a positionr, of the
transmitterand r; of the recever, both connectedoy a ray pathC throughthe
domaing?, theinitial intensity I, is attentuatedo

Li(ro,m) = Iy exp | — / k(r) dr (3.1)

C(ro,r1)NQ2

To simplify theanalysisthe physicalnatureof the diagnosticray is often chosen
suchthattheray pathC is not refractedbut straightandthe mediumis optically
thin (this is not always possibleas, e.g.,in acousticwave tomography).In this

caseC canbecharacterizedby any pointr, ontheray andtheray directioney as
C={ro+ sey | s € R}. Lets = sy ands; correspondo the intersectionf C

with the boundaryof €2, thenloragrithmof therelative attenuations

Iy—1 0 51
In (%O(TO’)) = / k(ry + sey) ds

S0

= / [/3:1 §(ro + sep — 1) ds] k(r) d*r
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Figure3: lllustrationof theX-raytransform(left) andtheRadon-tansform(right)
geometry In bothcasegsheview directione, is thesame Thedifferentintegration
areais grey-scaledn ead case

wherein the last formulationthe kernelfunction is written out explicitly in the
squarebraclets (by a § function with vectoramgumentwe meanthe productof
0 functionsof the componentf the vectoragument). In termsof aninverse
problem,the logarithmof therelative attenuation I, — I;)/1, is the data,andx
themodelto besolvedfor.

(3.1) canalsobe lookeduponasa setof projectionsof x alongthe directions
ey ontory. Up to now, thediagnostiaayshave notbeenspecified.To investigate
a 3D body, the usualsetupis to take a 2D manifold of positionsr, (which make
up animage)for a 1D manifold of directions(the scandirectionsf mustcover
[0, 7], aviewing directione, — —e, givestheintegral in 3.1). In this casethe
(3.1) is calledan X-ray transformandthe inversionproblemis to deducex on a
3D domain) from a setof 2D imagestakenat a seriesof view directionse, (see
Fig. 3).

Thedegreeto which (3.1) canbe solveddependstronglyamongotherthings
on the resolutionof the imageandthe selectionof view directions. Gapsin the
angularcoverageor in partsof theimagecancauseheinverseproblemto become
unsohable. A favourablearrangementon the otherhand,is to choosethe view
directionsey to lie in aplane.Thenthe3D X-ray transformdecomposemto a set
of 2D transformswhich canall be solvedindependently

The X-ray transformarisesalsoin mary otherproblemswhich canapproxi-
matelybelinearized.As anotherexampleconsideithe casewheretheradiationis
generatednsidethebody(a plasmaof emitting particlesor aradioactve pharma-
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ceuticalnucleiin a humanbody). Thenthe datain anintegral equationformally
identicalto (3.1)is the obseredradianceor intensityandthe attenuatiorx is re-
placedby thelocalemissvity of theradiation.Anothercasewhichleadsto (3.1)is
traveltimetomography Thetime a signalneedgo propagatdrom thetransmitter
to therecever assuminghe propagatiortakesplacealongstraightlinesis

S1 1
fF(rO,Q)-—‘/i) e (3.2)

wherec is the local signal speed. To solve (3.2) for the speedc directly would

make the problemnonlinear Instead(3.2) is usuallysolvedfor its reciprocal the
“slowness”1/c (Note, however, thatin 3.2 ¢(r) cannotvary by a large amount
because¢hentheray pathwould be diffractedwhich invaldatesour assumptiorof

straightrayspaths).Then(3.2)formally become®qualto anX-ray transformand
¢ canbedeterminedinally from therecipocalvalueof the slowness.

3.2 Radon transform

A differenttransformarisesif insteadof solving for the spatialvariationof a pa-
rameterwe wantto resolhe a distributionin velocity space Assumewe aremea-
suringtheline emissionfrom a cloudof plasmafrom differentdirectionsey with-
out any spatialresolutionbut ratherusinga spectrographo obtainthe Doppler
shift informationfrom the plasmapatrticles. The intensity at a frequeng v off-
setfrom theline centerby a shift Av = v - 1, is directly proportional(assuming
againtheplasmais optically thin) to thenumberof particleswhich have avelocity
component = cAv/y, towardsthe obserer. Hence,

Im%m:fx” /‘fwm% (3.3)

v-eg:cu—(’;

where f is the velocity distribution function, N = [ f d®v is the total numberof
emittingparticlesand [ I dv theintegratedline intensitywhich mustbe indepen-
dentof thedirectionit is measuredrom.

(3.3)is anexampleof a Radontransform.For a singleview directioney, the
integration now is on planesnormalto e, ratherthanon lines along e, asfor
the X-ray transform(seeFig 3). Eachplaneis labeledby its distancefrom the
origin which hereis proportionalto Av. Therefore for eachdirectionwe only
geta 1D manifold of data(the spectrum/(Av)) andwe needa 2D manifold of
directions(es hasto cover a half sphere,againreplacingey, — —ey givesthe
samespectrumin (3.1) exceptfor a sign changein Av) to resole the complete
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velocity distribution. This is a difficult measuremerdnd(3.3) is thereforeoften
usedtogethemwith theassumptiorof somesymmetrieof thevelocity distribution
functionlike,e.g.,gyrotrogy whichmeanghat f (v) hasazimuthalsymmetrywith
respecto themagnetridield direction.

In a 2D geometrythe X-ray transformandthe Radontransformareactually
identicalexceptthate, is rotatedby 7 /2.

4 Radiativetransfer inversion problems

Many inverseproblemsarisefrom remotesensingobsenations. The physical
basisis thetransferof radiationthroughmediawith varyingoptical propertiesin
its simplestform, the radiancel, at a frequeny » andsimilarly the background
atmospherdave a spatialvariationonly with heightz. Thenignoring scattering,
the radiancel(z,0) propagatingat an anglef with respectto the vertical 2 is
modifiedlocally by absorptiorandthermalemissionaccordingo

d d
@I,,(Z,G) = CO0S Galy(z, 0) = —k,(2)1,(2,0) + €, (4.1)

Here, k, is the local absorptioncoeficient. A commonapproximationfor the
emissionsourcee, is alocal thermodynamiequilibrium for which it is propor
tional to Plancks blackbodyradianceof thelocal temperturel’(z)

6, = 5 (2)B(T(2)) where B,(T(z)) = 2~ . 4.2)

i kBT(z)) -1

exp(

Theintegrationof (4.1)is usuallysimplifiedby introducingthefrequeng de-
pendenbpticaldepth

7,(2) = / k,(2') dZ' hence k,dz = —dr, (4.3)

which startsat zerofar above the atmospherandincreaseslownwards(in oppo-
sitedirectionto z). Thischangeg4.1)to

cos 0%[,,(7’,,, 0)=1,(r,,0) — B,(T(1,))

or cos@# L(r,,0) e~ T/ €80 — B (7(r)) e~ Tv/ 080 (4.4

v

Integration of (4.4) is straightforward exceptthat we have to take accountof
boundaryconditionswhichtypically aredifferentfor thecaseof upgoingradiation
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(0 € [—n/2,7/2] with cos# > 0) anddowngoingradiation(f € [—7, —7/2] U
[ /2, 7] with cos 6 < 0).

For the caseof upgoingradiationwe assumea certainradiancels™ emitted
from thesurfaceat z = 0, i.e. wherer, attainsthevaluer?™ of the opticalthick-
nessof the whole atmospher@nda radiancel:*° far above the atmospherat 7,
= 0in spaceWith theseboundaryaluestheintegrationof (4.4)yields

atm

0

atm
TI/

I, o—Tv/cosO

0o cos
e 0T/ cosf _ e or
tm "
e = it o~ TS/ cos O +/ B,(T(1,)) o~ Tv/ COS 9 At (4.5)
0 cos @

In the secondcaseof downgoingradiationwe assumea the radiancel*™ to
reachthe surfaceat z = 0, i.e., at 7, = 72*™ andsetthe incomingradiancelsr*
from above the atmosphereo zero. Thensimilarly asabove (but now cos 6 is <

0)
Isrf — /
v 0

4.1 Solar limb darkening

Thefirst caseis characteristidor atmospheriobsenationsfrom space.Another
applicationis the radiatve transferthroughthe solaratmospheravhere [P ist
the radianceof the Sundetectedbn earth(ignoring modificationsby the earths
atmosphere).In the caseof the Sun, the surfaceis not well defined,but it can
ratherbe looked uponasa ball of gaswith increasingoptical depthtowardsthe
interior. A commondefinition of the photospherés infactthe level wherer, =1
for acertainfrequeny in theopticalspectrumWe canthereforemove thelevel z
= 0 deepinto the Sunandreplace(4.5) by

atm
Ty

B,(T(r,)) e~ (0" ~ )/ cosd \c%m (4.6)

o dr,
Jspe 0) = Bu T ., —T,,/COSQ_V 4.7
Peeost) = [ BT ¢ o (4.7)

This integral equationhasbeenusedto infer the variationof B, (T'(r,)) through-
out the solaratmospherdérom obsenationsof I3P¢(cos ), i.e., the brightnessof
the solardisk with relative distancep = /1 — cos? # from the center[7]. From
B,(T(r,)) thetemperaturevariationcanthenbe deduceddy inverting (4.2). The
kernelof the above inverseproblemis the exponentialfunction. Sincecos # can-
not rise above 1, (4.7) is ratherinsensitve to B, (7'(7,)) for 7, > beyond about
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1.5whichis naturalbecauseve cannot‘look” into the optically thick layersand
thereforecannotfind how they arestructuredFor cos 6 closeto O thekerneldrops
rapidly with 7, and I’?¢ is anintegral over only the uppermostayerswith 7, <
1. Sincethe obsenationsthis closeto the limb aredifficult, (4.7) practicallycan
beusedonly for arangeof 7,, betweerabout0.1and1.5.

For opticalfrequenciesthebrightnesslropswith p = /1 — cos? 6 (limb dark-
ening)sothatqualitatvely we expecta decreasef thesourcefunction B, (T'(1,))
with decreasing,, i.e., with increasingheight. Therelatedtemperaturelecrease
on the Sunoccursfrom the photospheré¢o the chromosphereHowever, because
k., differswith frequeng, the sensitve rangeof 7, of theintegral kernelin (4.7)
relatesto differentphysicalheightranges.In fact, obsenationsat UV andEUV
frequencieshaw alimb brighteningratherthana darkeningindicative of atem-
peraturencreaseat greaterheights.However, at theseheightsthe assumptiorof
local thermodynami@quilibriumwhichleadsto (4.2) is no morevalid.

4.2 Tracegaslineinversion

An examplefor the secondcase,the downgoing radiation (4.6), is the probing
of the Earth’s atmospherdor trace gasesby measuringtheir thermalradiation
at GHz and THz frequencieqsee,e.g.,[5]). A variablesensitvity for different
heightrangesof the atmospheras thenachieved by tuning the spectrometeto
frequencieat differentdistancedo the centerof a molecularrotationaltransition
line. Hence the methodexploits the spectralvariationin the absorptionor emis-
sion)coeficientx,. Wewill thereforerewrite (4.6)for zenithobsenation(| cos 6|

= 1) andreplacer, againaccordingto (4.3)

L= /Ooo B(T(2)) e~ Jo ()2 (2 4

_ /OOOB (1) “ () =1—e o D g
. / k,(2) dz if opticallythin (4.9)

In (4.8), A, is the attenuationat frequeny v betweenthe Earth’s surfaceand
heightz.

To simplify the analysiswe will restrictto aline which is optically thin, i.e.,
for which A, (z) remains< 1 evenfor z — oco. Thiscaseis well approxiamtedby
(4.9). The absorpioncoeficient «,, is a complicatedexpressionand dependson
the detailedphysicalprocesswvhich leadsto the absorptiorof the photon.For the
inversionproblemwe only needto know its dependencenfrequeng v, tempera-
tureT anddensityn x of themoleculartracegasX underinvestigation All other
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constantswill be absorbedn a constanta. Considera line at centerfrequeng
Vnm = (Em — Ey,)/h for atransitionfrom staten — m. Then(see.e.g.,[6])

_En—F,
Ky =anx, V(U —Vpp) (1 —e kT ) (4.10)

Thelastfactorincludesthe correctionfor inducedemissionwhichis not negligi-
ble for enegiesin the IR rangeandbelonv whereE,, — E,, ~ kgT or evenless.
nx,n IS thenumberof X moleculesn thelower staten whichin thermalequilib-
rium canbe expressedy thegasdensityn,;., therelatve concentratiorzx of the
constituentX andrelatve numberof themin staten

— En_
gne *5T

7T (4.11)

Nxn = Nair Cx
Here, g, is the degeneray of staten andZ (7)) is the partitionfunction. Thefre-
queny dependences expressedn theline shapeunction ¥ (v — v,,,,,) whichfor

alarge partof the Earth's atmospherés dominatedby the collisionalbroadening.
The shapds well modelledby a Lorentzianline profile

VnmAVC
(V = Vpm)? + (Ave)?

of width Ave < vy, In theatmospherehelinewidth Ay is essentiallypropor
tional to theambientgaspressurgwe neglecta minortemperatur@lependence)

VWV — Vpm) = Vi V(Y — Upn) =

(4.12)

Ave = Ay L (4.13)
Do

wherethe coeficients Avy, py areusuallydeterminedexperimentally
If weinsert(4.10)to (4.13)into (4.9) andconcentratehe all temperaturele-
pendenceén afunction F,,,,,, we obtainfinally afterreplacingn.;. by p/kgT and

Vnm, BY (B — En) [h
(0

It = / Foum(T(2)) 5 cx(2) dz (4.14)
0 (V_ Vnm>2 + p(z)
140 Do
where . .
@ gnPo Em_Ene_kBT _e_kB—ngF
Fon(T) = hAve van (T) kgT Z(T)
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Atmospheric Kernel Kernel
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Figure4: Left panel: Typical tempeature profile of the Earth’s atmosphes. Cen-
tral panel: Factor F,,, of (4.14)in arbitrary units. Right panel: Line shape
functionof kernelin (4.14)at variousheights.

The corventionalprocedureis to use(4.14) first with a molecularline of X =
CGO, or O to solwe (4.14) for the temperaturdactor F,,,,,. Thesemoleculesare
well mixedin theatmosphereip to about100km sothatcy is practicallya con-
stant. Oncethe temperatureprofile is known (4.14) canbe usedto retrieve the
concentratiorcy of othermoleculedike H,O, O;. Theline shapefactorvaries
betweenl atlow heights(whereatv — v,,,, < Avg) and0 atgreatheights(where
atv — v, > Ave). Thetransitionoccursat the heightwherev — v, ~ Ave
x p(z). Hencevaryingv — vy, resultsin kernelsof (4.14)which reachup to dif-
ferentheights. This allows to vary the kernelmuchmore effectively thanby the
1/ cos @ factorin the limb darkeningequation(4.7). The methodcanbe usedto
find cx upto heightswhere(4.12)is valid. For too smallvaluesof Av¢ atheights
above about80 - 90 km the Doppershiftof the thermalmotion of the molecules
eventuallydetermineghe width of the line ratherthancollisions. The line width
thenis no morepressuralependenandthe kernelfunctionconsequentljosesits
heightsensitvity.
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5 Helioseismology

Therearetwo differentapproaches helioseismologyThefirstis to measure¢he
travel timesof acousticwavesby correlatingDopplerdatafrom differentplaces
onthesolarsurfaceandinfer fromit essentialljtheacoustiovave speedelow the
Sunssurface.Thesecondapproachanalyseshe eigenoscillation®f the Sunand
compareshemwith the eigenfrequenciesalculatedrom standardsolarmodels.
With helioseismidnversion,discrepanciedetweenthe obsened and calculated
acoustiovave dispersiorcandirectly berelatedto change®f thefluid parameters
in the Sunsinterior with respecto the standardnodel.

Theapproachs basedn avariationalprinciplewhich consistf theintegra-
tion of the effect of small perturbationsover the entire volume of the Sun. It is
favourableto dothisintegrationin termsof Lagrangiarvariablegatherthanusing
the corventionalEulervariablesof thefluid. Thetransformatiorof theequations
of continuity, momentumandpressureo the Lagrangianframeis not trivial and
is derived in appendixA. To simplify the matter we will our consideration$o
a horizontally layeredfluid with vertical gravity acceleratiory(z). We countz
positve upwardsandg = 2-g is negative. This settingcouldbelookeduponasan
approximatiorfor wave modeswhich do not propagateleeplyinto theinterior of
theSun.

Hence,we assumethat the backgroundpressurep, and density p, depend
only on depthz, arein hydrostaticequilibriumandg variesconsistentlywith the
densitydistribution

Vpo=gpy and V-g=—4nGp, (5.2)

(5.1) canreadily be integratedfrom the surfacevaluesp,(z = 0) = 0 (negligi-
ble pressurdrom the corona)and g(z = 0), which is the known gravitational
acceleratioronthe Suns surface.

Thepropagatiorof wavesis controlledby threemorez dependenbackground
parametersthe acousticspeedc,, the Brunt-Vaisala-frequeng N andthe pres-
surescaleheightH definedby

2 =1 (5.2)
Po
0.po azpo) (—g) <p0>_18 <p0>

N? = (— ( — = 21 = (= 5.3
(g) YPo Po Y /’g 0z Pg 3

2
=P % (5.4)

lglpo gl

Both, ¢, and H increaserapidly towardsthe Sun’ interior. The Brunt-Vaisala
frequenyg N is practicallyzeroin the corvectionzoneandonly finite deepinside
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theSunwhereit is stablylayered.In (5.2)-(5.4),y is thepolytropicindex (ratio of
specificheats) We will assumdor simplicity thatit is aconstantin therealSun,
~ is consideredo vary with depthdueto changesn the chemicalcompositionin
its interior.

We assumea generalperturbationexpressedby the Lagrangianexcursion
&(xo, t) of afluid elementfrom its equilibriumlocationz, (For conveniencewe
will droptheindex O from x, in themaintext usedin theappendiceto denotethe
equilibrium position). As shawvn in appendixA, the perturbationobeys in linear
approximation(seeA.23)

€= (7-1)g(V-€+V(V-E) + V(g€ =—A§) (5.5)

This equationalso ngglectsthe gravitational effect of the density perturbations
associatedvith (5.5), a commonsimplificationtermedCowling approximation.
Theassociatedensityandpressurgerturbationsare(A.13) and(A.16)

dp=—po(V-§) and &p=—ypy (V-§) (5.6)

As boundaryconditionsfor the perturbatiorwe demandhatit shouldvanishdeep
in theinteriorat z — —oo andatthesurfaceandthepressuratthesurfaceshould
stayzero,whichrequiresthat(V-£)(z = 0) = 0.

From the Dopplerobsenationson the Sun’s surfacewe obtainafter Fourier
transformin time andsurfacecoordinateshefrequeny w andhorizontalwavenum-
berk,;, of the perturbationsConsequentlywe will decompose

E(a,t) = &p, () ™) e (5.7)
kh,w
andsimilarly for &, p andd;p. Equationssimilar to (5.5) and(5.6) but with ad-
ditional termsalso hold in the more generalcasewhen selfgravitation is taken
accountof or if magnetohydrodynamituid forcesareallowedfor.

5.1 Approximation of short vertical wavelengths

As alsoshawn in the appendix,(5.5) describesacousticandgravity waves. The
former are associatedvith pressurevariationsor accordingto (5.6) with divg,
the latter with averticaldisplacemeng, of thefluid parcelsagainsigravity. The
respectre wave equationdor verticalwavelengthsshortcomparedo thevertical
scaleheightH are

divé — AdivE ~0 and A, + N2AyE, ~ 0 (5.8)

The boundaryconstraintsvhich we imposeon the perturbationss thatthey do
not produceary pressurehangeat the surfacez = 0 sothatthe total pressuras
po(z = 0) = 0 andthatall perturbationvanishfor z — —oc.

16



This approximationis not meaningfulfor gravity waves.From(5.8)and(5.7)
including a Fourier transformwith respecto z (since Hk, > 1 we canneglect
the 2 dependencef N?) we find adispersion

k2(2) ~ (NQ(Z) - 1) kn (5.9)

w2

An increaseof N? with depthcauseghe verticalwavenumbetk, to increaseoo,
hencegravity wavestendto be deflecteddownwardstowardsthe centerof the
Sunandé,(z) — 0 for z — —oo. Thecorvectionzonewith N ~ 0 in addition
preventsthemto reachthesurfacesothatthey arehardto detectatthesurface(Up
to now theso-calledg-modesarestill unobsered). In our simplifiedgeometrywe
thereforehave to rule out gravity wavesin ordernot to getin conflict with the
integrability of the wave functionsandthe boundaryconditionsfor ¢ demanded
above.

For acousticwavesthe above approximationmakes sense. Their dispersion
from (5.8) after Fouriertransformin spaceandtime is (againvalid only for Hk,

> 1)
2

K (2) ~ —

B=26
hencefor increasing:?(z) with —z theverticalwavenumberk, decreaset zero
wherethewave is reflectedupwardsagain.If the numberof nodesof thewave in
verticaldirectionis n thenthe integrationof the waves’ phasechangen vertical
directionyields

— k2 (5.10)

0
/ k,(2) dz = (n + owp + ap)m (5.11)
Zrfl
wherea,q andag are phasecorrectionswhich dependon the specificreflection
conditionsat z = z,4 andz = 0, but noton wavenumbeior frequeng. Experimen-
tally, avaluea,y + ag = 1.45is found[10].

Using(5.2)and(5.3),we canroughlyestimatenow ¢, increasesvith depth,at
leastinsidethe corvectionzone.With N? ~ 0,

lde (1 dpy 1 dﬂo)

c2 dz po dz  po dz
_ (i@_iﬁ> _a-Lyee e
po dz  ypo dz Y’ Po c?

We canusethis equationto rewrite thedispersion5.10)as

w2

S T

_ki
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(Note,both g andz arenegative),andinsertthisresultinto (5.11)

0 wQ
S
/zrﬂ \/(7 -1)gz "

1
m
- kh\zrﬂ\/ Va1 dr = byfzals = (n+ 0 + a0}
0

wherezq = (w/ky)?/(y — 1)g. Thelastequationyields the obsenablerelation
betweerthe frequeny andhorizontalwavenumber

w? = wp =~ 2(y = 1)g (n+ ouq + o)k (5.13)

Thereforenot all frequenciesy originally allowed for in (5.7) are possible,but
only adiscretesetlabeledwith n € {0} UN. Hencewe shouldseealargenumber
of modesn with similar dispersiorcurves. However, we canonly hopethis result
to be even approximatelyvalid aslong as z,4 lies inside the corvection zone.
Corversely any obsened deviation from (5.13) tells us that our guessaboutthe
fluid parameterisidethe Sunhave to be corrected.

5.2 Theinverse problem from avariational princple

To find thesecorrectionswe have to go backto (5.5) without restrictionon the
verticalwavelength.An essentiatequiremenbf the momentunmequation(5.5)in
a losslesssystemis that the differentialoperatorA is selfadjoint with respecto
po- In appendixB we show thatthis is indeedthe case.For two perturbationsg
and¢ we have (seeB.10)

| me-d@ a= [ meAQ) Po= [ paCOP (619
Vo Vo Vo
where A’ is adifferentialoperatomwhich is symmetricin bothits aguments

1
.4@£)=%?ﬂ%00%e+;5
0,po 0,
+ L (V-¢)(€- Vo) + £.¢, P00 (5.15)
Po Po

(V-£)(¢-Vpo)

If we introducethe Fourier transform(5.7),4 changeso A, whereV is
replacedoy 0, + ikj, whenit actson§. As A is selfadjoint, A, is hermitianand
hencepossessesseriesof orthogonakigervectorsg,, with realeigervaluesw,%h
for eachk,. Theseare exactly the modeslabeledwith n in our simplified first
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approachabove. In termsof theseeigervectorsandeigervalueswe rewrite (5.5)
as

wih,ngkh,n = 'Akh (Skh,n) (516)

which is an ordinary differential equationin z. It becomesa Sturm-Liouville
eigervalueproblemif theboundaryconditionsfor &, ,, aretakenaccounbof (see
text following 5.5).

Theorthogonalityconditionfor theseeigervectorsis

0
/ P € (Vs n(2) d2 = b My (5.17)

where M, ,, is the normalizationconstantsometimescalled the mode inertia.
Likewise, (5.14)with thehelpof (5.16)canberewritten as

0
wz’h,"Mk’h’n = / Po szh,n'Akh (gkh,n) dz
—00

0
— [ oo € o) 2 (5.18)

—0o0

The operatorA’y, is identicalto (5.15) exceptthat V is replacedoy 20, F ik,
whereit operate®ntothefirst or secondargumentof A’y , respectiely.

The eigervectorsof (5.16)form the elementf a Hilbertspaceandthe tech-
niqueto correctthe eigervaluesandeigervectorsdueto changesn the operator
A'y, areborroved from perturbationtheory developedin quantummechanics.
The changesf A’y, aredueto correctionsin the backgroundjuantitiespy, py,
g which appearas coeficientsin the operator However, dueto (5.1) pg, po, ¢
arenotindependentHenceit is sufficientto only vary py independenthandtake
accountof changesn the otherbackgroundparametersn a consistenimanner
Thesechangeswill inducea perturbationof the operatorAy, andfinally further
change®f the eigervectorsandeigervalues

Akh — -Ak:h + (S.Akh

Ekh,n - £k:h,n + 5£kh,n
2 2 2
wkh,n — wkh,n + 5(wkh,n)

Thecorrectionto the eigenfunctionganbe expressedsa combinationof the
unperturbedunctions(Note,theg,, ,,, arein generacompletebut we hereignore
thegravity wavesin our simplifiedtreatment)

hyn = Gnmiym (5.19)
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The free constanbf the perturbedeeigenfunctionsarechosersuchthatthe nor
malization(5.17) is maintainedand M, remainsunafected. As is easily seen
wheng,, , — £, + &g, With (5.19)areinsertedinto (5.17),a,,» + a, ,, Must
vanish. The free complex phaseof the pertubedeigervectoris chosento make
a,,, Vanishentirely sothat

0
| 2006t dz =0 (5.20)

—0o0

A variationof (5.16)thenyieldswith (5.19),a,,, = 0 andalsotakingaccount
of thelinearity of the operatorAy,

5(wl2ch,n)€kh,n + wlzch,n(sgkh,n = (5~'4kh (gkh,n) + Akh (6€kh,n)

= 5./4]% (5,%”) + Z Ufn,m-Akh (Skh,m)
m#n

= 0Ak, (€ ) + D CnmWhy mEkpm (5.21)

m#n

Multiplication with po &%, ,, with (5.19)and(5.17)gives

S Mo = |

0

P0 &y 0 Ak, (i in)

0

= [ 00 (i) 2 (5.22)
—0oQ

Hencethe variation of the eigervalueis obtainedfrom the variation of the op-

eratorelementswith respectto the unperturbecdeigenfunctions. The perturbed

eigenfunctions@renot requiredatall atthis approximation.

The densityvariationleadsto a pertubationoperatoré.A'g, /9 po, actuallythe
Fréchetderivative of A'y, , which we derive in the appendixC. This operatoris
againa Hilbert spaceoperatoras.A'y, itself. Our final inverseproblemcannow
be statedn termsof new operator(5.22)as

J O

) 0 . §
:/ ’Ckh(ﬁkh,n,ﬁkh,n)% dz (5.23)

2
wkh,n

wherewe definedthe kerneloperatorin accordancevith the helioseismiditera-
ture[8] by

. 2 (S.AI
ICkh (Ek:h,n’ £kh,n) pO < L

= 2
Mkh )nwkh s 5p0

)(a;;h,n,sk,,,n> (5.24)
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Figure5: KernelfunctionsK}, for an acousticmodefor the Sun,for spherical
geometrysothat k;, hasto bereplacedby /I(l + 1)/R. Here, | = 10 andthe
eigenfunctionshavethe order n = 6. Thefirst subscriptparameterdenoteshe
parameterwhich is varied, the secondhe oneassumedixed.Here, u = ¢2/~, A*
is essentiallya measue of N?/|g| andY is therelativeHeliumabundance From

[8].

In (5.23) 5(%2%,71) is the deviation betweenthe obsened frequenciesand those
calculatedfrom a standardsolar model. Hencebeforesolving (5.23), we must
calculateheeigenfrequencieandeigenfunctiongor thestandardnodelfrom the
unperturbedvave equation(5.16). The eigervectorshave to be usedto calculate
thekernelfunctionsandthe squareckigenfrequencieBave to be subtractedrom

thoseobseredto obtaind(wg, ,,) ontheleft handside. The inversionof (5.23)
thenyieldsdpgy, the correctionwhich we have to applyto our standardnodel(in-

cluding consistenthangesn p,, g etc.)to obtainabetteragreemenbetweerthe
obsered andthe modeleigenfrequenciesA solutionto (5.23)is madedifficult

by the factthat the kernel C is stronglyinfluencedby the eigenfunctions and
oscillatesheavily (seeFig. 5). Also a specifickernelonly coversthe depthrange
betweenthe surfaceandthe reflectionheightof the respectte modesothatit is

insensitve to densitychangedelow thereflectionheight.
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A Fluid equationsin Lagrange variables

Be x, the unperturbedocationof afluid elementandxz, + &(x,, t) its perturbed
location. In principle, z, may be floating with a zero order backgroundflow,
but we will for simplicity restrictthe unperturbedstateto a stationary vertically
layeredfluid in hydrostaticequilibrium. Moreover, we assumet smallandwill
linearizewith respectto £&. The relation betweenEuler coordinatese and the
Largrangianequialentis then

T =z + &(x0, 1) (A1)

For ageneralariableF' , we denotethe unperturbedstateby F,(x) whichin
our caseis assumedtationary Thetemporalevolution of the Eulerianperturba-
tion of F' is alwaysmeasuredt afixedlocationz andwe denoteit by [9]

pF(x,t) = F(x,t) — Fy(x) (A.2)

In the Lagrangiarframe,thetemporalevolution of F' is measuredn the frameof
referencdloatingwith afluid particle. We denotethe respectie perturbatiorby

o F' (@0, §(0,1),t) = F(zo + £(x0, 1), 1) — Fo(zo) (A.3)

If  is choseraccordingto (A.1), thenobviously, F(z,t) = F(x, + &,t) and
to lowestorder

6LF(SBO, ﬁ(wo, t), t) = 5EF($(), t) + &(IDQ, t)'VF()(w(), t) (A4)

An integraloveravolumeV (¢) whoseboundanyfloatswith theperturbedluid
transformgrom Eulerto Largrangiancoordinatesccordingto

/ F(zx,t) &z =
V(t)

A(zo + &(T0, 1))
/VO F(wo + 6(-13(), t), t) det 8(330)

wherethe Lagrangianintegration volume V; is the unperturbedvolume which

mapsto V' (¢) under(A.1). Thedeterminanin (A.5) is the Jacobiarof thetrans-
formation(A.1) andcompensatethe changeof the infinitesimalvolumeelement
dueto themapping(A.1). TheJacobiarcanbe simplifiedif we linearize

‘ Pz, (A.5)

det‘ O, ;r(i(()‘;”o ) ‘ = det|1+ 78(%((2’;)) ‘
~1+ trace(%) =1+ (V-£)(x0,1) (A.6)
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Theintegral in Euler coordinateds much moredifficult becausehe bound-
ariesare time dependent. We thereforetransformthe integrandto Lagrangian
coordinatesThefluid (Euler)equationsn Eulervariablesare

d
<£>E p=—pV-v (A.7)
d 1
4 = —ypV-v (A.9)
dt Ep = =P .
where p 5
(E)E =5 +v(x,t)-V (A.10)

is the corvective derivative in Euler variablesandwe assumeor simplification
thatg(z) is anunperturbedjuantityin 2 direction. Thisis equivalentto the Cowl-
ing approximatiorfor sphericalgeometryandneglectsthe variationsin the grav-
itationalacceleratiordueto the densityperturbation$10].

Equation(A.7) expresseshe conseration of fluid massin a corvectingvol-
umeV (t) comparedo the unperturbednassin V; attime ¢ = 0 beforethe per
turbationstarted. Hencewe make useof (A.5) to expressmassconserationin
Largrangiancoordinates:

/ po() dxy :/ plx,t) &’z
Vo V(t)

B O(xo + &(xo, 1))
= /Vo p(xo + &(o, 1), 1) det d(o)

SinceV; was arbitrarily chosen,the last relation also holds for the integrands.
Using(A.6)

dx (A.11)

- O(xo + &(xo, 1))
o) = p(wo +£(o,1), ) det| =775 ‘

The Lagrangiarperturbation(A.3) of the densityin lowestapproximations then

5LP($0, g(wO’ t)a t) = p(:co + ‘S(wOa t), t) - pO(wO)
~ —po(iB()) (V&) (CB(), t) (A13)

This resultcan simply be tranferedto ary variablewhich dependsonly on
denstiy

L F(p) (@0, &(x0,1),1) = g—i(po(wo)) po(@o) (V-€) (o, 1) (A.14)
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We will applythisrelationto the pressurgerturbation From(A.9) and(A.7) we
concludethatthefluid behaesadiabatically

(2.(2)-

with thepolytropicindex v, sothatit canbe consideredo dependnly ondensity
p,1.e.,p x p?. From(A.14) we find immediately

op(xo, £(x0,1),t) = —ypo(20) (V-€)(20,1) (A.16)

If you compare(A.7) and (A.9) with their LagrangiancounterpartgA.13)
and (A.16) you might be temptedto concludethat the transformationcould be
achievedformally by replacingessentially(D/Dt) g by ;.. In fact,[9] show that
thesetwo operationcommuteunderfairly generakonditions.If we definex ata
fixedtimet by (A.1) thenalsoF'(x,t) = F(x + &(x, t), t) andespecially

v(z,t) = v(xo + &(w0, 1), ) = &(w0, ?) (A.17)

Hence the corvective derivative in Eulercoordinatess exactly thefull time der
vative in Lagrangiarcoordinategincludingthetime dependencef &)

<%)EF(:B, t) = (%F + v-VF) (z, )

— (%FJré(wo,t)-VF) (o + &(0, 1), 1) = %F(wo%(wo’t)ﬁ (A.18)

With thesepreliminarieswe transformthe momentumequation(A.8) to the
Largrangianframeby formally applyingd;, to all terms. Usingthefactthatv, =

0, (A.17) and(A.18).
6 [(i) v} (20, €(0,1), 1)
E

dt
- [(%)Ev} (o + &(20,1),1) — [(%)E’Uo] (o)
0
_ %v(mo b €(@o, 1),1) = %é(wo,t) = £(zo, 1) (A.19)
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and

! IR )+ LTl
5L |:;Vp:| (-’Bo,é-,t) = p% (5L,0( 0a£7t) + pOéL[Vp]( Oagat)
= w0, €.1) + (V) @0+ £.0) ~ (Vo))
s =805, (w0, €.1) + - [(T9) 2.1) = (V) o) +(€-V) (Vo) 0. )
Vip(o + &, 1) — po(o) —(£-V)po(@o, )]
5Lp(w07 £7 t)

= _5Lp%(m0a€1 t) + %[V(SLP(%,EJ) V(&-Vpo)(o,t) + (£-V)Vpo(xo, )]

2 . )

~

_v(gzaZPO) + 2§z83p0 = —0,po V&,
Vpo

1 1
= _—QéLp(a:Oa 5: t) + _V5Lp(w07 £a t) — —0zDPo Vﬁz(ﬂ?o, t) (AZO)
Po Po Po

As for g, we wantto neglectthe gravitational effect duethe densitychanges, p
(Cowling approximation),hencein the Euler frame g remainsconstant. In the
Lagrangiarframe,however, aperturbatioris seerasaresultof theinhomogeneity
of g of

1, (9] (z0, &, t) = g(To + &) — g(x0)
— (€(@o,1)-V)g(@s) = 26, (w0, 1) az%azpw ()  (A21)

Thefinal linearizedform of the momentumequationin Lagrangiarnvariables
thenis obtainedby collectingthe terms(A.19-A.21) with appropriatesignasin
(A.8)

&(xo, 1) = %%P(woaﬁvt) - %V(SLP(CCO,SJ) +V(g-§)(zo, 1) (A.22)

wherewe usedthe hydrostaticequilibrium conditionVp,/py = g. Anotherform
of the momentumequationis obtainedby expressingd;p andd,p with help of
(A.13) and (A.16) in termsof ¢ and abbreviating yp,/po = ¢ for the acoustic
speed

£(xo,t) = (v — 1)g(V-€) (@0, t) + V(V-&) (w0, 1) + V(g-&) (o, 1) (A.23)

Acousticwavesareimmediatelyapparenin (A.23) by takingthe divergence
of (A.23)

div€ — 2Adive (A.24)
= (v — 1)(V-gdiv€) + 8.¢} 0,(div€) + A(g-€)
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Thefirst andsecondermontheleft describesherefractionof the acoustiovave
in the stratifiedmediumif the verticalwavelengthapproacheshe pressurescale
height H, thesecondermdescribeghe couplingwith gravity waves.

Gravity wavesare moretideousto obtain. We startwith (A.22) andreplace
drp by the adiabaticrelation pydp/vpo from (A.13) and (A.16) and useagain
Vpo/po=g

£ = VPO(SL _v(5Lp> VPO(SL +V(g-€)

I Po 1%
_ (m_m) %_P_V<5L_p_g.§>
YPo Po Po Po
N2
:_2_5L_p_v<5L_p_g.£) (A.25)
9 po Po

Notethatg < 0. We usethe horizontalandvertical component®f this equation
differently. On the horizontalcomponentave operatethe horizontaldivergence
V1, andsolvefor 6;p/po to obtain

v (5;07’) V2 (g€) — Vi (A.26)

On the vertical componentbf (A.25) we operateV; = A, andreplacedzp/ po
from theequation(A.26) above

A, = (N? +a) ( 5“’) 0, An(g-€)

Po

= — (N? + az> (V%(gﬁ) - Vhéh> + azAh(QE)
- (N? + az) Viéh — %Ah(g-ﬁ) (A.27)

Finally, we replaceV,&, by divé — 9,&, andrearranggermsin (A.27) to finally
obtain

AE, + N2ALE, (A.28)
N2 . N2 .
= _7 azg azfz + az (gzazg) + 5;:54 + (7 + az) diVE

Again, thefirst termontheright describesherefractionof thegravity waveif the
vertical wavelengthbecomef the orderof the H heightof fluid. Thelastterm
is responsibleor the couplingwith acousticwaves (A.24) (A reformulationof
(A.24) and(A.28) in termsof wave amplitudesV - pp& andpy&, shouldeliminate
therefractiontermin bothequations).
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B Sefdjointnessof A

We rewrite (5.5),or likewise,(A.22 or A.23) slightly differentlyusingc? = vpo / po
andg = dpy/dz

po€ = (v = DV [po(V-€)] +pV(V-€) + pV(g-€) = —ppA(€)  (B.1)

If ¢ is anotherperturbationvector satisfyingthe boundaryconditionthen A is
selfadjointif

/ Pt A(E) Pz = / - A(C) d* (B.2)
Vo

Vo
We insert(B.1) andshav termby termthattheintegrandis symmetricin ¢ and¢
andhencethey canbeinterchanged.
The first term of the right-handside of (B.1) obviously gives a symmetric
integrand.After partialintegration

/V (7~ 1)(C-V) [pol(V-€)] dao
- / (= D) (V) P~ /V (v — Dpo(V-C)(V-€) d*zy  (B.3)

wherethe surfaceintegral vanishedecause, = 0 onthesurface.Heren = z is
the surfacenormalvectorof 0V,. For the secondterm of (B.1) we obtainafter
partialintegration

/V po(C-V)(V-£) dzo
- / Po(C-V) (A-8) Pazg — / (G0, D.po + 100, 06, ] das
Vo Vo

= _/V [900(¢-V)E, + o 0;¢; 0:€5] dxg (B.4)

whereagainthesurfacetermvanisheslueto py = 0. Theonly remainingnonsym-
metricterm, thefirst partof theintegrandin thelastintegralis compensatetly a
similar termarisingfrom the integrationoverthethird termof (B.1)

/V (¢-V)(g-€) &z

- /V [990(¢-V)Es + po .G D] Pz (B.5)
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Adding all terms(B.3) - (B.5) together we canwrite the integral over the
acceleratioroperatorin theform proposedy [9]

| me-Ate) g

Vo

= (v = Dpo(V-C)(V-€) +po 0jGi 0i&5 — po&:C, 0.9] d*xo (B.6)
Vo

In the helioseismiditerature,however, anotherform of the operatoris used,

which seemgo have beenintroducedfirst by [11]. It is found by changingthe
integral overthesecondermof (B.1) to

/ Po(¢-V)(V-€) day = / Po(¢-R)(V-€) dag
Vo )%
—/V(c-vpo)(v-g)+po(v-¢)(v-g) Pz (B.7)

insteadof (B.4). Again the surfaceintegral vanishedecause, = 0. Theintegral
overthethird termof (B.1), expressionB.5), is furthermanipulatedo

= /V [(CV) (fzazpo ) - fzgz agpo + pO&zCz azg] dSwO

:/ (C'ﬂ)fzazpo d2a:0
Vo

apo azpo

_/ {(VC)fzazpo + &G, dsili() (B.8)
Vo Po
wherewe used oo
po0-g — Bpy = _ %R
Po

The surfaceintegralin (B.8) vanishedecause, = 0 andhenced,p, = gpo van-
ishesat the surface. Collecting (B.3), (B.7) and (B.8) we find as alternatve to
(B.6)
| me-Ate) ¢y
Vo
~ [ bmo(V-0(V-8) + (7-€)(¢-Vmo
Vo

+(V-€)(&-Vpo) + &@M} dx (B.10)

Po
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Thisrepresentationf theacceleratioroperatiorhasthe advantagehatdifferenti-
ationsareshiftedontothe gently varyingfunctionsp, andp, ratherthanontothe
heavily oscillatingwave functions.

C Variational change of A’

We derive herethevariationalexpressiorfor the operatorA’, asdefinedin (5.15).
Therespectre variationof A, ,, is asusualobtainedoy settingV — kj;, & 20,

Firstwe write down how py andg areaffectedby avariationdp,. We assume
that g, is the gravitationalacceleratioron the Suns surfaceat z = 0 whichis to
stayconstant\We we thereforeallow only variationss p, for which [ §py =0, i.e.
themasss only redistributed. The reasorfor this constrainis thatthetotal mass
of the Sunis very well known from celestialmechanicsandwe don'’t want this
parameteto be changedvhensolvingtheinverseproblem.From(5.1)

0 0

po(z) = —/g,oo dz and g¢(z) = go +47rG/po dz (C.1)

z

(remembey andg. arenegative)we obtain
0

0po = — /(95,00 + podg) dz and

0 z
0g = 47rG/5p0 dz = —4nQG / 0po dz (C.2)

We cannow attactthevariationof the operatorA’

(¢, =170V 5(22) + [(V-€)C. + (V0] by + . 5L

0

where

) 0
5(@) — P —p % (C.3)
Po Po Po
0, 0, 0,
6(222) = Z259+ Lo, (3p0) — L5750 (C.4)
Po Po Po Po

Insertiongives

0
pod A'(C,€) = Y(V-¢)(V-€) (dpo — Po%) + [(V-€)¢ + (V-¢)E:] po by
+£.¢. (80069 + 90.(8p0) — g%opo 8po) (C.5)
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whichin (5.22)we have integrateover the entiredomain.

In afinal stagewe wantto remove theintegrationon 6 p, implicit in §py anddg
andalsothedifferentionon d p, sothatwe finally canseparatép, in theintegrand
andthusobtaina multiplicative kernel. This will be achiarzed by suitablepatrtial
integration. Thetermwith 0,(dp,) gives

0

0

— 00

wherethe contritutions at the boundariesranishbecauseheredp, = 0. Terms
with dp, for

A =7(V-Q)(V-§) vyield

0 0
/A15p0 dz = /az(/ A () dz') dpo dz
- O ,2

:_/ </ Ai(2") dz')az(épo) dz

—0oQ0

0
= / ( A () dz’) (gdpo + podyg) dz

Similarly termswith ¢ for

0
Ao = p[(V-)+ (V-0] +6om = [ ([ A)ar) give

/O Aodg dz = — /0 ( / Oo As(2) dz')@z(dg) dz
— 4nG /0 ( / OO As(2') dz')5p0 dz

In both caseghe integral over coeficient A vanishesat —oo anddp, or dg, re-
spectvely, vanishat the upperintegrationboudaryso that the boundariesio not
contribute to the partial integration. Insertingtheseexpressionsith appropriate
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coeficientsandreorderingyieldsfinally

0 0
, - SA 506
/ WIA(C.E) dz = / m(5)(€.6) 22 dz where
5 ! 0 z
w(55) =[O0 [ anids = gm [ (707122
—0,(9p0€.C:) +4nGpo / ) Spodz' (C.7)
with
. 3zﬂo ‘ !
S(2) = [(V-€)C: + (V-0)&] + £ — / (V-¢)(V-€) dz
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